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PROCEEDINGS 


AT THE 


MEETINGS OF THE PHYSICAL SOCIETY 


OF LONDON, 


SESSION 1911-1912. 


October 27th, 1911. 
Meeting held at the Imperial College of Science. 
Prof. H. L. CALLENDAR, F.R.S., President, іп the Chair. 


The following Papers were read :— 


1. Further Observations on the Afterglow of Electric Discharge 
and Kindred Phenomena. Ву the Hon. В. J. Strutt, F.R.S. 

2. Homogeneous Fluorescent X-Radiation of a Second Series. 
By Prof. С. G. BARKLA and J. Nicor. , 


November 10th, 1911. 


Meeting held at Finsbury Technical College by kind invitation of 
Prof. 8. P. Toompson, F.R.S. 


Prof. H. L. CALLENDAR, F.R.S., President, іп the Chair. 
The Agenda was as follows :— 


1. Exhibition of Reflecting Polariscopes for the Study of 


Optical Stress in Materials. By Prof. S. P. THoMPsoN and Prof. 
Е. С. COKER. 


х. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


2. On the Effects of Holes and Semi-circular Notches in the 
Distribution of Stress in Tension Members. By Prof. E. G. 
COKER. 

3. Exhibition of Some Surface Tension Phenomena. Ву С. В. 
DARLING. 

4. (a) Exhibition of a Large Harmonograph. 

(b) Physiological Effect of an Alternating Field. 
(c) Demonstrations of Acoustical Experiments, New and 
Old. By Prof. 8. P. THOMPSON. 


—— 


November 24th, 1911. 
Meeting held at the Imperial College of Science. 
Prof. H. Г. Слілкхгав, F.R.S., President, in the Chair. 


The following Papers were read :— 


1. The Maximum Value of the Electric Stress between Two 
Unequal Spherical Electrodes. Ву Dr. А. RUSSELL. 

2. On the Cubical Expansion of Fused Silica. By Mr. F. J. 
HanLow. 

3. On the Шашы Coefficient of Diffusion. Ву Mr. В. W. 
CLACK. 

4. The a-Particles КЕЛІ. by the Active Deposits of Thorium 
and Actinium. By Messrs. Е. MARSDEN and T. BARRATT. 

5. The Magnetic Transition 2. of Сетеп Ше. By 
Messrs. S. W. J. Бмітн, W. WHITE and 8. G. BARKER. 


January 26th, 1912. 
Mecting held at the Imperial College of Science. 


Prof. H. Г. CALLENDAR, F.R.S., President, in the Chair. 


The Proceedings were as follows :— 


1. Exhibition of a Direct-reading Instrument for Submarine 
and other Calculations. Ву Mr. В. APPLEYARD. 

2. On the Vibration Galvanometer and its Applications to 
Inductance Bridges. By Mr. N. BUTTERWORTH. 

3. On Sealing Metals. By Dr. P. Е: Suaw. 

4. On a Negative Result connected with Radio-activity. By 
Dr. J. H. Vincent and Mr. A. BURSILL. 

5. A Copper Zinc Uranium Oxide Cell and the Theory of Con- 
tact Electromotive Forces. By Prof. A. Anderson. 


PROCEEDINGS ОЕ THE PHYSICAL SOCIETY. хі. 


Annual General Meeting. 


February 9th, 1912. 
Meeting held at the Imperial College of Science. 
Prof. H. L. CALLENDAR, F.R.S., President, in the Chair. 


The Report of the Council was read by the Secretary. 


Since the last Annual General Meeting there have been held 
eleven ordinary meetings and two informal meetings. Of these, 
ten were held at the Imperial College of Science, one at the City 
and Guilds (Engineering) College, one at the City and Guilds 
Technical College, Finsbury, and one at the National Physical 
Laboratory. 


The average attendance, excluding the Exhibition and the 
informal meeting at the National Physical Laboratory, was 50 as 
compared with 55 the previous year. 


The seventh Annual Exhibition of apparatus by manufacturers 
was held on December 19th in the afternoon and evening, the 
number of Fellows and visitors being about 650. An experi- 
mental discourse on “ Electric Discharge and the Luminosity that 
Survives it” was kindly given by Prof. the Hon. В. J. Strutt, 
F.R.S. The number of exhibitors was 33, and would doubtless 
have been greater but for the fact that a prolonged electrical 
exhibition had been held about two months previously at Olympia. 

Since the last Annual General Meeting the first complete volume 
of the “ Proceedings " under the new arrangements adopted by 
the Council has been published. The arrangements have worked 
smoothly, the publication of the Papers has been prompt, and the 
Council are pleased to report that there has been no lack of Papers 
of high standard. 


The number of Ordinary Fellows now on the roll, as distinct 
from Honorary Fellows, is 448, an increase of 15 on that of last 
year: 31 new Fellows have been elected, there have been 6 
resignations, and 7 Fellows have been struck off the roll for non- 
payment of subscriptions. The Society has to mourn the loss by 
death of one Honorary Fellow, Prof. J. Н. van't Hoff, who was 
elected at the last Annual General Meeting, and three ordinary 
Fellows, namely: F. Hovenden, F. J. Jervis-Smith and G. John- 
stone Stoney. 


The Report of the Council was adopted. 
The Report of the Treasurer was read by the Treasurer. 


xii. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The total income of the Society shows a slight diminution over 
that of 1910. This is due to the fact that no life compositions 
have been received during the year and to the fact that in the 
accounts for 1910 the sum of £26. 12s. 8d. was included, being 
income tax recovered. 


A very satisfactory feature is an increase in the subscriptions, 
which are nearly £16 up. Further, the sales of the publications 
of the Society continue to increase, showing that the Society’s 
publications are appreciated by outside readers. 


The expenditure side of the accounts is of especial interest this 
year owing to the fact that they contain for the first time the cost 
of printing the publications of the Society at the new printers. 


During the two previous years the cost of the Society’s pub- 
lications was unduly high, mainly due to the effort that was being 
made to work off the arrears that had accumulated. These arrears 
are now completely wiped out, and the figure that appears in the 
balance-sheet, namely, £283. 4s. 6d.,is the cost of a complete year 
of the Society’s work. 


The last payment, namely, £86. 13s. 9d., in clearing up the 
arrears in the publications when changing over from Taylor & 
Francis to “Тһе Electrician " Printing & Publishing Company, 
appears in this year’s accounts. 


By comparing the balance brought into the accounts on the Ist 
. January, 1911, with the balance carried forward to 1912, it will be 
seen that the Society is £38. 3s. 5d. to the good on the year. 


If it had not been for the expenditure of over £86 for arrears in 
publications the Society would have made a profit of approxi- 
mately £125 on the year. 


The property account of the Society shows but little change. 
The investments have kindly been valued by the manager of Parr's 
Bank, and the figures appearing in the accounts аге the values of 
the securities at market prices on December 31st, 1911. 


The liabilities on account of the life composition fund have 
decreased owing to the death of several life members and conse- 
quently the value available to the general fund 1s shghtly increased. 


It is to be noted that the publications in stock still appear in the 
property account at £200. In my last report I mentioned that 
these publications were being revalued. Unfortunately the work 
of sorting and getting 1n order the old publications has proved 
more lengthy Шап was anticipated, much of the stock being in 
sheet form and not stitched up in parts. As soon as the stock- 
taking 18 completed this figure will be revised. 

The Report of the Treasurer and the Balance-sheet, which was 
also presented to the meeting, were adopted. 
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xvi. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The election of Officers and other Members of the Council then 
took place, the new Council being constituted as follows :— 


President.—Prof. A. ScHUsTER, Ph.D., F.R.S. 


Vice-Presidents, who have filled the Office of President. —Prot. 
G. C. Foster, Е.Б.б.; Prof. W. б. Apams, M.A., F.R.S.; Prof. 
К. B. Сілғтом, M.A., F.R.S.; Prof. А. W. Вемого, M.A., 
F.R.S.; Prof. Sir Автнов W. Воскев, M.A., D.Sc., Е.Б.8.; 
Sir W. ре W. ABNEY, R.E., K.C.B., D.C.L., F.R.S. ; Prin. Sir 
OLIVER J. Lopes, D.Sc., F.R.S.; Prof. S. P. Тномрзом, D.Sc., 
F.R.S. ; В.Т. GLAZEBROOK, D.Sc., F.R.S. ; Prof. J. Н. Poyntine, 
M.A., F.R.S. ; Prof. J. Perry, F.R.S. ; C. Снвеє, Sc.D., F.R.S. ; 
Prof. H. L. CALLENDAR, M.A., E.R.S. 


Vice-Presidents.—A. CAMPBELL, B.A.; Prof. С. H. LEES, 
D.Sc., F.R.S.; Prof. T. Marner, F.R.S.; А. RussELL, M.A., 
D.Sc. 


Secretaries.—W . R. Cooper, M.A. ; S. W. J. Smitu, M.A., D.Sc. 


Foreign Secretary.—Prof. S. Р. Тномрзом, D.Sc., F.R.S. 
Treasurer. М. DuDDELL, F.R.S. 
Librarian.—S. W. J. Smitu, M.A., D.Sc. 


Other Members of Council.—Prof. С. G. ВАВкгА, D.Sc. ; Prof. 
P. V. Bevan, M.A.; Major W. A. J. О'МЕАвА, C.M.G.; В. 
SKINNER, М.А.; F. E. Smita; Prof. the Hon. R. J. STRUTT, 
F.R.S.; W. E. SUMPNER, D.Sc. ; F. Twyman; К. S. WHIPPLE; 
R. S. WiLLows, M.A., D.Sc. 

Prof. H. МАОАОКА was elected an Honorary Fellow of the 
Society. 

Votes of thanks were passed to the Auditors, to the Officers and 
Council and to the Governors of the Imperial College of Science 
and Technology. 


Prof. A. SCHUSTER then took the Chair, and delivered the 
President’s Address. 


PRESIDENT’S ADDRESS. 
This will be found printed in the “ Proceedings,” pp. 121-138. 
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February 23rd, 1912. 
Meeting held at the Iniperial College of Science. 


Prof. A. Ѕснозтев, F.R.S., President, in the Chair. 


The following Papers were read :— 


l. A Balance Method for the Accurate Comparison of Quan- 
tities of Radium and Some of its Applications. By Prof. E. 
RUTHERFORD and Mr. J. CHADWICK. 

2. The Absorption of y-Rays by Gases and Light Substances. 
By Mr. J. CHADWICK. 

3. Wave-form Sifters for Alternating Currents. By Mr. A. 
CAMPBELL. 


March 8th, 1912. 
Meeting held at the Imperial College of Science. 
Prof. A. ScHUSTER, F.R.5., President, in the Chair. 


The Proceedings were as follows :— 


1. Exhibition of a Method of making Capillary Filaments. By 
Н. S. SoUTTAR. 

2. The Intensity at Points near the Principal Focus of an Object 
Glass with Symmetrical Aberration. By Mr. JAMES WALKER. 

3. Description of the Equipment of the Spectroscopic Labora- 
tory of the Imperial College of Science. By Prof. A. FOWLER. 

The meeting afterwards adjourned to the laboratory to inspect 
it and witness demonstrations of experiments. 


March 22nd, 1912. 
Meeting held at the Imperial College of Science. 
Prof. C. Н. Lets, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 


1. А 2,000-Frequency Alternator. Ву Mr. W. DUDDELL. 

2. А Method of comparing Capacities at Various Frequencies. 
By Mr. A. CAMPBELL. 

3. The Coefficients of Expansion of Fused Silica and Mercury. 
By Мг. Н. Donapson. 
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April 26th, 1912. 
Meeting held at the Imperial College of Science. 


Mr. А. CAMPBELL, Vice-President, in the Chair. 


The following Papers were read :— 


1. On the Expansion of Vitreous Silica. By Prof. Н. L. 
CALLENDAR, F.R.S. 

2. The Solution of Network Problems by Determinants. By 
Мг. Б. APPLEYARD. 


May 10th, 1912. 
Meeting held at the bnperial College of Science. 
Prof. А. бсновтев, F.R.S., President, in the Chair. 


The Proceedings were as follows :— 


1. Demonstration of the Generation of Electricity by Carbon at 
High Temperatures. Ву Dr. J. А. Harker and Dr. С. W. C. 
КАҮЕ. 

2. A Method of Measuring Small Inductances. By Mr. 8. 
BUTTERWORTH. 

3. On the Conversion of Starch into Dextrin by X-Rays. By 


Н.А. COLWELL and Dr. 5. Russ. 
4 


May 3156, 1912. 
Meeting held at the Imperial College of Science. 
Prof. С. H. Lees, F.R.S., Vice-President, in the Chair. 


The Proceedings were as follows :— 


1. On the Calibration of Wave-Meters for Radio-telegraphy. 
By Prof. G. W. O. HowE. 

2. Applications of Heaviside's Resistance Operators to the 
Theory of the Air-core Transformer and Coupled Circuits in 
General. By Dr. W. Н. Ecc es. 

3. Exhibition of the Movements of Semi-oily Liquids on a 
Water Surface. Ву Mr. C. В. DARLING. 

4. Surface Leakage with Alternating Currents. Ву Mr. G. L. 
ADDENBROOKE. 
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June 14th, 1912. 
Meeting held at the Imperial College of Science. 
Prof. A. Scuuster, F.R.S., President, in the Chair. 


The Proceedings were as follows :— 


1. A Demonstration of the Use of Specific Gravity Balls for 
Determining very Small Differences of Density. By Mr. T. H. 
BLAKESLEY. 

2. The Maximum Sensibility of a Duddell Vibration Galvano- 
meter. Ву Dr. H. Е. HAWORTH. à 

3. An Accurate Examination of the Steinmetz Index for Trans- 
former Iron, Stalloy and Cast Iron. By Mr. Е. Stroune. 


June 21st, 1912. 
Joint Meetings with the Optical Convention. 


Morning Meeting at 10 a.m. 


The President, on behalf of the Physical Society, welcomed the 
opportunity the present meeting afforded of co-operation with the 
Optical Convention. 

А Demonstration of Apparatus for the Teaching of Optics was 
given by Dr. G. Е. C. SEARLE, and discussed by Prof. S. Р. 
THOMPSON. | 

A Paper on “ Diffraction Patterns" was read by Mr. J. W. 
(GORDON, and discussed by Prof. S. P. Тномрзох and Mr. С. Р. 
BUTLER. 

A Paper оп “ The Shape of Scales required for Reflecting Instru- 
ments with Concave Mirrorg" was read by Мг. Е. H. RAYNER., and 
discussed by Messrs. CHALMERS, MILNE and TROTTER. 

A Paper on “Тһе Visibility of Distant Lights” was read by 
Messrs. C. C. PATTERSON and B. P. Duppina, and discussed by 
Prof. S. P. Тномрзох and Messrs. CHALMERS, CLAY, MEES, MILNE, 
RAYNER, ROSENHAIN and TROTTER. 

A Paper on “Some Points in the Use and Design of Refracto- 
meters" was read by Dr. Т. М. Lowry, and discussed by the 
PRESIDENT and Messrs. CHALMERS, MEES, RoSENHAIN and Уох 
Конв. 

A Paper on “ Some Recent Advances in the Measurement of Light 
and Illumination" was read by Messrs. J. S. Dow and V. H. Mac- 
KINNEY, and discussed by the PRESIDENT, Prof. S. P. THOMPSON 
and Messrs. CHALMERS, PATERSON, TROTTER and WHIPPLE. 
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Evening Meeting at 8 p.m. 


Some Models illustrating Geometrical Optics were exiibited 
by Prof. S. P. Тномьзох, and discussed by Messrs. BECK, BLAR Es- 
LEY, CHALMERS, Davis, Т. SmitH, Von Rowe and WILMOTT. 

A Paper ** On the Measurement of Colour” was read by Mr. A.C. 
JoLLEY and Mr. А. J. BULL, and discussed by Prof. 8. P. Тномр- 
son and Messrs. EDRIDGE GREEN, TROTTER and Туғумах. 

The Paper by Dr. J. А. HARKER on “Optical Pyrometry ” was 
postponed to a later meeting of the Convention. 


June 28, 1912. 
Meeting held at the Imperial College of Science. 


Mr. А. CAMPBELL, Vice-President, in the Chair. 


The following Papers were read :— 

1. Hysteresis Loss as affected by Previous Magnetic Historv. 
By Prof. Е. WiLsoN and Messrs. B. C. Стлутох and А. E. POWER. 

2. Dielectric Hysteresis at Low Frequencies. By Prof. W. M. 
THORNTON. 

3. The Efficiency of Generation of High-Frequency Oscillations 
by Means of an Induction Coil and Ordinary Spark-Gap. By 
Prof. G. W. О. Howe and Mr. J. D. PEaTTIE. 

4. The Resistance to the Flow of Water along a Capillary Soda- 
glass Tube at Low Rates of Shear. By Dr. A. GRIFFITHS and 
Miss C. H. KNOWLES. 

5. On the Self-Demagnetisation of Steel. By Messrs. N. W. J. 
"MITH and J. GUILD. 
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І. Further Observations on the Afterglow of Electric Discharge, 
and Kindred Phenomena. By the Hon. В. J. Втвотт, 
F.R.S., Professor of Physics, Imperial College of Science, 
S. Kensington. 


RECEIVED JULY 7, 1011. READ OCTOBER 27, 1911. 


THE present Paper is supplementary to two others published 
by the Society. (1) " The Afterflow of Electric Discharge ” 
(“ Proc." Phys. Soc., XXIII., p. 66, Dec., 1910). (2) “ Flames 
of Low Temperature Supported by Ozone " (XXIII., p. 147, 
Feb. 15, 1911). Acquaintance with the contents of these 
Papers is assumed. 


$1. The Glow from Ozone Produced at Atmospheric Pressure. 


In the first Paper it was mentioned that ozone from the 
Siemens tube used in the ordinary way at atmospheric pressure 
failed to give the afterglow when mixed with nitric oxide. 
It seemed unsatisfactory to leave the matter there, and the 
question pressed for answer: Why does ozone produced in the 
low-pressure discharge possess this property when the other 
does not ? , This question gained in interest from the fact that 
а polymer more complex than O, has been suspected to be 
produced by the low-pressure discharge.* 

It was found that ozone from the Siemens tube, generated at . 
atmospheric pressure, was not made capable of giving the 
effect by mere rarefaction, after it was produced. The gas 
was allowed to issue through a fine glass jet into a tube con- 
nected to the air pump, so that the pressure of the stream was 
reduced to a few millimetres of mercury. On the low-pressure 
side a stream of nitric oxide was led in through a side tube, so 
as to mix with it. No glow resulted. As mentioned in the 
first Paper, when the ozone was generated in the Siemens tubo 
at low pressure the glow was produced, though not well. 

The only remaining possibilities seemed to be (1) that the 
ozone generated at low pressure possessed а more complex 
molecule than 0, or (2) that its power of producing the glow 
depended on high concentration, the other kind being too much 
diluted with oxygen. 

It was shown in the first Paper that the glow could be 


* Ladenburg and Lehman, “ Ann. d." Phys., XXI., p. 302, 1906. 
VOL. XXIV, A 
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produced when ozone from the vacuum tube condensed іп 
liquid air was allowed to evaporate, and then mixed with 
nitric oxide.* | 

The same method was used to concentrate ozone produced аф 
atmospheric pressure. Oxygen passed through sulphuric acid 
in A (see Fig. 1) into the Siemens tube B, and thence into the U 
tube C, which was cooled in liquid air, and in which oxygen and 
ozone liquified together to a pale-blue liquid. The current of 
gas was regulated by the depth to which C was immersed in 
liquid air. After about one minute's run,f D was closed, and 


ЕЕ h 


Fic. 1. 


connection opened to an air pump through E. Тһе oxygen 
readily boiled off, as its vapour pressure is considerable at 
—180'C., and the colour of the liquid became deeper as its 
volume diminished, and the ozone became more concentrated. 
Finally the latter was left pure as а deep-blue solid. Е was 
then closed, the liquid air removed, and a little nitric oxide 
admitted from the space between the taps Е and ©. Тһе 
characteristic greenish-yellow flash was produced. А similar 


* The following form of the experiment is easier than that originally 
described. А straight vacuum tube is immersed in liquid air, and oxygen 
admitted to a pressure of a few millimetres. Тһе discharge is passed, 
ozone forms and is condensed, and the pressure runs down. The ozone may 
be kept as long as desired in liquid air. On removing the latter, and at 
once admitting a little nitric oxide, the yellow flash is seen. This method 
of condensing ozone was first employed by Goldstein. 

TIt is unsafe to accumulate large quantities of ozone, which is very 
explosive. 
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experiment when sulphuretted hydrogen was admitted gave 
a blue flash. 

I conclude therefore that ozone made in the common way 
fails to give the glow because of the large admixture of oxygen, 
and that the low-pressure glow discharge yields ozone of much 
higher concentration. The great ozonising efficiency of this 
kind of discharge has been pointed out by Goldstein.* 


§ 2. Effect of Sulphur Compounds in Improving the Glow. 

The older experimenters observed a great improvement in 
the afterglow when ordinary or fuming sulphuric acid, or 
sulphur dioxide, were present along with air in the vessel in 
which the discharge was taken; and they not unnaturally 
concluded that the sulphur compounds must in this case play 
some essential part in its production. Morren, for instance, 
regarded the glow as due to the formation of a compound 
containing oxygen, nitrogen and sulphur. 

There certainly is in some cases a great improvement in the 
brightness of the glow when sulphur compounds are added. 
But its colour and general character are not altered. The 
following experiments throw light on the subject. 

1. The electrodeless discharge was produced in a bulb con- 
taining a mixture of oxygen and nitrogen. No afterglow was 
obtained. Then the bulb was washed out with concentrated 
sulphuric acid, and afterwards repeatedly with water, and re- 
exhausted. A brilliant afterglow was now obtained, although 
no sulphuric acid remained. This experiment indicates that 
the function of the sulphuric acid is to remove some substance 
prejudicial to the afterglow—probably organic matter which 
destroys the ozone necessary to its development. 

2. Using a continuous flow of the oxygen and nitrogen 
mixture through the discharge vessel, it 13 often noticed that the 
afterglow takes time to develop particularly if the apparatus 
has been out of use. Here again there 1s probably a film of 
greasy matter which has to be got rid of before the ozone is 
available for producing the glow. When the glow is well 
established, it is not at all improved by admitting а small 
proportion of sulphur dioxide into the gas stream, either 
before it enters the discharge tube or afterwards. 

Taking these experiments together, there seems to be 


%< Ber, Deutch. chem. Gesellsch.” XXXVI., р. 3013, 1903. 
t“ Ann. chim. et Phys." (4) IV., p. 293 (1865). 
АЗ 
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little doubt that the function of sulphur compounds is merely 
to destroy prejudicial organic matter, and that when this 
is accomplished they have no further effect. These remarks 
have of course no application to the blue variety of afterglow* 
which I was able to reproduce by the action of ozone on 
sulphur or sulphuretted hydrogen.f 


$3. Does Pure Oxygen give an Afterglow ? 


It is found (“ Proc. Phys. Soc.," XXIII., Dec. 15, 1910) 
that when oxygen perfectly free from nitrogen is run through 
а vacuum tube the afterglow is very faint compared with that 
observed when nitrogen is present. Ordinarily, however, 
there is some trace of afterglow, which is considerably enhanced 
by the use of a powerful jar discharge with spark-gap, instead 
of the direct coil discharge. This glow is white, or, at all events, 
much less yellow than the nitric oxide glow, and its spectrum 
appears continuous as far as I have been able to observe it. 
What is the origin of this glow? Is it due 

(a) To the reversion of ozone into oxygen ; or 

(b) To the interaction of ozone with some impurity ? 

When solid ozone, obtained as in $ 1, 1з allowed to evaporate 
into an exhausted space it does not last long, quickly reverting 
into oxygen. But no trace of luminosity is seen when the tube 
is watched in the dark by a well rested eye. This is unfavour- 
able to hypothesis (a). 

The white afterglow is completely stopped by silver gauze, 
which destroys ozone. When, however, more ozone is sup- 
plied to the gas thus quenched, from a tributary stream which 
has been through a second discharge tube, а marked revival of 
luminosity is observed at the confluence. The experiment is 
best made passing a jar discharge in the first tube and a simple 
coil discharge in the second. Thus the ozone feed from the 
latter does not possess much disturbing luminosity of its own. 
This experiment, similar to that which elucidated the nature 
of the air afterglow, proves that two substances are involved — 
ozone and some other that reacts with it. 

The spectrum of a discharge giving the white afterglow was 
photographed. Тһе water vapour bands in the ultra-violet 
were the only conspicuous impurity in the photographed 
spectrum. The red hydrogen line was also fairly strong to 
visual observation. 


* Sce Newall, “ Proc. Camb. Phil. Soc.," Vol. IX., p. 295, 1897. 
+ ‘ Proc. Phys. Soc.,” Vol. XXII., p. 149, Feb., 1911. 
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It appeared, therefore, that water vapour was present to an 
appreciable extent, in spite of the fact that the gas had been 
passed through a phosphorus pentoxide drying tube. To 
secure better drying, some oxygen was stored for 24 hours in a 
glass reservoir containing phosphorus pentoxide. This specimen 
of gas, allowed to flow through a discharge tube, showed no 
signs of the red hydrogen line, and no trace whatever of after- 
glow. It was concluded, therefore, that the white afterglow 
is bound up with the presence of water vapour, and that pure 
oxygen does not give it. 

The following experiments are confirmatory. Electrodeless 
discharge bulbs containing rarefied oxygen ordinarily give 
the white afterglow much more conspicuously than it can be 
got in the above flow experiments, which are necessarily carried 
out at higher gas pressures. Such bulbs, if well exhausted and 
heated, and then charged with oxygen which has been passed 
through a phosphorus pentoxide drying tube, still show the 
red line of hydrogen, often in an intensity comparable with 
that of the red line of oxygen. Under these circumstances 
the white afterglow is strong. If, however, some phosphorus 
pentoxide is sealed up in the bulb along with the oxygen, the 
red hydrogen line disappears from the discharge a few minutes 
after sealing off, and the afterglow disappears with it.* 

The yellow glow seen in an electrodeless bulb when nitrogen 
is present along with oxygen is not at all hindered by pro- 
longed drying with phosphorus pentoxide. There is, therefore, 
no reason to think that this substance is prejudicial to ozone. 

An alternative method of proving the necessity of moisture 
to the white glow is by freezing out with liquid air. A tail of 
quill tubing is sealed to the oxygen bulb. On cooling this the 
hydrogen line disappears in a few minutes, and the glow with 
it, a perfectly pure oxygen spectrum remaining. On warming 
up, the hydrogen line and the glow reappear almost simul- 
taneously. Too much water vapour is unfavourable. The 
effect seems to be at its best when the red line of hydrogen has 
about the same intensity as the neighbouring red line of 
oxygen. 

The freezing experiment, too, might be thought ambiguous, 
on the ground that ozone might be supposed to be frozen out 
before it could produce the glow. The disappearance of the 
capacity to glow, however, takes a much longer time than the 


* There is apt to be some phosphorescence of the phosphorus pentoxide, 
easily seen to come from the solid, not from the gas. 
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30 seconds or so that the glow itself lasts when produced.* 
Thus. when the annexe has been fully cooled down to 
— 180°, the afterglow can be produced repeatedly before the 
water vapour has had time to condense. This shows that rapid 
removal of ozone is not a cause to be reckoned with in ex- 
plaining the experimental result. 

It is difficult to get an oxvgen bulb quite free of bands due 
to carbon dioxide, which is frozen out along with water 
vapour. l have, however, one bulb quite free from the carbon 
bands, which shows the experiment admirably. It 13 not 
necessary, therefore, to suspect the intervention of carbon. 

The above experiments conclusively prove that the white 
glow is not obtained from pure oxygen, but that it requires the 
presence of water vapour, and that ozone is concerned in its 
formation. Indeed, the experiment in which the glow is 
quenched by silver gauze, and revived by the re-introduction 
of ozone, is held to prove that some substance is manufactured 
in the discharge from the ingredients охуреп and water vapour, 
and that this substance, which we may call X, reacts with 
ozone to give the glow. "The obvious supposition to make is 
that X is hydrogen peroxide, which is known to react 
energetically with ozone. Experiment has compelled me to 
abandon this idea. 

It was found that the vapour from Merck's 33 per cent. 
hvdrogen peroxide generated no glow when fed into а stream 
of ozone from a vacuum discharge tube. Nor could any other 
result be got by completely distilling the hvdrogen peroxide 
preparation away in the ozone stream, although in this case 
ozone must, at one stage, have mingled with nearly pure 
hydrogen peroxide. 

X, then, is not water nor hydrogen peroxide. It is not 
hydrogen, for hvdrogen does not glow when fed into ozone. I 
think tliere is no alternative left but to assume that X isa 
hitherto unrecognised compound of oxygen and hydrogen, 
which reacts with ozone to give the white glow. 

Arguments of this kind, pointing to the existence of а new 
substance, do not constitute a satisfactory contribution to 
chemistry. Му attempts to collect апу of it for examination 
have not been successful, а failure which is attributed to the 
extremely small quantities involved. Тһе white glow is not 


* That is, when the cooled annexe communicates with the bulb by а 
channel of quill tubing. With large tubing the disappearance is almost 
immediate. 


THE AFTERGLOW OF ELECTRIC DISCHARGE. 7 


produced with any brilliancy except at quite low pressures, 
and the difficulty of producing any quantity of the material 
responsible for it is great. 

I hope, however, that the hypothesis will not be dismissed 
without due consideration of the perfectly definite Героя 
results which have led to it. 


§ 4. Luminosity of Water Shaken with Ozone. 


In reading up the literature of the subject in connection 
with the earlier investigations, a Paper by Е. Fahrig (“ Chemical 
News," LXII., p. 39, 1890) was consulted, in which he describes 
а luminosity observed on shaking ozone with ordinary tap 
water. He was not able to arrive at any definite view of the 
cause of this phenomenon, but was inclined on the whole to 
connect it with the presence of bacteria, alive or dead. 

It was at first thought that the luminosity might be due to 
the oxidation of nitric oxide contained in the water, being in 
fact the same as the afterglow in air. But distilled water 
saturated with nitric oxide failed to give it. Although the 
phenomenon was thus shown not to be directly relevant, a few 
experiments were made which have thrown light on its nature. 

Several litres of tap water were evaporated to a small 
volume, and placed in a flask which was about half filled. A 
similar flask was half filled with water which had not been 
evaporated down. Equal quantities of ozone were delivered 
by displacement into the two flasks, which were then closed 
with watch glasses. Оп shaking the two flasks simultaneously, 
one in each hand, in a dark room, luminosity was observed, 
feeble in the tap water, much stronger in that which remained 
after evaporation. Further, the concentrate was able to glow 
again with more ozone, whereas the ordinary water was 
exhausted. 

This proves that the constituent necessary for giving light 
can be concentrated by evaporation. The concentrate was 
observed to be brown in colour, and ozone bleached it. This at 
once suggested that peaty matter was present in the water, 
and that the luminosity was evolved in the process of oxidising 
and decolourising it. 

Some brown peaty water was obtained from a bog in Ireland. 
This was found to give very much more light than London 
tap water. An artificial decoction made by boiling peat with 
water and then filtering did the same. 

These experiments were considered to prove that the 
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luminosity of ordinary water is due to the oxidation of peaty 
matter present in it. 


ABSTRACT. 


It is shown that ozone prepared by means of the Siemens ozone tube 
used at atmospheric pressure is able, when mixed with nitric oxide, to 
give the greenish-yellow afterflow flame. This result is only attained, 
however, when the ozone has been concentrated by fractional distillation. 
A blue glow is obtained under the same conditions with sulphuretted 
hydrogen and ozone. 

The effect of sulphur compounds in improving the air glow noticed by 

the older experimenters is shown to be due not to any direct interven- 
tion of these bodies in the reaction, but to their power of destroying 
organie matter prejudicial to ozone. When once this i8 got rid of, the 
eulphur compounds are of no further advantage. 
13 Really pure oxygen gives no afterglow whatever. The white after- 
glow seen in oxygen purified with ordinary precautions is due to reaction 
of ozone with some substance produced by the action of the discharge 
on water vapour. 

The luminosity given out when ordinary spring water is shaken with 
ozone ін shown to be due to oxidation of peaty matter contained in it. 
Brown peat water gives greatly enhanced luminosity. 


DISCUSSION. 


Mr. A. CAMPBELL inquired whether quartz would not be better than 
glass in vacuum tube work for preventing occlusion of moisture and gases. 

Мг. EakERTON asked whether the afterglow might not be due to ozone 
decomposing into oxygen. Іп this case both liquid air and phosphoric 
pentoxide would prevent the glow by removing the ozone. 

Mr. Н. Borns asked Prof. Strutt, whether he had—in view of the diffi- 
culties of avoiding contamination of his ozone with nitrogen oxides when 
using ozonisers—also prepared his ozone by electrolysis of sulphuric acid. 

The AuTHOR replied that quartz would undoubtedly be superior to 
glass, but pointed out the difficulties of working with it, and the 
impossibility of making sealed joints. Іп reply to Mr. Egerton he 
stated that there was some evidence that moisture was necessary for the 
afterglow in oxygen as it was found that the afterglow disappeared at the 
same time as the red hydrogen line. He had not prepared ozone electro- 
lytically, but he had used the purest oxygen. 
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II. Homogeneous Fluorescent X-radiations of a Second 
Series.* By Professor С. G. BARKLA, M.A., D.Sc., and 
J. NicoL, M.A., B.Sc. 


REcRIVED SEPTEMBER 25, 1011. Read OCTOBER 27, 1911. 


Іт was shown by Barkla and Sadler T that many elements 
when subject to a suitable beam of X-rays, emit a homo- 
geneous beam of secondary X-rays—fluorescent X-rays—of 
penetrating power characteristic of the radiating element. 
One of the writers; later showed that more than one char- 
acteristic fluorescent X-radiation is emitted, and that each 
element in all probability emits radiations, giving what might 
be called a line spectrum in X-rays. It was also shown that 
these spectral lines could be arranged in series, each line in a 
given series moving towards the more penetrating end of the 
spectrum with an increase in the atomic weight of the radiat- 
ing element. From no single element, however, was the 
homogeneity of more than one radiation proved, or the pene- 
trating power accurately determined—indeed, the homo- 
geneity of the radiation from only one series—the К series 5- 
had been demonstrated. In a preliminary letter to " Nature," 4 
however, the writers announced the discovery of the homo- 
geneity of the radiations in a second series—the L series— 
showing that the fluorescent radiations emitted by the ele- 
ments give, as far as observed, line spectra. In other words, 
each element when exposed to Rontgen radiation emits а 
number of homogeneous beams of Röntgen radiation, the 
penetrating power of each of which is characteristic of the 
element. Each radiation is widely separated in penetrating 
power from the other radiations emitted by the same element. 
The total fluorescent radiation can, however, be analysed 
into these constituents. 

It is intended in this short Paper to give more detailed 


* The expenses of these researches were partially covered by a Govern- 
ment grant through the Royal Society. 

t“ Phil. Mag.," September, 1907, рр. 408-422; October, 1908, pp. 550- 
584. 

1 Barkla, “ Proc. Camb. Phil. Soc.," Мау, 1909, pp. 257-268. 

$ See “ Phil. Mag.," September, 1911, рр. 396-412. Series K and L were 
orginally denoted b letters B and A. 

q August 4, 1910. 
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information of the work establishing the homogeneity of the 
radiations of series L. 

From a knowledge of the penetrating powers of the fluo- 
rescent X-radiations from many elements, it was evident that 
the most favourable conditions for investigating the char- 
acter of two fluorescent radiations from one element would 
be obtained by experiments on elements of atomic weight in 
the neighbourhood of 110 to 140. From elements of lower 
atomic weight the radiation of series L becomes too absorb- 
able and from those of higher atomic weight radiation of 
series K becomes too penetrating to permit of accurate work 
without the adoption of special methods. The method adopted 
is illustrated by the experiments on barium (atomic weight 
137-37). 

The substance used in these experiments was not the 
element itself but barium hydroxide, the only effect of the 
combination with hydrogen and oxygen possibly observable 
being a slight admixture of a scattered Röntgen radiation 
from these elements.* No fluorescent radiation has been 
found to be emitted by them. Their characteristic fluorescent 
radiations are probably absorbed in a few millimetres of air 
and do not appreciably affect an electroscope at a distance of 
several centimetres. 

When a penetrating primary beam was used, a mixture of 
the secondary radiations characteristic of barium was emitted 
by the barium hydroxide, in addition to a weak scattered 
radiation from each of the elements, barium, hydrogen, 
oxygen. A sheet of aluminium, 2 mm. thick, was, however, 
sufficient to absorb all the soft fluorescent radiation of series 
L and much of the scattered radiation. The effect of this 
transmitted scattered radiation was inappreciable in compari- 
son with the fluorescent radiation of series K. This radiation 
was then found to be homogeneous, for successive similar 
sheets of aluminium absorbed equal fractions; that is, the 
ionisation produced by the radiation іп an electroscope was 
an exponential function of the thickness of aluminium tra- 
versed. 

This is shown by the results tabulated below. Column 1 
gives the thickness of aluminium traversed x times the density 
of aluminium ; column 2 the relative deflections of the electro- 


* " Phil. Mag.," June, 1906. Later experiments on many compounds 
have shown that these emit the radiations characteristic of the constituent 
elementa. 
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scope receiving the secondary radiation ; column 3 the loga- 
rithm of the deflection. 


TABLE I. 
Thickness of aluminium Deflection of electro- Logio 
absorbing sheets x den- | scope due to second- of 
sity of Al. ATY гаун. | deflection. 
0:00 gr. per sq. cm. 100-00 | 2:000 
0-18 .. Б 44-00 1-644 
0-96 ., P" 30-40 1:483 
1:44 .. s 21-15 1-325 
1-92 ., m 14-72 1-168 


2:40 ,, is 10:00 1:000 


Žin Al.=0°8 for flourescent radiation (series K) from Ba. 


The homogeneity is seen afte: the initial absorption of soft 
fluorescent X-rays and some scattered X-rays, by the arith- 
metic progression of the numbers in column 3. 

The relation between the thickness of the absorbing alu- 
minium and the logarithm of the percentage of the original 
ionisation which was produced by the transmitted radiation 
is shown in the upper curve of Fig. 1, the straight portion of 
K denoting the homogeneity of the fluorescent radiation K. 

In order to isolate and study the more absorbable fluorescent 
1adiation from barium—that of series L—a very soft primary 
beam was used—too soft to excite the more penetrating fluo- 
rescent radiation of series K. The radiation which then 
entered the electroscope, placed only a few centimetres from 
the barium hydroxide, consisted of the radiation of series L 
and a heterogeneous scattered radiation. In this case the 
latter was not negligible, in comparison with the other, partly 
because being much more penetrating it emerged from а much 
greater depth of radiating substance. It was necessary, 
therefore, to determine the effect of the scattered radiation 
alone, and to subtract this from the total effect in the electro- 
scope. To do this, the fluorescent radiation, in this case very 
absorbable, was entirely cut off by a sheet of aluminium, which 
transmitted much of the scattered radiation. The amount of 
scattered radiation transmitted was then compared with the 
amount transmitted from a substance like aluminium, from 
which the radiation received by an electroscope in such a 
position is purely a scattered radiation. Thus the ionisation 
produced by the scattered radiation from barium hydroxide 
after transmission through 0:163 gramme per square centi- 
metre of aluminium was 106, while that from а certain sheet 
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of aluminium under similar conditions was 396 (see Table IT.). 
But the effect of the scattered radiation from aluminium after 
transmission through various thicknesses of aluminium was 
directly determined by experiment and the values given in 
the third series of readings in Table П. were obtained. From 


0:24 048 072 098 ІЗ 144 168 192 216 24 


Log of percentage transmitted. 


0:002 0:001 0-06 0008 091 0012 0014 0016 0918 009 0922 
Thickness of absorbing Al, x density of Al. in grms. рег sq, ст. 
Ета. 1.—Suowia HOMOGENEITY оғ THE Two OBSERVED FLUORESCENT 
X-RADIATIONS CHARACTERISTIC OF BARIUM. 


these then by simple proportion the effect of the scattered 
radiation from barium hydroxide under similar conditions 
was obtained.* Thus its direct effect without any absorbing 


plates is approximately agg X 1,367, for 1367 is the direct 


effect from the aluminium radiator. The numbers, then, in 
column 3 denoting the effect of the scattered radiation from 


* This is justified by the following laws, (a) X-rays of all penetrating 
powers are scattered to the same extent in passing through matter ( Phil. 
Mag.," Мау, 1904, pp. 543-560, and later papers) ; (5) the ratio of the absorp- 
tion coefficients for a given radiation in two substances is approximately 
independent of the penetrating power of the radiation provided the range 
of penetrating power does not include or approach on the more penetrating 
side a fluorescent X.radiation characteristic of either substance ('' Phil. 
Mag.," May 1909, pp. 730-760). Limits tolthe first law may yet be found, 
but it certainly holds over the range of penetrating power here dealt with. 
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barium hydroxide are proportional to those giving the effect 
from aluminium. 

After subtraction of the numbers in column 3 from those 
in column 2 representing the total ionisation due to the 
fluorescent and scattered radiations combined, we get the 
values of column 4, representing the ionisations due to the 
fluorescent rays alone after transmission through the thick- 
ness of aluminium given in column 1. If the radiation is 
homogeneous the intensity I after transmission of a radia- 
tion of initial intensity Г, through thickness т, is given by 


I—Ij-^*, where 4 is a constant. Thus c E [p is den- 


sity of aluminium]. Column 5 gives the quantity SET 


for the fluorescent X-radiation from barium hydroxide and 
for the scattered X-radiation from aluminium. It should be 
noticed that x’ equal to 1-115z, the effective thickness of 
absorbing aluminium, replaces z the actual thickness of the 
absorbing sheet (see below). 

The agreement between the values given in column 5 shows 
the constancy of A, and thus the homogeneity of the fluore- 
scent radiation from barium. The reading for the fluorescent 
radiation effect (column 4) after transmission through 0-01966 
gramme per square centimetre of aluminium is so small, and 
consequently so dependent on the accuracy of the scattered 
radiation effect, that it is useless as an accurate measure of 
the absorbability of the radiation. Seeing from the values 
in column 5 that the fluorescent radiation was homogeneous, 
this reading was used to more accurately estimate the scat- 
tered radiation effect. Thus, taking 107-5 instead of 106 as 
the deflection due to scattered radiation after transmission 
through 0-163 gramme рег square centimetre of aluminium, 
and the other effects in proportion, the small deflection due to 
the fluorescent radiation through 0-01966 giamme per square 
centimetre becomes perfectly consistent. Although the value 
so obtained may not be used to determine the absorbability 
of the fluorescent radiation, it is useful as further confirma- 
tion of the homogeneity shown by the first three successive 
absorptions, for the difference between 106 and 107-5 is less 
than the possible error of experiment.* 

* The scattered radiation effects proportional to those from aluminium 


might have been got entirely by trial, so as to leave a homogeneous fluores- 
cent radiation. The possibility of this would havo shown the homogeneity. 
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The variations between the values 101-4, 94-5, 96-1, 96-0, 
given in the first series in column 5, and better still 98-8, 
97.2, 96-1, 96-9 in the second series are within the possible 
егтогз of experiment. Тһе contrast between these and those 
of the third series (Table II.) for the scattered radiation from 
aluminium is very pronounced. Again, the homogeneity is 
shown graphically in Fig. 1, the straight line L denoting the 
linear relationship between the logarithm of percentage 
transmitted and the thickness of absorbing aluminium. It 
should be noticed that the scale of abscissse has been increased 
to 240 times that used for the K radiation. 

We have thus established the homogeneity of both the 
observed fluorescent X-radiations emitted by barium. 


Tagik П.—_ Radiator : Barium Hydrozide. 


| 4 | 5 


1. 2. Ў Я 5. 
Thickness of Al. | Deflection of Deflection of Deflection of 
absorbing sheets | electroscope | electroscope — electroscope log Т/І 
X density of | due to secon-; due to scat- due to fluores- ре 7 
АІ. | dary rays. {tered X- “rays. cent X-rays. | 
gr. per sq. em. 
0-0 1,648 371 | 1,277 XM 
0-0032 804 339 | о 101-4 
0-00662 572 316 | 256 94-5 
0-000982 414 301 | 113 96-1 
0-01966 278 268 | 10 96-0 
0-163 106 [106] 1075 | xd 
0-0 1,708 377 | 1,331 - 
0-0032 935 344 591 98:8 
0-00662 576 32] | 255 97-2 
0-00982 494 306 | 118 96-1 
001966 282 272 | 10 96-9 
Radiator: Aluminium. 
0:0 | 1,367 1,367 | 75 | s 
0-0032 1,247 1,247 M 11:18 
0-00662 1,165 1,165 ban 9-41 
0-00982 1,108 1,108 қ 8:83 
0-01966 987 987 к | 6-45 
0-163 396 396 | m | 2-96 


-- —— Áo — € — —— — 


2 in Al.— 224 for fluorescent radiation (series L) from Ва. 


The correction of the thickness of absorbing aluminium 
from that of the plates as given in column 1 to 1-115 times that 
value was necessary owing to the proximity of the radiating 
gubstance to the detecting electroscope. Much of the radia- 
tion traversed the absorbing plate at a considerable angle to 
the normal, and thus the effective thickness of the absorbing 
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substance was greater than that given in column 1. To 
obtain the necessary constant connecting the thickness of 
the aluminium plate and the effective thickness, experiments 
were made upon the well-known radiations from copper and 
iron. Taking the absorption coefficients for these radiations 
in aluminium as known,* the effective thickness of the alu- 
minium absorbing sheets was found to be about 1-115 times 
the actual thickness. The correction appeared somewhat 
large for obliquity alone, but a possible error of 3 or 4 per 
cent. in the accepted values for either copper or iron in 
these results has no special importance. We have, therefore, 
made use of the full correction factor on the assumption that 
the values for copper and iron are correct. Thus, in column 
5 of Table II., giving ют, the effective thickness 2 is 
taken аз 1-115 times the thickness of the plate given in column 1. 

Taking the average of the values in column 5, for the two 
series of experiments, there is excellent agreement, and dividing 


А 
the result by log,,e, we get for the value of - in aluminium 224. 
The value of - obtained from the results of Table I. for the 


penetrating fluorescent. X-radiation К 1з 0-8. 

From similar experiments with iodoform as the radiating 
substance, both the hard and soft fluorescent radiations 
characteristic of iodine were isolated and proved homo- 


geneous. The values of 2. were slightly more variable 


than in the case of barium, one series of values, for instance, 
being 131-2, 128-5, 117-3, 126-0, and giving a value of A in Al. 
of about 290. From a number of experiments the values 


; : А А 
found were (series К) A 0.92; (series L) -=300 approxi- 
p p 


mately. 
Similarly, from antimony, the radiations corresponding to 


these were found to have absorbabilities (5 in А.) of 1-21 


and 435. The latter value cannot be regarded as satisfactory, 
the possible error of experiment being unusually large. A 
re-determination is desirable. 

!. The absorbability of the К radiation from silver has been 


.. in Al. for the fluorescent X-radiations (series K) from Fe. and Cu. are 
taken as 88-5 and 47-7 respectively. 


16 PROF. С. @. ВАВКГА AND MR. J. NICOL ON 


previously published, the value of | being 2:5.* The soft 


radiation (L series) was investigated. The thinnest rolled 
aluminium used in these experiments was found to absorb 
too much of this radiation to permit of accurate work. The 
absorption by thin sheets of paper was found instead, and the 
thickness of aluminium equivalent to these was determined 
by absorbing copper and iron K radiations, by both paper 
and aluminium.f Again the radiation was found to be 


hr il | А, 
homogeneous. Two series of readings gave values for - of 


719 and 696—values as consistent as can be expected foi 
the nature of the experiments. In one of these experiments 
the K radiation was not experimentally eliminated, so the 
ionisation produced both by the scattered radiation, and by 
the K radiation was determined from observations of the 
mixture of these two after absorption of the L radiation. We 


A . 
may take the true value of - as approximately 700. Thus 


the two known fluorescent radiations from silver give values 
2-5 and 700. | 
The substance of lowest atomic weight from which the 
homogeneity of a fluorescent radiation had previously been 
proved was chromium. The K radiation from calcium was 
therefore investigated in a manner similar to that from barium 
and the other elements mentioned. After correction for the 
scattered radiation, the fluorescent radiation proved to be 
homogeneous. After 79 per cent. absorption the trans- 
mitted radiation was found to possess the same absorbability 
within about 1 per cent.—less than the possible error of experi- 


X " 
ment. The value of - was found to be 435. 


T 
Summary. 


This Paper thus shows the homogeneity of some of the 
fluorescent X-radiations 1n a series (the L series) in which 
homogeneity had not previously been proved. Details are 
given of experiments showing the homogeneity of both the 
K and L radiations from barium ; and similar results are 
recorded in the case of radiations from iodine, antimony and 

* Barkla and Sadler, “ Phil. Mag.," Мау, 1909, pp. 739-760. 

t This is justified by the laws of absorption. The method has also been 


applied to radiations whose absorbability in aluminium was directly deter- 
mined, and very good agreement was found between tho two. 
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silver. The absorbability of the fluorescent radiations from 


RIS : А 
these elements is given by the following values of - for absorp- 
tion in aluminium of density p. Р 


Ag radiator : (series К) [2:5] ; (Series L) 700 
1-21 


Sb 39 os ” 435 
1 E 0:02 » 300 
Ba Е 0-8 55 224 


The series of K radiations has also been extended to include 
calcium, and the value of | found to be about 435. 


It has also been found that the fluorescent radiations of both 
series are emitted simultaneously as distinct homogeneous 


beams. 
ABSTRACT. 

It was shown by one of the writers that the fluorescent X-radiations 
emitted by elements exposed to primary Róntgen radiation can be 
arranged in series, one radiation in a partioular series being emitted 
by each element, and the radiation belonging to that series becoming 
more penetrating with an increase in the atomic weight of the 
radiating element (“ Proc." Camb. Phil. Soc., May, 1909). The 
homogeneity of radiations of only one series (the K series) was shown 
by Barkla and Sadler. This Paper describes experiments showing 
the homogeneity of fluorescent X-radiations in the seoond series 
(the L series), and exhibiting the homogeneity of radiations of the 
two series from а number of elements. Details are given of the 
observations on the radiations from barium. Similar results are 
recorded in the case of the radiations from iodine, antimony and 
silver. 

The homogeneous fluorescent radiations of different series are 
emitted simultaneously by an element exposed to Róntgen radiation 
' of more penetrating type than either. The fluorescent X-radiations 
can thus be analysed into well defined radiations widely different in 
penetrating power, and may be said to give a line spectrum in X-rays. 

The absorbability of the fluorescent radiations is given by the 


‘ A 
following values оѓ, where A is the coefficient of absorption of these 


radiations in aluminium of density p. 
Ag radiator: (Series К.) [2:5]; (Series L) 700. 
1-21 


Sb 99 ээ 97 435 

І E бі 0-92 55 300 

Ва 9% " 0-8 js 224 
DISCUSSION. 


Dr. S. Russ inquired as to the mechanism of the production of scattered 
radiations, and asked whether scattered radiation would be produced by 
homogeneous radiations. 

Prof. С. G. BABELA, in reply, said that scattered radiation was produced 
by a pulse passing over an electron disturbing it, and so causing it to radiate 
& pulse of the same wave length or hardness. No satisfactory explanation 
of either X-ray fluoresence or ordinary fluoresence had been given, but 
he pointed out that after the pulse had passed over an electron the latter 
would continue to vibrate with its natural frequency. 
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ИГ. Demonstrations given before the Society by Prof. 8. P. 
THOMPSON, F.R.S., at the Finsbury Technical College. 


NOVEMBER 10, 1911. 


Prof. Silvanus P. Thompson and Prof. E. G. Coker exhibited 
two reflecting polariscopes for the study of optical stress in 
materials, The polariser in each is a sheet of blackened glass 
at the polarising angle. One has а field 6 in. square, the other 
10 in. square. They were designed for the purpose of studying 
the stresses in objects cut out in sheets of xvlonite (celluloid) 
subjected to mechanical tension. To eliminate the black-cross 
effect the objects are placed between two quarter-wave plates 
‚ of mica, having their axes set at 45 deg. Some larger quarter- 
wave plates of mica were shown, one of them 24 in. in diameter. 

Prof. Silvanus P. Thompson exhibited a large harmonograph 
for inseribing on a moving ribbon of paper the harmonic move- 
ments produced by compounding together mechanically the 
oscillations of two heavy pendulums. The recording pencil 
consists of a glass tube drawn to a fine aperture, in which tube 
is inserted an ordinary sable-hair paint brush, dipped in ink, 
so that the mere point of the brush projects through the orifice. 
He also described his apparatus (shown in operation in the 
laboratory) for demonstrating the physiological effect of an 
alternating magnetic field. Ап alternating{clectric current 
with a frequency of 50 periods per second is led into two large 
copper coils, producing an alternating magnetic field of an 
intensity of about 10,000 C.G.S. units in the space between the 
coils. If the head is placed in this space a singular sensation 
of a flickering blueish illumination is perceived. The effect is 
greatest if the direction of the lines of force of the field is 
through the temples. 

Prof. Thompson also demonstrated several experiments in 
acoustics. These were: (a) A Rubens’ tube 15 ft. in length, 
with a row of small gas flames along it, exhibiting the positions 
of the nodes and ventral segments when the internal gas 
column was thrown into partial modes of vibration by shrill 
tones; (b) a Rayleigh flame of peculiar sensitiveness ; (c) a 
dynamical model in glass of the three semicircular canals of the 
ear. The canals being filled with coloured liquid, and con- 
taining model otoliths (made of glass bubbles filled with air), 
movement of rotation about any one of the three axes sets the 
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liquid in the corresponding canal into relative motion. (4) А 
set of steel bars for demonstrating the superior limit of audition; 
(e) a ton-variator of Dr. Stern, consisting of a resonant cavity of 
adjustable volume, excited by a gentle air-blast, and graduated 
to produce any tone between the frequencies of 200 and 400 per 
second ; (/) an adjustable resonator, in which the size of the 
front opening is altered by use of an iris diaphragm ; (g) a new 
phenomenon in resonance. Па tuning fork is introduced into 
a tubular resonator having a front orifice just wide enough to 
admit the two prongs, resonance is observed when the prongs 
are placed just in the opening. On inserting them deeper the 
sound ceases, but is again heard if they are inserted still 
further. 


IV. Note on the Effect of a Narrow Suw-cut in the Edge of a 
Contusting Strip on the Resistance of the Strip. Ву Prof. 
Снаві,кв Н. Less, D.Sc., F.R.S. 


IN connection with the Paper on the above subject which 
appeared in Vol. XXIII., p. 361 (1911), of the “ Proceedings," 
Lord Rayleigh has called my attention to a Paper by Prof. 
Lamb, on “ The Reflection and Transmission of Electric 
Waves by a Metallic Grating," which appeared in the “ Pro- 
ceedings " of the London Mathematical Society, Vol. XXIX., 
p.523 (1898). Iuthefirst part of this Paper Prof. Lamb deals 
with certain problems in electrostatics, one of which is that of 
the lines of electrostatic force in the neighbourhood of a 
grating of parallel conducting strips. Тһе solution of this 
problem is obtained by the aid of the Schwarzian transforma- 
tion, cosh w=a cosh 2, used by me in the above Paper, and 
Prof. Lamb points out that the solution also applies to the case 
of a conducting strip with а saw-cut in its edge. The use of 
the transformation for the solution of this problem had, there- 
fore, been anticipated by Prof. Lamb. In a footnote to his 
Paper, Prof. Lamb points out that the transformation was 
already known to Prof. Sir J. Larmor in 1895, as he made it 
the subject of а question in the Mathematical Tripos, Part II. 
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V. Some Surface Tension Phenomena exhibited by Mx. С. В. 
Dar.ina@ before the Society. 
NoveMBER 10, 1911. 


IN addition to aniline, which has the same density as water at 
64 deg., the author has found the following liquids to possess 
equidensity temperatures: Anisol at 15, orthotoluidine at 24, 
butyl benzoate at 48 and aceto-acetic ether at 53. These 
results have been applied in the production of large drops of 
liquids, by forming the same in water, when, owing to the 
slight difference in density between the drop and its surround- 
ings the process is much slower than in the case of a drop falling 
in air, and may be followed clearly by the eye. 

Spherical drops of large size may be produced by taking 
water іп a beaker and опе of the above liquids at the tempera- 
ture of equal density. The liquid is admitted through the 
stem of a funnel, about 1 cm. diameter, furnished with a tap, 
the stem terminating below the surface of the water. The 
liquid sphere forms on the end of the stem, and, if the tempera- 
tures be correctly adjusted, may be made to possess a volume 
of 100 с.с. or more. 

Large breaking drops, falling vertically, may be obtained if a 
liquid slightly denser than water is taken. The liquid is 
allowed to run into water through a tube terminating in a 
widened portion about 2cm. in diameter, the flow being 
controlled by a tap. A pendent drop forms on the end of the 
tube, which gradually elongates and finally breaks away from 
the tube, drawing out a neck of liquid, which is afterwards 
resolved into two or more secondary drops. In the case of 
small drops breaking from the end of a tube only one small 
droplet is observed to follow the major portion, and in some 
cases is not formed. With large drops, however, three droplets 
of diminishing diameter are generally formed. When the 
water used is drawn from the tap, orthotoluidine at the 
temperature of the room may generally be used with satis- 
factory results; if observed to be of insufficient density, a 
little aniline may be added. 

Large breaking drops rising vertically are obtained when the 
liquid is less dense than the water, the delivery tube in this 
case being bent upwards; the drop rises and finally breaks 
away, usually giving rise to a single droplet. Orthotoluidine 


at 30 deg., discharged into water at 30 deg., is suitable for this 
experiment. 
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Supported drops, or liquid columns, may be obtained by 
taking a large test tube containing a shallow layer of water and 
pouring into it a quantity of aceto-acetic ether sufficient to 
form a hanging drop which rests on the bottom of the vessel. 
The liquid then remains in equilibrium in the form of a column 
of curved outline surrounded by water, the upper end clinging 
to the water surface. On adding more water gradually the 
column becomes thinner and finally breaks, leaving a large drop 
at the bottom of the vessel and a smaller drop hanging from 
the surface of the water. Butyl benzoate is also suitable for 
this experiment. 

A quantity of aniline in water at temperatures above 
70 deg. alternately rises to the surface and breaks off in the form 
of a drop which sinks to the bottom of the vessel, the two 
processes being repeated indefinitely. This is due to the liquid 
cooling on the surface until denser than the water beneath, 
when a drop is detached ; but in the lower part of the vessel 
the drop is re-heated until less dense than the water, when it 
rises to the surface. An investigation of the temperatures of the 
water and aniline made by means of a thermal junction showed 
that the temperature of the floating aniline was always about 
6 deg. below that of the surrounding water, probably on account 
of the lower specific heat of aniline (0-52). 

When a small quantity of impure orthotoluidine is poured 
upon the surface of water the floating mass is set into violent 
agitation, finally breaking up into numerous small spheres. On 
adding a further quantity a number of globules of circular 
section are formed, which periodically become indented on one 
side, so as to resemble a kidney in shape; after which they 
dart rapidly across the surface. A period of repose follows, 
after which the globules again become indented and are 
projected across the surface as before. This procedure is 
repeated, with decreasing frequency, for two hours or more. 
When a tranquil state is reached a single large globule is usually 
observed in the centre of the surface. 
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УТ. The Maximum Value of the Electric Stress between Two 
Unequal Spherical Electrodes. By ALEXANDER RUSSELL, 
M.A., D.Sc., М.І.Е.Е. 


RECEIVED OCTOBER 10, 1911. READ NOVEMBER 24, 1911. 


WHEN equal spherical electrodes are used the maximum value 
of the potential gradient between them can be found at once 
from tables.* We only need to know their size, their distance 
apart and the P.D. between them. In this case, however, the 
sparking distances do not show how the value of the disruptive 
stress varies with the polarity of the applied voltage, as the 
sparking distances are the same whichever electrode is positive. 
To obtain this information it is песеззагу to find the sparking 
distances with unequal sized electrodes, and to calculate the 
maximum electric stress between them at the instant of the 
discharge. 

Unfortunatelv, the computation of the electric stress when 
unequal electrodes are used is very laborious. From a know- 
ledge of their radii, their distance apart and the P.D. between 
them, we have first to calculate the potentials of each. We 
then compute the electric stress from а complicated series 
formula which in many cases converges very slowly. Тһе 
Author has, therefore, been led to attempt to simplify the 
formule so as to shorten the time required for the computation 
which to many is at present prohibitive. In the general case 
he has made them quite manageable. Jn the particular case, 
when the distance between them 18 small compared with the 
diameter of either, he has found an extremely simple formula 
for the maximum electric stress. 


Computation of the Potentials of the Electrodes. 


When making experiments on sparking distances the 
apparatus is practically always so arranged that the charges 
on the two electrodes are equal and of opposite sign at the 
instant of the discharge. Let us suppose that т, —q, v, and 
о, аге the charges and potentials of the spheres, and let 
Кі, ke. and kig be their capacity ccefficients. We have 


“РЫІ. Mag." (61, Vol. IT.. p. 258. 1906. 
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deduce that 


pb. 
ае ноа АЕ Жым $ . . % е е e 1 
=E ЗИ 1) 
К, А 2 
р mE IE : ' T -V, . . . . e 2 
v=- ЖТ ЖЕКТЕ (2) 


where V=v,—v,=the P.D. between the spheres. The Author 
has recently* given formule by means of which these coefficients 
can be fairly readily computed. 

We shall now find formule from which the maximum value 
Riaz, of the electric stress between the electrodes can be found. 


Formula for the Maximum Electric Stress. 


Let a be the radius of the smaller sphere, b the radius of the 
larger and c the distance between their centres. The potential 
gradient is a maximum at that point of the smaller sphere 
where the line joining their centres cuts its surface. Let us 
first suppose that the potential of the sphere whose radius 
13 а is unity, and that the potential of the other is zero. Then, 
following Jeansf and using Kelvin's method of images, we get 


е е €. 
R = -% 1 Р и 
an a! (аа) (а а)? 
_ е, ___ А 
а? p? p? а? 
where — =с- — тео ,—, 
А c--a,, b, c-b 


e, = —ae',[(c—b,), e',— —be, ,/(c—a, ,), а,=0, b,=b"/c 
e,—a, and e', — —ab/c. 


Hence we find that 


(a—a,)? ` a 
and R’ = > brbhua бы 


max. — — x (b— b, +1)? . b , 
where R',,, is the electric stress at the point where the line 
joining the centres cuts the larger sphere. It, therefore, 


* * Proc." of the Phys. Soc. Vol. XXIII., р. 352, 1911. 
t “ Electricity and Magnetism,” р. 193. 
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follows by the principle of superposition that when the poten- 
tials of the spheres are v, and v, respectively, the maximum 
value of the electric stress, which is at the point where the 
central line cuts the smaller sphere, is given by 

а--а, аа’, e", 
5,2 + T +1 v att 


(a—a } ` ү: ауа RAE 


R 
(а—а’. +1} а 


max, 


and it is easy to prove by the Calculus of Finite Differences, 
or by simple verification, that 


ава”) ва). 
Б Ш бат ә е, 1— £g? ° 
; 1— na” » ab a’ 
a най — айға) ала € $177 — (1—0) рев 
a+ba = 


where = n= ‚ ЕҢ-о, and а is the root of the 


equation аа c?a, which is less than unity. 

It will be noticed that e", is the charge at the sth image in 
the smaller sphere when its potential is zero and the potential 
of the larger is unity, corresponding to the charge at the sth 
image in the larger sphere when the potentials are reversed. 

Thus, we get 


AET f 1—£ 1а ,1-ға 
Romar = ~ a(l— ИЕ 11 (14-2) жай — 


=r "part "VIG as с (emm ej] e 


Except in the case when the spheres are far apart, several terms 
of both series in (3) have to be calculated, and so the computa- 
tion 1s laborious. 

If we write* =“: —1/£, e£:=1/n and =“: =1/а, (3) becomes 


.. cosh?(a,/2) 
max a sinh(a,/2) 
E 4 sinh(a,/2) , ішің (a,/24-c,) , sinh(a,/24-2c) 4 
cosh? (a,/2) Г cosh*(a,/2+@,) ' cosh? (a,/2+2w,) 


—o,| sinh(w,—a,/2)  sinh(2w,—a,/2) ie | |] | 


cosh?(w,—a,/2) ! cosh?(2w,—a,/2) 


where sinh a,= A/a, sinh w= dc/ab, 
and 4c? 4? —(c4-a-4-b)(c4-a — b)(c - a--b)(c— a — Б). 


* “ Proc." of the Phys. Soc. Vol. XXIII., p. 353, 1911. 
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When more elaborate tables of hyperbolic sines and cosines 
are available, (4) will be useful, but even in this case the labour 
will be great when the spheres are close together. 


Improved Formule. 


Formula (3) only converges rapidly when the spheres are far 
apart. It can, however, be easily converted into one in which 
the series portion converges with any required rapidity. To 
do this we use a method similar to that employed in modifying 
Kirchhoff's formule for k,, and k,g (see “ Proceedings," 
Vol. XXIIL, p. 354). Keeping the first four terms, for in- 
stance, and expressing Е and a in terms of a, b and c, we get 


af, асса) CERUT 
Rmax. = pale (с- а)- p? +a 


~{A,—3A3(éa?) 
io (Eq2)2—. . А 


2241 (ca) , ab*\(c+-a)*(e — a) — cb? 
a Lie a)?" {(c—a)*(e+a) — cb? 


Ha ES (A, — 8A og) АН na)? 37 . (5) 
where À,—a*/(1— a^), and noticing that 
]—z 
"Ені на дады .. 


Except when = is nearly unity—that is, except when the spheres | 
are very close together, the series in (5) converge rapidly. 


Spheres Very Close Together. 


To get a manageable formula for the case when the spheres 
are very close together, we apply the Euler-Maclaurin sum 
formula to (4). We have 


sinh z  sinh(z+q@) , sinh(z4-2o) 


cosh2z —€— cosh?(z-+-2w) 


| sech x Nd Bs 3 д4 
ae ee sech i @ юз sech z — 4° Aj į Sech 2--. 
w here B,, Bs, B; . . . are Bernoulli’s numbers. Using this 


theorem in (4), and developing approximate formulæ for the 
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various functions on the assumption that с-а—6 is small, we 
find after very heavy algebraical work that 


(A 2b—a , 4(a—b)*+ab , 
Rmx. = zx Sab Ро ча 2 +... |, (б) 


where z—c — a — b—the distance between the spheres. Іп this 
case, therefore. it is unnecessary to compute the values of v, 
and о,, as their difference only is required. 


Numerical. Examples. 

I. Let us suppose that a—2-1r, b—9-6r, and c=12-5r, so that 
z—0-8r, €=7/15, 4 —5/6 and a— 7/18. 

Hence, by the formule given in a previous Paper (l.c., ante), 
we find that k ,=3:168 414 7..., 4,,— 11:608 133 8... and - К, 
—2-497 135 7... 

We thus find by (1) and (2) that 

у, =0-931 378 2...V and v,— — 0-068621 8...У. 
By (5) also we have 


Вы. = zt 1141-271 94540-998 148 


— 0-020 75440-000 351 — 0-000 004+ . . .] 
72 (1-995 758-- 1-129 597--0-831 790 


tl 0-012010--0-000 141 —0-000002+ . . .) 
52% X: 3249 G85 — у. x 3:945 974 
ki x 1:237 870. 
By formula (6) we get at once 
Ban =o 1-235. 


It will be seen that for most practical purposes the formula (6) 
will suffice in this case when the distance between the spheres 
18 not greater than the third of the radius of the smaller sphere. 

II. As a further example, let us suppose that a—r, b=Tr 
and c=1Cr, so that z—2r—1iwice the radius of the smaller 
sphere. We have £—1/5, 5—5/1 and a=1/7, and hence we 
get k, ,=1-160 112 4r, k,,— 1-06 597 Or and — k, ,—0-814 326r. 
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Hence v,—0-9513530V and v,— — 0:048 6470V. We thus 
find by (5) that 


27 
Ub 
к=; +, eit To" á5x342x245* + | 
[77 49х509 3 135 | 
811740147 "98 99503497 ``` 


=2151:296 863 4— x 1-163 1560 
У 
97 


If we use formula (6) we get 


x 2-580 775 6. 


КЫ, ml х 2-512. 
M Шу 


It is interesting to notice that even in this case—where the 
distance between the spheres equals the diameter of the 
smaller one and the numerical value of the potential of the 
large sphere is only about the twentieth part of the potential 
of the small one—the error introduced by using the approxi- 
mate formula (6) is less than 3 per cent. 


Equal Spheres. 


When the spheres are equal, so that a=b, and v,— —v,=V/2, 
formula (4) becomes 
R I _cosh*(a,/2) Y sinhía 2) sinh(3a,/2) 


тах. Эа’ sinh(a,/2) | cosh? (a,/2) cosh?(3a,/2) 
sinh(5a,/2) 


Fosh? ба 2) > i4 | (7) 


where cosh a,=c/2a. 
The formula (5) also becomes 


R _У [14 ep a*ic(c-- a) — а?) аз(с--ау(с- а) ca?) 


тах. 7” 9a 


а)? {c(e—a)— а?\? {(c—a) a)? (c4-a) — сай! 


(2? ep» 1 32° 5518 
ний (Б 3 |. T 


Е ГЕ ВВ 
where ё==!с— Ve — 4931/2a — e^ ^ 
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Equal Spheres Very Close Together. 
Applying the Euler-Maclaurin sum formula to (7) we get 


г c DUE . 
Fas = MT 41457 ато аў 11175` att 7 | (9) 


The first three terms of this series agree with Schuster’s 
well-known formula*; but Schuster gives 73/53760 as the 
coefficient of the fourth term. The first three terms may be 
deduced by putting a=b in (6). In using the formula (9) it is 
convenient to put 2/945--0-002116 апа 17/14175=0-001199. 


Numerical Example. 


Let us suppose that c=2-5a, so that х=а/2 and 4--0-5. 
Substituting in (8) we get 


14 194 15:875 
[| “) utp Ttqgr*o 5.315 ур ү? 
қ 5 1 7 1 ) 
+ (1-7 pata Ват pet tt | 


V 
4/2< 1.1726148. 


Ву formula (9) we get 
Кыш =. x 17256. 
` а/2 


Hence when the distance between the spheres is not greater 
than half the radius of either, the inaccuracy of (9) is less than 
1 in 20,000. 


ABSTRACT. 


The experiments carried out by F. W. Peck (“ Journal " Am. Inst. 
of Electrical Engineers, 1911) for the General Electric Company cf 
America prove conclusively the value in practical work of à knowledge 
of how to compute the maximum value of the electric stress between 
high-pressure conductors. With equal spherical electrodes the electric 
stress between them can easily be computed from known tables. When, 
however, they are unequal the calculation becomes so laborious that it is 
prohibitive: to nearly every experimeter. The Author developes 
formulz for this case, by means of which, and of the formule for the 
capacity coefficients given in a recent Paper to the Society, the calcula- 
tion is very appreciably shortened. When the distance between the 
spheres is very small compared with the diameter of either, the following 


+“ Phil. Mag." February, 1890. 
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approximate formula for R,,,, (the maximum value of the electric stress) 
can be used 


Rc (У/®)[1 + (2b— a)x/(3ab) + {4(a—b)? + ab}? /(4ба?5*)], 
where V is the maximum Р.О. between the electrodes, x their distance 
apart, a the radius of the smaller and b the radius of the larger sphere. 


In this case а knowledge of the values of the capacity coefficients is not 
required. 


DISCUSSION. 


Mr. E. H. RAYNER asked for what ratio of diameters the formula held. Не 
also stated that the values of Rmax. found by ithe General Electric Co. 
were 10 per cent. lower than those given by some experiments of his own, and 
pointed out what he thought might lead to errors in the General Electric 
Co.’s tests. 

Prof. С. Н. Lees said that it was for experimentalists to try to verify Dr. 
Russell's formula, and asked whether the presence of ions between the 
spheres affected the value of В шах, appreciably. 

Dr. В. 8. WitLows asked if the value of Rmax. agreed with that obtained 
from the theory of ionisation by collision. He also asked if the results 
accounted for the difference in the values obtained according as the small 
electrode was positive or negative. That the tields differed in some way was 
shown by the appearance of the discharge ; a long brush and sensitiveness to 
radium radiations when the small sphere was positive, no brush amd in- 
sensitiveness to radium when it was negative. 

Mr. R. APPLEYARD pointed out the simplification when the two spheres 
were equal. 

Mr. W. DuDDELL observed that now that continuous current at from 50,000 
to 100,000 volts, with plenty of power behind it, was available in London, 
further experiments on sparking potentials should be made. 

The AUTHOR, in reply, stated that he had read Mr. Peck’s Paper, and that 
his results agreed with Whitehead's ionic ex periments to within 2 or 3 percent. 
With a small Wimshurst machine there was a difference of 3 or 4 per cent. 
in the aparking potential according as to whether the small sphere was 
positive or negative. When the small sphere was positive the electric stress 
of the air was weaker. This difference, he thought, would disappear if there 
were more power available. High-tension continuous-current could be now 
obtained at Mr. Hyfield’s station, where a huge Wimshurst, under com- 
pressed air, was driven by a motor. 
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УП. The Cubical Expansion of Fused Silica, with Note on the 
Variation of the Boiling Point of Aniline with Pressure. 
Ву Е. J. Harrow, A.R.C.S., B.Sc., Assistant Lecturer т 
Physics, Sir John Cass Technical Institute. 


RECEIVED OCTOBER 16, 1911. READ NOVEMBER 24, 1911. 


THE properties of fused silica have been investigated cor- 
siderably of late years, and the results have shown that it can 
be used with advantage for many scientific purposes. In 
particular it seems to be a suitable substance for the envelope 
in both liquid and gas thermometers, as many of the dis- 
advantages of the use of glass for this purpose do not exist in 
the case of fused silica. 

The following is an account of measurements which have 
been made of the cubical expansion of fused silica by the weight- 
thermometer method. Hitherto all measurements of the 
thermal expansion have been measurements of the linear 
coefficient, and as the possibility of calculating the cubical 
coefficient of expansion of a substance in the form of a bulb 
from the linear coefficient, with anv approach to accuracy 18 
doubtful, the direct measurements given in the present paper 
should prove useful for thermometric and other purposes. 


Weight Thermometers and Method of Filling. 


The three tvpes of weight thermometer used are indicated 
in Fig. l. They were made of clear transparent fused silica, 
and varied іп capacity from 70 c.c. to 140 c.c. approximately. 
Observations were first of all made with thermometer a, 
which was filled ir. the ordinary way by alternate heating and 
cooling with the open end under mercury. Аз а larger value 
of the apparent coefficient of expansion of mercury than was 
expected was obtained with this filling, it was thought neces- 
sary to fill the bulb under a vacuum, in order to exclude the 
possibility of the presence of any air bubbles in the bulb. This 
was done, but on account of the diíficulty experienced in 
thoroughly cleaning and filling the bulb, one of a different type, 
Fig. 1 (5), having tubes at both ends, was subsequently used. 
Fig. 1 (c) shows a similar bulb having in addition a number of 
concertric tubes sealed inside; the use of these will be ex- 
plained later. 

The bulb b was first of all dried and any volatile matter 
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removed from its inner surface by heating it while a current of 
dry air was being aspirated through. Marks were now made 
upon the tubes as indicated in the figure, and the quantity of 
mercury filling them from their ends to the marks obtained. 


(а) (ф) (с) 


Ею. 1. 


The bulb was then connected by airtight rubber joints to the 
apparatus shown in Fig. 2. By means of this, mercury, which 
had been dropped through a vacuum to rid it of all traces of 


To pump 


air, could be made to fill the bulb after the latter had been 
evacuated. The apparatus was fist carefully dried by re- 
peatedly evacuating and admitting dry air through the drying 
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tub. D, and was finally evacuated to а high degree of exhaustion. 
Mercury from the reservoir C was now allowed to flow into the 
bulb À slowly by an adjustment of the pinch cock a, and any 
air given off from it, as it fell through the vacuous space or as it 
was boiled in А, was pumped out. By closing the tap 6 and 
admitting air into А through the drving tube, the mercury was 
forced by way of the capillary tube t into the bulb. When the 
bulb was completely filled, the pinch cock c was closed and the 
thermometer removed. The end of the tube d was then 
plugged with a piece of iron wire sealed in with wax, and, the 
rubber tubing and pinch cock c having been removed, the ` 
thermometer was ready for observations to be made. 


Observations and Results. 


For convenience in taking the observations the bulb was 
supported at the bottom by a holder attached to a brass rod 
parallel to the bulb.. To the top of this rod was attached an 
arm carrying a small removable shelf and а small weighing 
bottle containing mercury placed upon this caught the over- 
flow mercury. The bottle and its contents could thus easily 
be removed and weighed. 

Fundamental Interval. —Readings of the fundamental in- 
terval were made in the usual manner. The temperature of 
the exposed stem was ascertained by a mercury thermometer, 
so that the expansion of the known quantity of mercury con- 
tained in the stem could be allowed for. It was necessary to 
get the rise of temperature of the stem merely approximately, 
as it was found that an error of 5 deg. would produce an ulti- 
mate error of l in 20,000 only, the accuracy to which one 
attempted to work. The smallest fundamental interval was 
about 16 grammes, so that since it was found possible to repeat 
similar readings to 0-0005 gramme, the required accuracy 
could be obtained. The steam temperature was obtained 
from readings of the barometric height. Observations were 
made with the three types of thermometer with two or three 
fillings for each, the results of which are given in Tables I. and 
II. Table I. gives the complete set of observations taken with 
bulb 6, the apparent coefficients given in the last column 
being calculated by dividing the overflow bv the mass left in 
the bulb at the steam temperature and by the range of tem- 
perature. Тһе third set of readings given in this table was . 
obtained after the bulb had been heated in aniline, and shows 
good agreement with the first two sets. Тһе ice readings at 
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the foot of the table were taken both before and after the steam 
readings in each case, and the very close agreement obtained 
shows that no permanent alteration of volume of the bulb had 
occurred through heating. This was also found to be the case 
when the bulb was heated to the temperature of boiling aniline. 


TABLE I. 
| Weight of | ГРЕЙ 
Steam | mercury р 
temperature ' filling to Corrected | rd 
! Date. in degrees | marksat |, overflow 19 in e MEUM 
| Centigrade. | steam temp., | іп grammes. | 9 S 
| | in grammes. | 
| 1910. | 
| ‚Мау 27 100-096 1,134-10 20-5555 181,076 
| i 100-083 1,134-10 20-5523 181,071 
| Б 100-076 1,134-10 20-5490 181,055 
ы | June 2 99-871 1,134-14 20-5086 181,064 
Е [ 99:869 1,134-14 20-5092 181,073 
| @/ June 3 99-889 1,134-14 20-5141 181,079 
lel, 99-874 1,134-14 20-5113 181,081 
| 7 | Лше4 99-713 1,134-17 20-4754 181,052 
| " 99-722 1,134-17 20-4780 181,058 
June 5 99-035 1,134-13 20-5197 181,047 
| р 99-898 1,134.14 | 20.5132 181,054 
| | Ауетаре 181,065 
| 1910. | | 
c | June 25 99547 | 113416 | 20-4421 , 181,061 
5 |June28.., 99722 | 113412 ' 204787 181,064 
B4» ..| 99721 1,134-12 ; 204777 181,065 
Y | June 29...| 99-748 | 1,134.12 ; 90-4805 181,041 
& \July 6...... 99-833  ' 1,13412 20-4963 181,026 
me [ 
Average 181,051 
1911. | 
January 27| 100-492 1,134-02 20-6345 181,056 
z| " 100-476 1,134-02 20-6290 181,049 
= | January 28! 100-531 1,134.01 | 20-6414 | 181,056 
= Я | 100522 | 1,13403 20-6394 181,056 
Е | February 1. 100776 | 1,133-07 20.6904 | 181,056 
| February 2, 100-745 | 1,133-98 20.6844 | 181,056 
| | Average 181,056 
Ice Readings.— 
May 26...................:...._ 140-5004 
First filling 4 June 4........................ 140-4979 
JUNC! Geseis дун 1404979 
Ийе: 25" ее 140-0510 
Second filling [June О атый БЕН 140-0505 
ШИЙ Ө ары ы 140-0500 
Л | f January 26.................. 168-4622 
| Third filling Баға 22220 1684592 
VOL. XXIV, с 
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TABLE II. 
l Apparent coeff. Cubical coeff. 
Bulb. | Date. Filling. of expansion ofof expansion of 
| mercury х 10°. | silica „$ оо. 
125 1909 .... | (1) Ordinary...) 181,017 | 
а | " ....| (2) Vacuum.... 181,042 | 
| Меап 181,030 | 100-6 x 10-8 
‘May-June, 1910! (1) Vacuum... 181,000 | | 
b , June, 1910.... (2) Vacuum.... 181,051 
Jan.-Feb., 1911; (3) Vacuum.... 181,056 | 
| Mean 181,057 | 97-9 x 1073 
с — July, 1910...... |a) Vacuum... 181,026 ! 1010x 10-8 


| Mean 99:8 х 10-8 


In Table П. the fourth column gives the average values of 
the apparent coefficients of expansion of mercury obtained 
from each series of readings taken. The first filling of a 
was carried out by the ordinary method of heating and cool- 
ing; the second after evacuating by a modification of the 
apparatus described. The approximate agreement between 
the results obtained shows that the ordinary method of filling 
a weight thermometer is fairly satisfactory. The values of 
the cubical coefficients of expansion of the bulbs given in the 
fifth column were calculated from the means of the results for 
each thermometer, by the well-known formula :— 


EN 


т, Мат 
м+м“ 


where a=absolute coefficient of expansion of mercury. 
m= overflow. 
M= mass of mercury left in at the higher temperature. 
t=higher temperature in degrees Centigrade. 
S=coefficient of cubical expansion of the bulb. 

The value of the absolute coefficient of expansion of mercury 
used was that given by Callendar and Moss * in their recent 
paper—viz., 0-000182054. 

Surface Effect.—It was thought at one time during the in- 
vestigation that possibly the expansion of the mercury near 
the surface was in some way affected by the surtace, and that 
this might explain the discrepancies existing in the values of 


* Phil. Trans.,” January, 1911. 
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the coefficient of expansion of mercury obtained by the weight- 
thermometer and absolute methods. For the purpose of test- 
ing this, the bulb c was used, in which the ratio of the 
surface to the volume was considerably increased by the con- 
centric silica tubes sealed inside. The results with the three 
bulbs show that a surface effect, if it exists at all, is extremely 
small. | 


Pressure Effect.—The possibility of an error arising from the 
pressure on the bulb was also considered. Such an error may 
arise either from the change in the effect of the pressure in the 
bulb due to an alteration of the elastic properties of the silica 
with the rise of temperature, or from the change in the pressure 
itself due to the change in the density of the mercury. To test 
the first, the contraction which took place, when a pressure of 
an atmosphere was applied, was measured at 0°С. and at 
100°C. These were found to differ by 0-004 of a gramme of 
mercury only, so that since the average internal pressure on 
the bulb was only about 4';th of an atmosphere, the effect was 
quite negligible. A calculation of the effect due to the altera- 
tion in the density of the mercury showed this also to be quite 
negligible. 


Ice-Aniline Readings.—It was thought desirable to extend 
the observations to a higher temperature, and for this purpose 
an aniline vapour bath was used. The bulb was enclosed in a 
large beaker containing aniline, the beaker being carefully 
lagged with asbestos cloth and closed at the top with sheets 
of tin and uralite. To prevent cooling by radiation, the bulb 
was surrounded bya cylinder of tin, and between the lid of the 
beaker and the bulb were placed two discs of tin separated by a 
distance of about 1 cm. In this way a vapour bath of uniform 
temperature was obtained. The temperature was measured 
by a platinum resistance thermometer of about 5 ohms funda- 
mental interval, which.enabled one to measure the tempera- 
ture to445th of a degree. It was thus possible to work to an 
accuracy of about 1 in 20,000, since the boiling point of aniline 
is 184°C. or thereabouts. А small coil of nickel wire surround- 
ing the bulb was used for heating up the bulb slightly after а 
weighing of the overflow vessel. This was found necessary in 
order to join on the thread of mercury to the mercury in the 
vessel. The results of the observations are given іп Tab'e III., 
and it will be observed that а good agreement exists between 
them. With two sets of observations also the ice read- 
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ings are given. The agreement between those taken before the 
aniline readings and those taken after shows that here again no 
permanent charge in the volume of the bulb took place through 


heating. 


The value of the absolute coefficient of expansion of mercury 
used for the calculation of the expansion of the bulb was 
0:000183705, obtained from the formula given by Callendar 


and Moss, 
TABLE ПІ. 
| | Weigh | | 
ght of : 
| Aniline bath | mercury | Corrected Apparent |  Cubical | 
| temperature | filling to | overflow | Coefficient of | coefficient of | 
| Bulb | Date. іп degrees marks at bath in expansion of oe of 
Centigrade. |temperature,| grammes. | Mercury LA 
in grammes. x 10°. | о5ів4- 
| 1911. | 
March 4... 184-168 1,849-67 62-0712 132,214 | 
в. бге 184-026 1,849-72 62:9212 182,203 
pa В 184:292 1,849-69 62.1169 182,230 | 
с и 184.072 1,849.70 62-0374 182,207 | 
Ө жу ИЗ 183-483 1,849-90 61:8376 182,184 
„ 16. 183-683 1,849-85 61-9084 182,184 | 
„ 17. 183-908 1,849-75 61-9875 182,218 | 
Average 182,205 | 145-1 х10-* | 
1911. 
July 10...| 182-518 1.1684 | 37-6163 182,186 | 
„ 10... 182-556 1,116:83 37-6242 182,187 
„ 12..| 182372 1116-85 | 37-6019 ' 182,264 | 
b | 472122; 182-432 1,116:85 37-6124 182,253 
„ 13... 182.336 1,116.88 37-5834 182,207 
s 19: 182.324 1,116-88 ! 37-5835 182,221 
» l4.. 182-215 1,116:88 37.5834 182,230 , 
» 14.. 182.292 1,116-89 31-5742 182,205 | 
Average 182,219 143-8 x 16-5 | 
1911. | 
с July 19.. 184-397 1,850-55 62-1699 182,190 
After » 20.. 184-426 1,850-54 62.1837 182,203 
alteration » 20. 184-446 1,850-53 62-1926 182,210 | 
necessi- » 20. 184-505 1,850-51 62-2168 182,225 
tated by ‚э 20.. 183-870 1,850-73 62-0001 182,196 | 
breakage go ae | 
Average 182,205 145-1 x 10-8 | 
| Mean 144-7 х 10-8 | 
Ice Readings.— | 
: ; Мат д о зин атары 121-3624 
РГО ac 121-3593* 
; July 10 ааа. 159-2663 | 
: July TD эзан у бала бады 152-2660 
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Conclusion. 


The mean results for the cubical coefficient of expansion of 
the three bulbs are :— 


роо = 99.8 x 10-8. 
58184 = 144-7 X 10- 8. 

The values of the various measurements of the linear coeffi- 
cient. of expansion of fused silica which have been made have 
been collected іп а paper * by Kaye, of the National Physical 
Laboratory, and the values of the cubical coefficients of expan- 
sion calculated from the mean linear coefficients given in this 
paper are :— 

091097147 X 10-8. 
. ов =154Х 10-8. 


Although the legitimacy of this calculation, as already men- 
tioned, is doubtful, the wide discrepancy between the two values 
for the fundamental coefficient can scarcely be attributed to 
this. The result given in the present paper thus leads one to 
think that the observations, on which the value given in 
Kaye's paper,—viz., 49x 10-8 for the linear coefficient between 
0°С. and 100°C., depend, are too large. This seems all the 
more likely, since the same observations show that the coeffi- 
cient changes sign at about — 80°С. It does not, therefore, 
seem likely that it will attain the above value between O9C. 
and 1009С, since this value is not very much less than the 
maximum value. 

Most of the observations on the linear expansion at ordinary 
temperatu-es have been made by the well-known Fizeau inter- 
ference method, in which specimens about 1 cm. long are used. 
The expansion to be measured 1s thus of the order of the wave- 
length of light only, and it seems that, although most of the 
observations have been carried out with great care, and fairly | 
consistent readings obtained, the results may be inaccurate 
from possible systematic errors. The difficulty which was first 
met with in the application of the Fizeau method to the 
measurement of the expansion of silica was that inconsistent 
readings were obtained by reason of the existence of traces of 
air between the surfaces of contact. This difficulty was 
avoided eventually, as was also the very large and uncertain 
correction due to the change in the refractiveindex of the air 
with the temperature and pressure changes, by evacuating the 


* Kaye, “ Thermal Expansion of Fus:d Silica,” “Phil. Мад.” October, 1910. 
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envelope containing the apparatus. As, however, it is ex- 


tremely difficult to remove every trace of air from the surface 
of si'ica it seems quite probable that an appreciable error is 
introduced on this account, if one considers the extremely 
small expansion which is measured. It thus seems desirable 
that accurate measurements of the linear expansion should be 
made with longer specimens. 

It is well known that the accuracy with which one can work 
with a mercury in glass thermometer is limited by the tem- 
porary changes of zero which occur on account of the bulb not 
returning quickly to its original volume after heating. The 
observations made above show that with fused silica this 
would not occur, the reason no doubt being that at ordinary 
temperatures it is so far removed from its melting point. On 
this account, then, the accuracy attainable with mercury ther- 
mometers should be considerably increased by the use of fused 
silica as the containing envelope. 


Variation of the Boiling Point of Aniline with Pressure. 
During the course of the experiments with the aniline 
vapour bath the barometer varied over a fairly wide range. A 
table (Table IV.) of boiling points at pressures ranging from 
74 cm. to 78 cm. of mercury is given, as it may prove useful to 
other observers. 


TABLE LY. 
Barometric readings in | Boiling point of aniline 
centimetres of mercury. | in degrees Centigrade. 


эре ЛЕ Тым A ----- — a - - æ 


74:0 | 183-09 

75-0 183-58 | 

76-0 184-07 | 

770 184-56 | 
| 78-0 | 185-05 | 


These values were obtained from the curve in which tempera- 
ture was plotted against pressure. Most of the points were 
found to be well on a straight line, the slope of which gave as 
the rate of change of temperature with pressure 0-49°С, per 
centimetre of mercury. Care, however, must be taken in 
applying these figures to the boiling liquid, since, if pure aniline 
is boiled for some time, partial decomposition takes place. This 
does not alter the temperature of the vapour at some distance 
from the liquid unless the aniline has decomposed considerably. 
The use of copper vessels should be avoided, as the copper seems 
in some way to accelerate decomposition. 
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In conclusion, І desire to thank Prof. Callendar for suggesting 
this research, and for the help he has given me from time to time 
during the performance of the work, which has been carriel 
out at the Imperial College of Science and Technology. 


ABSTRACT. 


The author describes experiments in which measurements of the 
cubical coefficient of expansion of fused silica from 0°C. to 100°C., 
and from 0°C. to 184°C., were made by the weight thermometer 
method. The values obtained were 05(0--99:8 х 10-3, and 
03:3, =144.7 x 10—. The fundamental coefficient is considerably 
less than that calculated from previous linear measurements, whereas 
05194 is only slightly less. А low value of the fundamental coefficient 
is to be expected, since the coefficient has been shown to change sign 
at about —80°C. Observations of the ice-point before and after 
heating showed that no permanent charge in the volume of the bulb 
occurred through heating, thus confirming the utility of fused silica 
for thermometric purposes. 
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DISCUSSION. 


Dr. С. W. C. Kaye said that Mr. Harlow's results should prove useful now 
that mercury in silica thermometers were an accomplished fact. These bid 
fair to revolutionise mercurical thermometry. He pointed out that Mr. 
Harlow's results did not agree with the linear expansion of silica found by 
Chappius, Holborn and Henning or Randall and Scheel. He thought for 
fused silica it should be possible to deduce the linear expansion from the 
cubical. He would like Mr. Harlow to obtain some results at a higher 
temperature. Some preliminary results obtained with a silica meter bar at 
the National Physical Laboratory confirmed these other workers. 
|. The PRESIDENT remarked that his own ex periments on the linear ex pansion 
of a rod of silica 30 cm. long (described in a Paper read before the Physical 
Society on March 22, 1901) showed no appreciable change in the mean 
coefficient 0-00000054 from 15°. to t, when £ was varied between the limits 
340? and 1,400?C. Recent experiments at temperatures below 0° appeared 
to indicate а lower value, and it was possible that the linear coefficient 
between 0 and 100? might be sensibly smaller. He did not, however, 
consider that the cubical coefficient could be deduced satisfactorily from the 
linear, because it was impossible to anneal a drawn specimen or bulb satis- 
factorily, owing to the rapid devitrification of amorphous silica at 1,000?C. 
If Mr. Harlow's value of the cubical coefficient between 0? and 100? were 
employed in the reduction of gas-thermometer observations with silica 
bulbs, in place of that obtained by assuming the above constant value for the 
linear coefficient, the temperature scale would be raised by a tenth of а 
degree at 445°C. А correction of this order was far from negligible at the 
present time. 

Mr. T. BARRATT asked whether the Author had made any observations of 
the linear expansion of the thermometer bulbs used by him. 

The Астнов thought it was quite possible that there might be a difference 
between the cubical coefficient of expansion and three times the linear. Не 
was endeavouring to extend his results to higher temperatures. Не had not 
made any observations on the linear expansion of his bulbs as the Fizeau 
method was the only practicable опе. 
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ҮШ. On the Temperature Coefficient of Diffusion. By Basi. М. 


Crack, B.Sc., Lecturer in Physics at Birkbeck College. 
HgcEIvED Остовек 17, 1911. Ввль Моувмвев 24, 1911. 


$1. Introduction. 

$3. Theory. 

$3. Apparatus. 

$4. Method. 

$5. Results. 

$6. The temperature coeflicient. 

$ 7. Comparison with other workers. 


l. Introduction. 


In 1908 the Author read а Paper before this Society describ- 
ing a method he had employed for determining the coefficient 
of diffusion of various salts through water at 0°C. (“ Proc." 
Phys. Soe., XXL, р. 314. See also “ Phil. Mag.," December, 
1908.) In these experiments а flask of special construction 
was filled with a solution of the salt under investigation and 
suspended in a bath of distilled water kept constantly at O?C. 
by а surrounding ice jacket. The gradual decrease in weight 
of the flask as the salt diffused out and water simultaneously 
entered was noted from day to day, and from these figures it 
was shown that the value of the coefficient of diffusion could 
be obtained. 

The objects of the present Paper are :— 

1. To describe experiments extending this method to other 
temperatures than 0°С. 

2. To find how the value of the coefficient varies with the 
concentration at these selected temperatures. 

3. To find how the value of the coefficient for given solutions 
varies with the temperature. 

In employing the method at higher temperatures than 0°C. 
it 1s obvious that special care must be taken to avoid any but 
minute temperature variations, for the size of the flask is such 
as to render even a small change in the relative density of the 
solution and the water in which it is suspended of such great 
effect as to vitiate the result entirely. It is, therefore, advis- 
able to compensate as far as possible for any variation in 
density due to change in temperature or to addition of diffused 
salt to the water by suspending similar flasks from each arm 
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of the Sartorius balance. These flasks were of the same соп- 
struction as already employed in the earlier investigation, and 
both were of the same size and were filled with the same 
solution and suspended in the same bath of distilled water. 
Both were fitted with diffusion tubes of about the same length, 
but of considerably different cross-section. 

As the salt diffuses out of each at different rates on account 
of the difference in the section of the diffusion tubes, the balance 
records the difference in their weights, and it 15 easy to apply 
the theory already given in the previous Paper to find the 
coefficient of diffusion of the salt. 


2. Theory. 
Let L=length of a diffusion tube. 
A=its area of cross-section. 


N-coneentration of solution in grammes per cubic 
centimetre of solution at the lower end of the tube. 


D —density of the solution at the same point. 
К — coefficient of diffusion in C.G.S. units. 


Ó—the ratio of the increment in volume produced to the 
increment in the mass of salt dissolved for a 
solution of concentration N. 


Then it was shown that the final steadv rate of decrease in 

weight of the flask (2) could be expressed in the form 
. КАМ № 

Неге the last two factors are corrections depending on (1.) 
the fact that a mass of water enters the flask due to the change 
in volume of the solution as the sa!t diffuses out, and (П.) the 
velocity with which the water enters. That this is so may be 
proved by assuming that no water enters the flask at all, but 
that, the water remaining perfectly stationary, the salt simply 
diffuses out. The expression then obtained for the final steady 
rate of change in weight of the flask is the much simpler one 


KAN 

L 
In reality, however, the water is not stationary, and if the 
theory given in the earlier Paper be inspected it will be seen 


- 


i= 
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that the factor 1--6(1--ЫМ) corrects for the mass of water 
entering the flask, and the factor 1-50 - ЫМ) corrects for 
the effect-of the velocity оп the rate of the diffusion. 

The Author now prefers to write the above equation in the 
form 
| ‚ KAN;, Nó 
i= 1-3 D-N))ü-àD—-Ny, 
as this emphasises the fact that it is unnecessary to know the 
relation between the density (d) of the solution and its con- 
centration (n), where (d) and (n) are variables. In the former 
Paper we assumed d=1-++an, and, from the value found for a, 
b—1—a was obtained; but, as а matter of fact, there is no 
need to make any such assumption, and we do not require the 
values of either a or b. 

If, then, we have two diffusion flasks, one fitted with а tube 
of length L, and area of cross-section A,, the other having а 
tube of length L, and cross-section A,, we have 


. KA,N(, Nô | 
iat (1-5 (D-N)] 1 - (D — N) 


2 


for the final rate of decrease in weight of the first flask, and a 
similar expression can be written down for the rate of decrease 
in weight of the other flask. 

The difference in these rates is 


ЖЕ А, А, № \ 
а= (7—02) 3 (D— N)f 1 —9(D— N)j 
= K- аы | 
(A,L,—A,L,)N I— 3 D-M {10-Х 
3. Apparatus. 


A and B arc the two specially constructed flasks of about 
450 с.с. each, one suspended from each arm of the delicate 
Sartorius balance by means of the fine wires ww of No. 33 
platinum wire. 

As the design of the flasks already used had been found by 
experience to be quite satisfactory, it was adhered to im the 
present investigation, and a full description of the construction 
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need not be repeated here; it will be found in the Paper 
previously referred to. 

Both flasks, after being filled with the solution under inves- 
tigation, were suspended in a copper vessel, C, containing 
about 25 litres of distilled water. 

This was surrounded by a bath, I, which contained either 
ice or water whose temperature was maintained as constant 
as possible in the following manner :— 

The whole of the apparatus was set up in a special room in 


Fia. 1. 


the cellar of the college, which was provided with double doors 
and only lit artificially, and whose temperature could be kept 
constant for many weeks to within a small fraction of a degree 
Centigrade by means of a small gas stove regulated by a 
Toluene thermostat bulb. 

The flask A was fitted with the diffusion tube 4-001 cm. long 
and 1-694 sq. cm. in cross-section, which has already been 
shown to have a negligible end correction ; the other flask, В, 
had a diffusion tube 3-978 cm. long and of cross-section 
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0-5033 ва. сш., for which the end correction would be still 
smaller. The lengths were obtained from a series of readings 
with а screw-gauge reading to тўс mm. The cross-section was 
determined from a number of experiments on the weight of the 
tubes entirely filled with distilled water. This method has 
been found by the Author to give more consistent results for 
tubes of the size here employed than any other method to 
which he had access. | 


4. Method. 


In preparing the solution and the distilled water, especially 
in the case of those experiments carried out at the higher 
temperatures, it was found necessary to heat the liquids 
considerably above the temperature at which they were to be 
employed, and then immediately. to use them, after cooling 
down as much as necessary. Ш this precaution were not taken 
difficulties were frequently encountered from bubbles of air 
coming out of solution in the liquids and adhering to the walls 
of the diffusion flask. 

In commencing an experiment, the 25 litres of distilled 
water were run into the copper vessel and the flasks filled with 
the solution, and having the upper open ends of the diffusion 
tubes temporarily closed Бу small thin glass plates, were 
gently lowered into the water and suspended, one from each 
arm of the balance by the fine platinum wire, as already men- 
tioned, with the diffusion tubes vertical. The glass plates 
were then removed and a thin layer of Fleuss pump oil run on 
to the surface of the water from a pipette. It may be recalled 
that the use of this oil was found to increase the accuracy of 
weighing, probably by reducing the surface tension of the 
water. 

The movement of the balance beam was limited by means 
of stops, so that the pointer could not move over more than 
one scale division on each side of the zero. А microscope, 
having a scale in the eye-piece, was focussed on a very fine 
wire fixed to the pointer, and the sensitiveness of the balance 
was such that 1 m.g. caused the pointer to move over 20 
divisions of this microscope scale. 

The method of carrying out the experiment was to weigh 
the flasks day by day, adding weights to one side of the balance 
to restore equilibrium, the final figure being obtained bv means 
of the microscope. 
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The graph obtained by plotting the change in weight as 
recorded by the balance against the time becomes practically 
straight after about a week, and the slope of this final portion 
of the curve gives the quantity (71-22) referred to in $ 2. 

The time at which the steady state is attained may be cal- 
culated if we assume that the water is stationary, and we find 
that if q is the quantity of salt which leaves unit area of the 
upper end of the tube per second 


KN , 2KN 


= tay (6+6...) 
л2К? 
where t= T 


Take L as 4 ст. and N—0:2 (20 per cent. solution), and 
effect the summation of the series by the aid of Newman's 
tables of the descending exponential ( Trans." Camb. Ph. 
Soc., Vol. XIII.), and it can be shown that q has become con- 
stant to within 0-5 per cent. in eight days for a solution whose 
diffusivity has the value 1-4х 1075 C.G.S., the error decreasing 
as time goes on. 

The steady state would be attained rather more rapidly than 
this for solutions of higher diffusivity, and the figure 1-4x 1075 
has been selected as near the mean value actually found for 
the various solutions employed in this research. It is probable 
that the fact that the water is not stationary will not much 
affect the time required for the steady state to be attained, 
but the problem is complicated by another consideration : that 
as the salt diffuses out of the flasks the concentration at the 
lower end of the tube may be slightly disturbed. 

Experiment shows that this effect must be small, and ap- 
proximate calculations show that for а solution such as that 
just mentioned the error involved cannot possibly be as great 
as 0-5 per cent. in 10 days, increasing as time goes on to less 
than 1 per cent. in 20 days. Ав these two errors tend to 
counterbalance one another, it is certain that the slope of the 
curve over the selected period must be correct to within а 
fraction of 1 per cent. as far as these influences are concerned. 


5. Results. 


The results obtained with solutions of potassium chloride 
and nitrate at various temperatures are given in the table. 
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The figures obtained in the former Paper at 0°C. are added for 
comparison. 


| Concentration i,—t2)x 107 | 

Experiment. gms. /с.с. soln. | Temp. fat) slope. К x 10°. 

24 Old series ......... 0-1975 KCl 0? " 0-966 
BB LON 0-1975 0? S 0-978 
"A мене ! 0-2008 0? 3-419 0-976 
акикат | 01934 | 13? 4-412 1-304 
HERRERA: 0-1973 14? 4-548 1:317 
jobs эы ! 0:1993 23-7? 5:152 1:648 
НАНСИ | 0-1993 | 23:8? 5:155 1:648 

26 Old series ......... | 01014 KC] | 0° n 0-953 
SI ue ук. жайы | 0-1016 ; 0° 0-956 
АЗЕ КЫКЕ, | 0-0985 | 14-6° 2.414 1-373 
CROACIE 0-0995 16-82 2-553 1-432 

au A uM _ 0-1006 16-9? 2-627 1:457 
pe MH ole iem a ueteri mE EA e m a Se жолы 
Т ЖЕККЕН 0-1003 23-8? 3-101 1-726 
js es | 0-1014 23-92 3-130 1-722 

16 Old series ......... 0:1001 KNO, | 0° T 0-843 
yi ce. ae ‘dunes | 0-1001 2200 » 0-845 
а | 0-0991 15-19 2-169 1:222 
ЇЗ serui : 0-0968 ‚163° 2-168 1-249 

NE UE ' 0-1034 | 9344? 2-713 1-463 
| гали оны | 0-1016 | 23-6° 2-668 1-465 
22 Old series ......... | 0-052212 KNO,, 0° 0-870 
Dj „ ol. кане 0-0521 EP 0-872 
ju sc ed | 0-0513 16-29 1:180 1-265 
ооа | 00513 16-3? 1-195 1-281 

о нн, 0-0496 | 25-0° 1-460 1-520 
д9........ ud | 0-0529 95-62 1-486 1-547 


The accompanying graphs (Fig. 2), which are marked in 
accordance with the number of the experiments, show the 
above results for KCl, represented by plotting the change in 
weight of the suspended system as ordinates against the time 
as abscisse. 

6. The Temperature Coefficient. 

If we write K,—K,(14-at--bt*), 

where К, is the value of the coefficient of diffusion at (?C. 
» 9 5% э » 0°C. 


а and b are constants, 


ТНЕ ТЕМРЕКАТОВЕ COEFFICIENT OF DIFFUSION. 47 


“TOT 
0171 
"7 


* НТ 
Е к: 

3 Ж 24. 

с; си 


с - 
ts “ 
е 


Coefficient of Diffusion іп С.С.8. Units x1 
И X т 


48 МВ. В. W. CLACK ON е. 


the values of a and b are as follows :— 


| Salt. ы; _Сопсепїгайоп. оннан Б оза И K,x 10°. a. b. 
ка | э pie cent. 0-974 . 0-021 0-00035 
ч 0-955 0-024 0-00040 
— —— ————— Ó— —— ————— 
| KNO, | 19 percent. | 0844 | 0026 0-00022 
eh | omn | 0871 | 05055 0-00018 


7. Comparison With Other Workers. 
The results obtained by other observers are included in the 
following table for the purpose of comparison, and the sub- 
stantial agreement is satisfactory. 


| Temperature. Concentration. Ansett: ЖЫ С K x 10°. | Observer. 
| Par cent. Percent. | 
| 1°0° 1 KNO, | 1:06 Scheffer. 
| 7-0? | 3 0-98 Scheffer. 
| 7.0° | 5 1-03 | Clack. 
| 10-0? | 15 0-92 | Schuhmeister. 
| 10-0? | 10 1:08 | Clack. 
17-6? | 14 1-27 | Thovert. 
17-6° | 10 1-28 | Clack. 
17-62 5 1:30 | Clack. 
17:6? 3 1:46 | Thovert. 
| 17:6? | 2 1:48 Thovert. 
| 10-0? | 10 КСІ | 1:27 _ Schuhmeister. 
| 10-0: 10 | 1-22 Clack. 
————— —————— eats 
18-02 | 20 1-53 ` Oholm. 
18-0° 20 | 1-46 С1асК. 
18-0° | 10 | 1-53 | Óholm. 
| 18-02 10 | 1:49 | Clack. 


In some cases the coefficient of diffusion increases as the 
concentration increases, while in other cases (e.g., solutions of 
КХОҙ) the reverse holds. It appears that the temperature 
affects the phenomenon, for at 0°C. the coefficient is greater 
for 20 per cent. solutions of KCl than for 10 per cent., but at 
the higher temperatures the weaker solution has the greater 
value for the coefficient of diffusion. 

In conclusion, I should like to thank Principal Armitage- 
Smith and the Council of Birkbeck College for assistance in 
supplying the apparatus and in building the thermostat room 
specially for experimental work on diffusion, and particularly 
Dr. Griffiths for his continued interest in the research and ready 
help when I have been in difficulty. 
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ABSTRACT. 


The Paper describes further experiments carried out by the Author 
with an improved form of the apparatus previously described (“ Proc." 
Ph. Soc., XXI., p. 374), by means of which the value of the coefficient 
of diffusion of salts through water can be found át.various temperatures. 

Special flasks, similar to those already employed, were filled with the 
solution under investigation, and one was suspended from each arm 
of the balance in a large bath of distilled water maintained at constant 
temperatures in a thermostat room. The diffusion tubes of both flasks 
were of equal length, but their eross-sections differed considerably, and 
a method of differential weighing was used to compensate for any small 
changes in temperature. 

From the rate at which the flasks change in weight the value of the 
coefficient of diffusion of the salts is deduced. Figures are given for 
this value in the case of KCl and KNO, at various concentrations and 
at different temperatures, and from these figures the temperature 
coefficient of diffusion is found. 

DISCUSSION. 

Dr. А. GRIFFITHS said that some calculations made by Miss C. Н. Knowles 
prove that by simple modifications of the initial conditions the rato of 
attainment of the steady state may be hastened considerably. Instead of 
filing the whole of the tube with solution of strength N, let the tube be 
tilled with a solution of strength qN to a height pL, thon th» rato at 
which salt is diffused through the lower end of th? tube, assuming the liquid 
to be stationary, is given by 


(1 - Faire mute), 


where A;-- — (9 – 1—9 cos ipr) and i has all int»gral values from unity to 


= ( 
іт 
infinity. If p=0-5 and 4-1, both the time taken for the attainmentof the 
steady state and the total quantity (obtained by integration) diffused by the 
time of attainment are reduced to one-quarter, If p= --0-6 the time is 
reduced to one-ninth. Quite apart from these calculations Mr. Clack would 
do well to consider the advisability of replacing the single diffusion tube by 
half-a-dozen or more short tubes, cach of which would have to be narrow in 
order to keep down the end correction. Reduction of the length to one- 
quarter would reduce the time of attainment of the steady state to one- 
sixteenth, and moreover the quantity diffused by the time of attainment 
would be diminished considerably. Мг. Clack’s results compare most 
favourably so far as thoir consistency is concerned with those of other 
workers ; but there seem to b» variations in his valuable results for which 
there is no apparent reason, and I suggest that experiments should be made 
with liquids which have been sterilised and are free from colloidal particles. 

Prof. C. H. Lers said that Dr. Griffiths’ suggestion of using several narrow 
tubes instead of one wide one was important. We were much in need of 
further experimental data regarding diffusion. We do not yet know just 
what is involved in the process. 

Mr. H. Borns asked whether the apparatus consisted entirely of glass. 

The AUTHOR, in reply, attached great importance to Dr. Griffiths’ 
suggestions, but he considered the 1} per cent. variations which he some. 
times got as fairly small. Possibly sterilising the solutions might be advan- 
tageous as he found that there was a trace of fungoid growth after the 
solutions һай been left for three weeks in the dark. ‘The apparatus was 
almost entirely made of glass. 
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IX. The a Particles emitted by the Active Deposits of Thorium 
and Actinium. By Е. Marspen, M.Sc., John Harling 
Fellow, University of Manchester, and Т. Barratt, B.Sc., 
A.R.C.S., East London College, University of London. 


RECEIVED NOVEMBER 6, 1911. READ NovEMBER 24, 1911. 


Тне present Paper deals mainly with the application of pro- 
bability to the emission of a particles from thorium and 
actinium active deposits. The most important result of the 
investigation will, however, be found in the latter part of the 
Paper, where it is shown that the numbers of a particles 
emitted by thorium C, and thorium C,, when the active deposit 
is in equilibrium, are not equal, thus proving that these pro- 
ducts are not directly genetically connected. The nomen- 
clature of the various products proposed by Rutherford and 
Geiger (“ Phil. Mag.,” XXII., р. 621, 1911) will be adopted 
throughout. The Paper may conveniently be divided as 
follows :— 

1. Discussion of probability laws as applied to the emission 

of a particles. 
2. Experiments with actinium active deposit. 
3. Experiments with thorium active deposit. 


1. In a previous Рарег* we showed that if а particles are 
counted on a zinc sulphide screen at a mean rate of p per 
second, then the probability of occurrence of a time interval 
of length between tand t+ ôt is ue^"'ót. This law of intervals 
may be employed in all experiments in which a particles are 
counted to give some indication as to whether the results are 
reliable. Thus, when counting a particles of short range by 
the scintillation method, the scintillations are so faint that 
with an untrained observer they are often missed, and generally 
in such a way that the eve fails to recognise, not merely a single 
scintillation here and there, but frequently a whole group of 
successive scintillations. An analysis of the intervals between 
successive records of scintilations would reveal such errors 
and give some idea of the correction necessary. Again, as has 
been pointed out by Mme. Curie,f in counting a particles by 
the electrical method, the damping of the electrometer needle, 


* Phys. Soc. “ Proc," XXIIL, V., p. 307, 1911. 
T°‘ Le Radium," VIIL, p. 354, 1911. 
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and the effect of the Bronson resistance, is generally such that 
two a particles coming within a small interval would scarcely 
produce separate effects, and from an examination of the 
numbers given by Rutherford and Geiger* the magnitude of 
the throws does not alwavs give reliable indication as to 
whether one or two а particles have entered the ionisation 
chamber. In the experiments of Rutherford and Geiger the 
rate at which the a particles were counted was very small 
(3-5 per minute), and, assuming that intervals of 1 second 
would not be recognised, the correction would be 1-4 per cent. 
The shape of the curve of intervals given in their Paper, in 
which there are too few small intervals, is due to this cause. 

The formula given above is derived initially from the 
assumption that the probability of а scintillation occurring 
in any small time interval, ôt, is pdt, and it is, therefore, 
analogous to the derivation of the exponential law of decay in 
radio-active disintegration, the only difference being the exact 
meaning of p in the two cases. If, then, we have in our source 
of a particles a product present of very short life, it will reveal 
itself by thére being too many short intervals, and thus, by 
observing the intervals between successive a particles, we can 
hope to determine the presence of such products. Thus, by 
the experiments of Geiger and Marsden,T а product was dis- 
covered after thorium emanation of mean life 1 second, while 
our own experiments] on uranium and polonium showed that 
no short life products were present in these substances. 


2. Experiments with Actinium Active Deposit. 


The active deposit of actinium is known to consist of three 
successive products—actinium В (р), С (a) and D (f). The 
double-screen experiments of Geiger and Marsden,§ however, 
indicated certain irregularities in the emission of the а par- 
ticles, in that 10 per cent. of them seemed to be emitted in pairs. 
Irregularities indicating the presence of a product of short life 
(not act. A) were also obtained in the experiments of Mlle. 
Blanquies.|| On the other hand, Moseley and Еа]апз, by а 
special method, failed to recognise any such product. The 


* Roy. Soc. “ Ргос.,” А, LXXXI., р. 141, 1908. 
t“ Phys. Zeitschr.," XII., p. 7, 1910. 

$ Гос. cit. | 

§ Гос. cit. 

|“ Le Radium." VI., р. 230, 1909. 

Ч“ Phil. Mag.," XXII., p. 629, October, 1911. 
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question as to the existence of such a product is very interest- 
ing, for it would indicate а tateral disintegration, such аз 
Fajans* found in radium С and Antonofff in uranium. We 
have, therefore, repeated the experiments of Geiger and 
Maisden to find out whether the large number of connected 
particles is explained by probability, which we have shown 
gives what at first sight appears to be an unexpectedly 
large number of small intervals. The apparatus used is the 
same as was employed in the above experiments, and for 
convenience is drawn in Fig. 1. 

> Two microscopes, M, and М,, are focussed on exactly 
opposite areas of two zinc sulphide screens, 8, and Ё,. Alumi- 
nium foils are placed between the screens in such a way as to 
allow emanation from the actinium source A to diffuse between 
them, at the same time preventing the screen S,, say, being 
visible through the microscope M,. The emanation source A 


Fic. 1. 


was placed in position and left there for 36 minutes, so that 
the active deposit between S, and 8, attained half its equili- 
brium value. The source was then removed, and, after allow- 
ing about 25 seconds for the emanation to decay, scintillations 
were observed and recorded by both observers on a travelling 
chronograph tape until the expiration of five minutes. The 
source A was then replaced for five minutes, and the observa- 
tions repeated until a sufficient number of scintillations had 
been recorded. The results of several experiments are given 
in Table I., the sums of all the observations being placed in the 
last column. The calculated values given are obtained from 


the formula N ufe "dt -N(e7 n ст). 


"Phys. Zeitschr," XI, p. 360, 1911. 
e Phil. Mag,” ХХИ. „р. 419, 1911. 
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TABLE I. 


| 
Number of Intervals. | 
Duration of c —. 


-_—-— — ; XC = эел» ме ыз чы \ 
interval between : : | : | ^ Totalso 
SüccÉna va | Experiment V. | Experiment IX. 5. | 
scintillations. |— 

Ob. | Cal. Ob. Cal- Ob- Cal- 

Seconds. served. | culated. | served. culated. || served. | culated. 
0-0%о 0:5 | 51 | 49:3 9 76 || 219 207:3 
0:5 to 1-0 | 46 44-2 | 7 7-5 200 | 189-6 
1-0 2-0 һо” хе h H 14:3 | 340 | 3324 
2-0 to 3-0 UR i 62-5 | 19 13:4 285 | 278-0 
30040 | 43 | 514 ! 15 12.7 220 | 9399 
4:0to 5:0 | 37 41-6 8 11:9 || 184 | 193-9 
5:0 ю 7-0 | 29 62-4 | 23 21-7 || 290 | 301-7 
7-0 to 10-0 44 | O68 24 27:9 Ші, 296-5 
10-0 to 150 | 61 | 437 | 29 365 || 263 | 2624 
15:0 to 200 | 14 16-1 | 26 | 268 | 128 | 1224 

20-0 to 30-0 | 6 | TS |; 32 ^ 343 | 97 | 03-4 — 

30 to infinity | 22,74 1.2 | 46 40-4 | 70 64-5 ' 

| | Average. | 

pa 0-201 ШЕГІ | 


0-149 | 


' The agreement between the observed and calculated values 
is on the whole good, though for intervals up to three seconds 
the observed numbers are slightlv in excess.* If this effect 1з 
real, we have no certain explanation for it, but the excess only 
corresponds to about 1 per cent. of the whole number of 
scintillations, indicating that if there is а product present of 
period about one second it must be a lateral one, and consist 
of only about 1 per cent. of the main line of descent. It is of 
interest to note that, assuming a period of one second for such 
a hypothetical product, its range, according to the empirical 
formula given by Geiger and Nuttall,t would be only 4 mm. in 
excess of that of actinium C., and in such circumstances it 
would be very difficult to detect. Experiments are, however, 
in progress on this point. 

We, therefore, conclude that the 10 per cent. of connected 
particles found in the experiments of Geiger and Marsden, 
referred to above, are due to probability, and that no certain 
evidence of the existence of a short life product can be drawn 
from them. 


* The question as to the probability difference between the observed and 
calculated values will be examined in a later Paper. 


f * Phil. Mag.,” XXIL, p. 613, October, 1911. 
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3. Experiments with Thorium Active Deposit. 


In the thorium family, after the emanation, there are known 
to be three a-ray products. The first, thorium A, was dis- 
covered by the double-screen experiments of Geiger and 
Marsden, and has a period of only 0-14 second, so that it prac- 
tically accompanies the emanation. The other a-rav products 
have been investigated chiefly by Hahn, who was, however, 
unable to separate them by recoil or by chemical methods. 
They are only recognised by their different ranges, for which 
Hahn found the values 5:0 cm. and 8.6 ст. Hahn explained 
his results by assuming that the products are genetically 
derived from one another, and that the second has an extremely 
short period. 

Geiger and Marsden, in some preliminary experiments,* 
found that the number of pairs of scintillations, using a 
double-screen arrangement, is smaller and of a different order 
to the number obtained with thorium and actinium emana- 
tions. Previous results had also shown that thorium emana- 
tion +A give twice as many a particles as the active deposit. 
From these results Rutherford and Geigerf have suggested 
that the changes occurring m thorium active deposit are 
irregular, and have proposed the following scheme of disinte- 
gration :— 

CT 

| 

Product : Th. Em.— * Th. A—>Th. В-->Тһ-С---->Тһ. D 

Radiation: a а В а(5-0 апі 8-6) ДВ 

Assuming that for each а particle given out by thorium 
emanation and A, thorium С, and С, give one particle between 
them, this scheme explains all the above observed facts. 
However, Miss Leslie,] by comparing the numbers of а par- 
_ ticles from radio-thorium and thorium emanation has come to 
the conclusion that the latter gives (+A) four a particles, in 
which case no irregularities of the nature of lateral disintegra- 
tion need be assumed. То throw light on this interesting 
question we have, therefore, made double-screen experiments 
on thorium active deposit, and have also, by counting the 
number of a particles at different distances from a source of 


m è - 


* See note Rutherford and Geiger, “ Phil. Mag.," XXII., р. 621, October, 
1911. 

t Rutherford and Geiger, loc. cit. 

i" Le Radium," VHI., p. 356, 1911. 
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thorium active deposit, determined the relative number of 
a particles emitted by thorium C, and C,. The apparatus used 
in this latter experiment is shown in Fig. 2 

À plate, À, was made active by exposure to the emanation 
from a preparation of mesothorium,* and placed at a distance 
greater than 8-6 cm. from the zinc sulphide screen S sealed 


To pump and 
manometer 


. wy т 
Fie, 2. 


оп to the end of a wide tube. Scintillations were counted оп 
the screen for different pressures of the air in the tube, and 
thus a curve was drawn showing the number of a particles cor- 
responding to different “ ranges ” from the source, the latter 
being obtained by multiplying the distance from S to A by 
the number of centimetres of pressure in the tube and dividing 


Number of Scintillations per Minute. 


9 


Pressure Expressed in Centimetres of Range. 


Fia. 3. 


by 76, correction being also made for the temperature to reduce 
the observations to 15°C. Тһе results of a particular ехрегі- 
ment are shown in Fig. 3. 


* We are deeply indebted to Mr. F. H. Glew, who very kindly loaned us 
this preparation, 
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In the figure the part AB corresponds to the a particles from 
both thorium C, and C,. The part BC shows that the a par- 
ticles from thorium (ү - gradually being reduced in number, 
C denoting the end of the range. Тһе part CDE corresponds 
to the a particles from thorium C, onlv. The curve is similar 
to those given by Geiger* for actinium, &c. It will be noticed 
(1) The ranges of thorium С, and C, are 4-8 ст. and 8-6 em. 
respectively ; (2) the odinate: of the part of the curve CD are 
greater than half the ordinates corresponding to AB, thus 
showing that thorium C, gives more than half as many a par- 
ticles as thorium C ‚Е thori ium C.. The weighted mean of 12 
different experimenta in which the ratio found varied between 
0-60 and 0-70 is 


No. of a particles from thorium С, 06 16 
No. from thorium C,4-No. from C, 

That is to say, thorium C, gives 1-83 times as many a particles 
as thorium С,. 

This ratio is not due to an admixture of radium C with the 
thorium active deposit, as might, perhaps, be expected, since 
mesothorium preparations contain generally a large percentage 
of radium. Observations of the ratio were made in several 
cases for 30 hours after the active plate was taken from the 
mesothorium, and although the active deposit decaved 
accurately with a period of 10-6 hours, the ratio was unaltered, 
showing that the decay of both thorium С, and thorium С, 
is governed by that of thorium B. Again, with a short ex- 
posure, the ratio was within the experimental error indepen- 
dent of the rise in activity of the active deposit. 

We will withhold a full discussion of the deductions to be 
derived from the above experiments until the figures referring 
to the double-screen experiments have been considered. These 
experiments were carried out in the same way as those with 
actinium, except that mesothorium was used instead of the 
actinium preparation, while in some cases the active deposit 
was first deposited on an aluminium foil which was subse- 
quently placed between two other aluminium foils between the 
two screens. Іп the experiments countings were generally 
made for two hours, the decav of the active deposit in this 
period being such that the calculated values of the various 
intervals are influenced to something less than 1 per cent. bv 


* " Phil. Mags” XXII., p. 201, 1911, 
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the fact that the source was not constant, and consequently the 
value of » variable. The results are given in Table II., where 
the columns have the same significance as in Table I. The 
last two columns refer to an experiment in which the active 
source was thorium emanation plus about 20 per cent. of its 
equilibrium amount of active deposit. The calculated values 
in this case are obtained from the above formula, with the 
additional assumption that 59 per cent. (found by trial) of the 
scintillations are such that half of them are produced by a par- 
ticles from emanation atoms, and the other half by the thorium 
А produced by the disintegration of these emanation atoms, 
the period of thorium A being taken as 0-145 second*. This 
experiment gives an idea of the efficiency of the screens, as the 
total possible number would be about 90 per cent. 


TABLE II. 


Number of Intervals. 


The observed and calculated values are, on the whole, in 
good agreement, except that there 1s a small excess of intervals 
between 0 and 1 second, corresponding to about 2 per cent. 
of the whole number of scintillations.: This may be partly or 
wholly due to probability, and this latter question will be 


* Moseley and Fajans, “ Phil. Mag.," XXII., p. 629, October, 1911, 


Durati Experiment VII. || Experiment VIII. | | 
_ Duration of Active deposit Active deposit > , 
interval between obtained by on separate | Totals. 00 Thorium 
successive il. ' «diffusion. of aluminium l Active deposit. | emanation. 
scintillations. | emanation. foil. | 
| Ob. | Cal. Ob. , Cal. Ob- Cal © Ob. | Cal 
Seconds. | served. , culated. || served. culated. served. | culated. served. | culated. 
0-0 № 0-5 91 68-5 101 ! 1093 . 353 314.2 438 435-0 
05% 10 55 60:3 98 | 935 311 2780 178 179-0 
10 to 2-0 | 92 99-0 159 149-0 . 438 466-2 212 203-2 
2-0to 3:0 | 63 76-5 114 | 1095 354 362.8 — 96 107-5 
3:0 to 4-0 59 59-0 74 804 , 250 2894 ` 55 56-6 
4:0 to 5:0 44 45-5 48 59-4 214 228-3 | 27 30-2 
5:0 № 70 57 61-7 75 75-8 | 393 327:6 | 26 24-1 
7:0 to 10:0 57) 491 59 536. 295 290-1 12 8:3 
10-0 to 15-0 26 30-3 32 28-0 | 226 225-3 | 
15-0 to 20-0 15 8-2 4 6-0 | 102 934 | 1 1-5 
20-0 to 30-0 2 ) 28 2 1-6 76 64-6 ` 
30-0 to infinity 0 0-2 0 0-1 24 25-1 | 
| Average. | 
p= 0:2606 03069 | 0-196 
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examined in a later theoretical Paper. However, the excess 
is only shown in the experiments in which the active deposit 
was obtained by diffusion of the emanation between the two 
screens, and is not pronounced in the experiments in which the 
active deposit was first obtained on a separate aluminium foil. 
Again, the excess of small intervals is not noticeable in the 
analysed observations of each separate observer. Ап ex- 
planation may be that the emanation diffuses through un- 
avoidable small holes in the aluminium foils, causing the active 
deposit. to be deposited directly on the zinc sulphide screens 
themselves, the pairs of scintillations being the result of either 
(1) a single а particle producing a scintillation on both screens, 
or (2) the recoil atom or д-гауз produced on the explosion of 
ana particle. In the former case we should expect the whole 
of the excess of intervals to be from 0 to 0-5 second, while in 
regard to the latter the experiments of one of us* have shown 
that the luminescent effect of f-ravs is not altogether simul- 
taneous with their impact on the screen. Diffused patches, 
or “ sploshes " of light, were occasionally seen, and sometimes 
the observer might tap these as scintillations without being 
able to decide at the exact moment as to whether or not they 
are real scintillations. А special experiment, in which the 
whole of the active deposit was on one of the zinc sulphide 
screens, gave 255 scintillations on the active screen and 144 
on the other, with an excess of 4 per cent. of intervals О to 
] second, the difference т the numbers being largely explained 
by the uneven surface of the crystals on the screen. 

It is also improbable that the excess of small intervals men- 
tioned above is due to the missing of scintillations by either 
observer. Evidence on this question was obtained as follows : 
The tapes were examined with regard to the number of times 
either observer recorded 1, 2, 3, &c., scintillations without the 
sequence being interrupted by the other observer recording a 
scintillation. The total numbers so obtained are given in 
Table ПІ., and it will be seen that they are in excellent agree- 
ment with the numbers calculated from simple probability— 
i.e., the probability of Гз=$, 2’s=}, &c. These results are 
also interesting from the point of view of the question as to the 
application of probability to radio-active disintegration. 

Independently of the possible small excess of small intervals 
the above double-screen experiments show conclusivelv that 


* E. Marsden, “ Proc." Roy. Soc., А 83, p. 548, 1910, 
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if thorium С, comes directly after thorium C}, its period must 
be greater than a few seconds. In that case, however, Hahn 
would have been able to separate the products by recoil experi- 
ments, while similar experiments by Geiger and one of us, in 
which ап a-ray recoil product of a fraction of & second period 
would have been detected, failed to reveal any. Thus we may 
conclude that thorium C, is not produced by direct disintegra- 
tion of thorium C,, and the above experiments on the relative 
number of a particles from these products show that thev 
must be on different lines of descent, otherwise the numbers 
would be equal. It is, however, just about within the limit of 
experimental error that the ratio C,/C,4- C, above should be 
0.667. Іп that case we should have thorium C, with twice as 
many a particles as thorium C,. To explain this without 
bringing in the idea of lateral disintegration we should have 
to assume two products of range 8:6 cm., and also that thorium 
emanation (+A) gives 6 a particles. These assumptions seem 
somewhat out of the question. 


TABLE III.— Analysis of Scintillationa with respect to the number of times either observer records | 
а sequence о] Scintillations uninterrupted by the other observer recording a Scintillation. 


Number of Scintillations in Sequence. 


—— 
— — 


Records of Observed | 533 | 297 125 
actinium active = 
deposit (| Calculated, 531 | 266 
Records о4- f| Observed | 836 | 423 | 215 
thorium active < |-— — 
deposit es 848 | 424 | 212 


t 


1,369 | 720 | 340 


‘Observed 
Totals ......... — 
Calculated 1,379 | 690 345 


We have tried another method to throw light on the question. 
Thorium X was obtained on a plate of 3 cm. diameter by recoil 
from radio-thorium, and an attempt was made by sucking air 
over it to determine the ratio of the number of a particles 
emitted from thorium emanation to the number from thorium 
X. The results were, unfortunately, not decisive, for assuming 
one a particle per disintegrating atom of thorium X, it was 
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calculated that the film retained more than 25 per cent. of 
its emanation, even when a strong current of air was passed 
over it continuously. 

If the logarithms of the transformation constants be plotted 
against the logarithms of the ranges according to the method 
of Geiger and Nuttall,* we find that the product of 4-8 ст. range 
corresponds to the 60 minutes’ period, previously known as 
that of thorium С; while the period of a product of 8-6 ст. 
range should be of the order 10—'* second. 

However, as noted above, with a short exposure of a plate 
to thorium emanation the rise in activity with time of both the 
products is practically the зате. If thorium C, has a short life 
and comes directly after thorium B such à plate would not 
rise in activity with time, but would decay along with the 
thorium B to half value in 10-6 hours. Thus thorium C, must 
have a parent of period about the same as that of thorium C, 
(60 mins.) It therefore appears that the lateral disintegration 
begins with the atoms of thorium Су, 35 per cent. giving rise 
to a particles of 4-8 cm. range, and the remaining 65 per cent. 
giving rise to a particles of 8-6 cm. range with probably an 
intermediate emission of slow В particles. 

The experiments of Geiger and Kovarikf are interesting in 
regard to the above questions. Assuming that, with the active 
deposit in equilibrium, thorium C+C, give two а particles 
per disintegrating atom of thorium D, they found results which 
suggest that the latter product gives two f particles per dis- 
integrating atom. И we take our above result that thorium 
C,-FC, give only one a particle between them, we need only 
assume one f particle from thorium D, provided we also 
assume a scheme of disintegration somewhat as follows :— 


lh. C, —_ 


Th. Em.—-»Th. A—-»Th. B^  « (48) 7> Th. D. 
a a B “ать Сәт C27 B 
| ? а (8:6) 


However, the various assumptions involved are such that this 
latter question cannot be taken as settled, and further con- 
sideration must be delayed until more experimental evidence 
is available. 


* * Phil. Mag.," XXII., р. 613, October, 1911. 
T " PhiL" Mag., XXIL, p. 604, October, 1910. 
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Summary. 


1. A discussion is given of the magnitude and nature of an 
error which sometimes affects experiments on the counting of 
a particles. 

2. No irregularities in the emission of a particles from 
actinium active deposit are shown by the experiments. 

3. The range of thorium C, has been determined and found 
to be 4:8 cm. 

4. The experiments show that there is a lateral disintegration 
in thorium active deposit, thorium C, and thorium C,, being on 
different branches in the ratio 1 : 1-83. 

This research was carried out at the East London College, 
and we are much indebted to the Research Grant Committce 
of that institution and to Prof. Lees for placing the resources 
of the laboratory at our disposal. 


ABSTRACT. 


In a previous Paper (“ Proc.” Phys. Soc., Aug., 1911) the 
authors showed that if a-particles are counted on a zine sulphide 
screen at a mean rate of д per second, then the probability of occur- 
rence of a time interval, of length between ¢ and (+ ct, is pe-#'. This 
formula may beapplied, to test whether two a-particles are given off 
simultaneously from a disintegrating atom or whether in any source 
of a-particles there exist two successive a-ray products, the latter 
being of short life. 

In the previous Paper Uranium and Polonium were shown not to 
give such irregularities, and in the present Paper the same result has 
been found for Actinium and Thorium active deposits, although 
experiments of various investigators pointed to the probability of 
positive results. 

- The experiments further suggest a lateral disintegration in Thorium 
active deposit, and this is proved to be the case by results which show 
that the two a-ray products in Thor. Act. Dep. (Th. C, and C,) do not 
give an equal number of a-particles when the active deposit is in 
equilibrium, which is required by the ordinary disintegration theory. 
Thus it is concluded that of the atoms Th. C, 35 per cent. give rise to 
a-particles of 4-8 cm. range and 65 per cent. to a-particles of 8-5 cm. 
range, with probably the intermediate emission of §-particles. 
Various cognate questions are also discussed in the Paper. 
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Х. The Magnetic Transition Temperature of Cementite. By 
S. W. J. ӛмітн, W. WurrE and S. G. BARKER. 


RECEIVED NOVEMBER 9, 1911. READ NOVEMBER 94, 1911. 


THE experiments described below were made upon a sample 
of steel kindly given to one of us, in 1908, by Prof. J. O. Arnold, 
of Sheffield. The steel had the following percentage compo- 
sition :— 

С--0:82, бі--0-05, Мп--0-06, 5=0:03, P=0-02 and Fe (by 
difference) — 98-99. | 

It was supplied in the form of rods, $ in. in diameter, which 
had been carefully annealed and were thus in a condition suit- 
able for the extraction of the carbide of iron (cementite) from 
them by the method described by Arnold,* which we have 
followed. 

Very little was known about the magnetism of cementite at 
the time when the material was obtained, and it was thought 
desirable to obtain further knowledge. It seemed obvious, for 
example, that a determination of the temperature at which iron 
carbide ceases to be magnetisable might prove useful in the 
attempts being made to analyse the effects of thermal treat- 
ment upon the properties of carbon steels. 

Ап opportunity to carry out the intention of examining the 
thermomagnetic properties of cementite, by isolating it from 
the steel described above, did not present itself until last 
session, when the measurements given below were made in the 
Imperial College of Science. 

In the interval the temperature at which cementite loses its 
magnetism had become known, approximately at least, through 
а measurement by Wologdine.f The material, suspended 
within a liquid of sufficiently high boiling point, formed a chain | 
between the poles of an electromagnet, and the temperature to 
which the liquid could be raised before the chain broke down 
was observed to be 180°C. 

Although this method is obviously only approximate, 
Wologdine appears to take the view that it is sufficient. Не 
remarks that the loss of magnetic properties is progressive, and 
does not permit a more rigorous determination. 

In the following year Maurain] found certain peculiarities, 

* Steel Works Analysis,” 1898, pp. 326-330 ; also Chem. бос. “ Trans.,”’ 
1894, р. 788: “ Journ.” Iron and Steel Inst., 1910, Vol. I., p. 174. 

t “ Comptes Rendus,” 1909, Vol. CXLVIII., р. 777. 


{+ “ Comptes Rendus,” Vol. CL., 1910, pp. 111- 780; also “ Ann. de Chim. 
et de Phys.” [8], Vol. ХХ., 1910, pp. 353-389. 
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at temperatures below 240°C. in the magnetisation curves of 
two steels containing about 0-2 and 0-9 per cent of carbon re- 
spectively. Discussing these peculiarities, he suggests that 
they are due to the thermomagnetic properties of cementite. 

To account for the want of exact correspondence between 
his curves and the result given by Wologdine, he puts forward 
certain considerations to show why an exact correspondence 
is not always to be expected. These need not be given here, 
since we hope to show that the main cause of the discrepancy 
is the inexactness of Wologdine’s result. 

It is in fact misleading to regard 180°C. as a sufficient ap- - 
proximation to the temperature at which cementite loses its 
ferromagnetism. The actual temperature is much nearer 240°C. 


0 100 200 300 400 500 600 700 ` 809 
Degrees Centigrade. 
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We may describe first some experiments which serve to 
indicate the extent to which we succeeded in extracting free 
cementite from the steel. 

One of several sets of results is shown in Fig. 1. The thick- 
line curve refers to the cementite and the thin-line curve to a 
sample of the steel. The ordinates are magnetometer deflec- 
tions at different temperatures, the deflection at the room- 
temperature being taken as the unit in each case. 

The cementite was contained in a fused silica tube of about 
0-5 cm. diameter and occupied about 20 cms. of its length. It 
was partially protected from the influence of the air by a plug 
of asbestos. А platinum rhodium thermojunction imbedded 
in the cementite was used to measure the temperature. The 
tube, placed along the axis of a magnetising solenoid kept cool 
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by water circulation, was heated electrically. During the rise 
of temperature a steady current, sufficient to produce a field 
of about 100 units, traversed the solenoid. Тһе silica tube lav 
at right angles to the meridian and pointed towards a magneto- 
meter needle. The ordinates represent the deflections due to 
the cementite alone, other effects upon the needle heing counter- 
balanced in the usual way. 

The steel (a short tube) was examined ir. the same way as the 
cementite, the same apparatus being used to determine its 
temperature. 

A glance at the curves shows a very pronounced drop (about 
90 per cent.) т the magnetism of the cementite between 180°C. 
and 250°C, There is also a corresponding but verv much 
smaller drop (about 5 per cent.) in the magnetism of the steel 
(which contains about 13 per cent. of cementite). 

A comparison of the curves suggests that the isolation of the 
cementite was not quite complete, and that it still contained a 
small quantity of admixed steel. One or two attempts were 
made, without success, to obtain a specimen of cementite which 
would not exhibit anv appreciable magnetism above 250°C. 
The failure may have been due to the fact that the susceptibility 
of the cementite bevond the transition temperature, although 
relatively very small, is still appreciable. Itis much more likelv, 
however, that the effects observed меге due mainly to partial 
decomposition of the cementite after its isolation. We 
noticed that successive heatings of the cementite occasioned 
successive increases in the magnetisability above 250°. The 
cementite of Fig. 1 had been heated to 800? five times before 
the measurements to which the curve corresponds were made. 

We now attempted to fix the transition temperature of the 
cementite more accurately and to find whether the change was 
reversible. The procedure was as before except that a copper 
constantan thermocouple was used to measure the temperature. 

The lower half of Fig. 2 is a specimen of the results obtained 
during heating and cooling between 20°С. and 300°C. Іп this 
case the deflection was about 50 per cent. less at 250° than at 
200° and the magnetic change was scen to take practically the 
same course during the rise and fall of temperature. It will be 
seen that the intensity of magnetisation was distinctly greater 
at 230? than at 240°. The arrangement was not sufficiently 
sensitive to decide whether there was any appreciable difference 
between the readings at 240° and 250°. А shorter and wider 
tube was used to contain the cementite in this experiment. № 
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was not noticed until the work had been completed that it 
would have been better to have used the tube already described. 

The upper half of Fig. 2, arranged for comparison, shows the 
behaviour of the steel over the corresponding range in the same 
apparatus. The scale of ordinates, arbitrary as before, is 
arranged so that the drop between 200° and 250° (in this case 
roughly 10 per cent.) is about the same in actual length as the 
larger (50 per cent.) drop in the cementite. 

The upper and lower curves taken together serve to show 


1:15 


1:90 


Петцгеев Centigrade. 
Fic. 2. 


how the magnetic properties of the cementite make themselves 
evident in the steel. 

The differences below 200° between the rising and falling 
temperature readings on the upper curve are due to hysteresis, 
and arise from the method of experiment. A small ring was 
constructed from a portion of one of the rods, and the permea- 
bility of the material in different fields was measured by the 
ballistic method. 

The results for fields of 14 and 3-3 C.G.S. units respectively 
are shown in Fig. 3. Rising temperature observations are 
marked by dots and fallmg temperature observations by 
crosses. Тһе ordinates in this figure give the approximate 
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intensities of magnetisation in C.G.S. units, the scales for the 
stronger and weaker fields being shown on the left and right 
respectively. 

The dotted curve in the figure represents the behaviour of 
the steel after quenching from about 1000°C., in a field 
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H—13 C.G.S., during heating from 40°C. to 235°C. It is one 
of a series of results which we hope to describe at a later date. 
The scale of | for this curve is the same as that for the 
annealed steel in the field Н--3-3. 
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In conclusion we may indicate a modification of Wologdine’s 
method, which has some obvious advantages and may be useful 
in other cases. It affords a very simple way of confirming the 
cementite curve of Fig. 2. 

A small quantity of the material is dropped into a test tube 
containing melted paraffin wax. This tube, preferably sur- 
rounded by a thin copper sheath open at the sides, is placed 
between the conical pole pieces of an electromagnet, the bottom 
of the tube being a few centimetres below the pole ends. The 
temperature of the tube is raised to about 300°C. by a small 
Bunsen burner placed in a recess at the bottom of the sheath, 
and observations are made while, after lowering or removing 
the burner, the material cools. Successive experiments are 
made with different exciting currents in the electromagnet 
coils. 

When the current is above a certain value the cementite 
rises from the bottom of the tube into the space between the 
pole pieces, immediately after the circuit is completed, although 
the temperature is still 300°C. The magnetic susceptibility 
of the (partially decomposed) particles is sufficient to enable 
the field to raise them against gravity. 

Lowering the current step by step, a range of field strengths 
is reached over which the cementite does not rise until a tem- 
perature, quite sharply marked in each case, is attained. This 
temperature lies between about 240°C. and 200°C. for the range 
of fields in question—the particles rising sooner the higher the 
field. 

In any field weaker than that which causes it to rise at 200°C., 
the cementite remains at the bottom of the tube even when the 
temperature has fallen below 100°C. 

These results are clearly in agreement with Fig. 2, and show 
how the beginning and the end of the interval, over which the 
susceptibility of the cementite varies rapidly, can be fixed 
quite easily. The same arrangement can be used to show the 
presence of cementite in “ cast-iron " filings. 


ABSTRACT. 


The temperature at w ‘hich cementite (carbide of iron) loses its ferro- 
magnetism is de‘ermined sufficiently accurately for purposes of thermo- 
magnetic analysis and examples are given to show the possibility of 
using the thermomagnetic properties of cementite to determine w hother 
that substance is present in any iron-carbon alloy. 
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DISCUSSION. 


Prof. S. P. Тномрзох has communicated the following remarks upon 
this Paper: The authors do not say how they in fact extracted the cemen- 
tite from the steel experimented upon, neither do they give any analysis 
of its composition. The steel used is stated to contain 0:85 per cent. 
of carbon. It therefore contained little free cementite, since a steel of 
that composition is nearly a pure pearlite with a slight excess of ferrite. 
It would be interesting to know whether similar results are obtained with 
cementite derived from a steel containing a higher percentage of carbon, 
and therefore consisting of cementite and pearlite. 

Prof. J. О. ARNOLD remarked that һе had read the valuable and interesting 
Paper by Dr. Smith and Messrs. White and Barker with much pleasure, 
since the physical results obtained agreed in a remarkable manner with 
hundreds of thermo-metallurgical observations made in the Sheffield Univer- 
sity laboratories. In Fig. 1 the sudden drop in the magnetism of the nearly 
saturated steel was coincident with the thermal transformation of pearlite to 
hardenite, which commenced about 728°C. and was complete at 732°C. In 
other words, at Osmond's combined range А. (1-2-3). In connection with 
the chemical-physics of the case it was well to remember that the cementite 
experimented upon by the authors was “ B" cementite precipitated in the mass 
on cooling at 695°С. “А” cementite or the cementite of supersaturation 
commenced to precipitate at about 900°C., and though the chemical formula of 


both varieties was Fe,C, containing 6-6 per cent. carbon, the physical proper- 
ties were different. Arnoldand Read had shown by electrolysis that the “А” 
carbide was electronegative to the “В” or low temperature cementite dealt 
with by the authors. 

The Secretary: In reply to Prof. Thompson's first remark, it should be 
said that full details of the method of preparing cementite which we em- 
ployed are given in the book to which we refer. A specimen chemical 
analysis is also referred to. For convenience in working we used consider- 
able quantities of the material, and there is no doubt that it was not quite 
pure. Fig. 1, while showing the effect of these impurities, is sufficient to 
establish the particular property of cementite about which we have written. 

The question of the chemical individuality of cementite is frequently 
raised. It is tersely summarised by Prof. Arnold on p. 268 of Vol. J. of the 
* Journal” of the Iron and Steel Institute for 1911. The present experi- 
ments indicate a new thermomagnetic proof of the thesis which Prof. Arnold 
there maintains. Already a fair number of materials containing widely 
different percentages of carbon (and including cast-irons) have been 
examined thermomagnetically. In every case, in which a sufficient number 
of observations has been made, peculiarities have been observed between 
150°C. and 300°C. Hopkinson makes no mention of such peculiarities in 
his well-known Papers ; but if his curves be examined it will be seen that he 
made scarcely any measurements іп the region in which the presence of 
ecmentite is disclosed. 

Prof. Thompson raises the question of possible differences between the 
cementite existing as patches in hyper-eutectoid steels and the lamellar 
cementite of pearlite, and suggests extraction of the “ structurally free ” 
cementite from a high carbon steel. It has to be remembered that much 
of the carbon of high carbon steels is apt to separate as graphite during 
annealing, and that, even if this difficulty were overcome, the task of верага- 
ting two kinds of cementite between which there is по very sharp line of 
demareation would still remain. | А кісе! containing twice as much carbon 
as that we used would still contain almost as much of our cementite as of the 
other. A question similar to Prof. Thompson's has been considered from tho 
chemical point of view by Saniter amongst others. So far as he could decide, 
Íree—i.e., isolated—cementite has the same chemical composition whether 
relatively coarse-graincd or fine. Without committing ourselves, we 
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should be inclined to think that, except perhaps when the carbide is very 
finely divided, no considerable variation of the present property with 
size is likely. The question turns upon the relative importance of the sur- 
face properties. Prof. Arnold’s remarks upon the electrochemical differ- 
ence between the two kinds of cementite are very interesting in this connec- 
tion. Surface energy sometimes plays an important part in electrolytic 
phenomena, and it would produce a difference between the two cementites 
of the kind which Profs. Amold and Read have observed. Unless the 
surface energy is an important modifying influence it seems to us that two 
structurally different kinds of cementite cannot exist in equilibrium with 
ferrite except at one particular temperature. Otherwise (ав may be the case) 
the usual interpretation of the phase rule must apparently fai] when applied 
to iron and iron carbide. 

Prof. Arnold's expression of interest in the steel curve of Fig. 1 makes us 
regret that, to avoid confusion, we omitted from that figure the magneto- 
meter deflections observed during cooling. The magnetism of the steel 
increased as rapidly between 700 deg. and 690 deg. during cooling as it 
fell near 730 deg. during heating. In contrast with these phenomena, 
there was no appreciable difference between the temperatures at which the 
magnetism of the cementite was lost and regained. The eutectoid change is 
accompanied by changes in distribution of the carbide and iron in the 
material. The cementite change, on the other hand, is apparently of the 
same type as that which occurs in iron itself. 

Тһе cooling curve of the cementite of Fig. 1 (also omitted to avoid con- 
fusion) is instructive with regard to the impurities which the material con- 
tained. Part of the magnetism reappeared as soon as the temperature fell 
below about 770 deg. There was a similar small accession of magnetism at 
about 690 deg. The main portion of the magnetisability returned between 
300 deg. and 200 deg. in the same way as it had disappeared. 

There are many questions of interest arising out of the thermomagnetic 
properties of cementite. The present Paper deals only with one of them. 
We hope to return to others. 
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XI. Note on a Negative Result Connected with Radio-activity. 
By J. H. Vincent, M.A., D.Sc., A.R.C.Sc., and A. 
Вовзил, A4. M.I.E.E. 


RECEIVED NovEMBER 10, 1911. READ January 26, 1912. 


THE modern corpuscular theory of atomic constitution would 
lead us to admit the possibility of the production of instability 
in the atom by a strong magnetic field. It is also possible that 
an alternating field might prove more effective as a cause of 
instability than a steady field. The following research was 
consequently undertaken in order to find whether a high- 
frequency magnetic field causes substances to exhibit a measur- 
able degree of radio-activity. 


Experimental.—The substances experimented upon were 
bismuth, antimony, and iron, both para-magnetic and dia- 
magnetic substances thus being put to the test. 

In order to measure the radio-active effect a Wilson gold-leaf 
electroscope was employed. In the early experiments the 
substance was placed about a centimetre away from a thin 
aluminium window in the walls of the electroscope, but in later 
work spurious effects were diminished by placing the specimen 
inside the instrument. 

As the work proceeded it was found that the real difficulties 
of the investigation lay, not in making instruments sufficiently 
delicate to detect any radio-activity that might be produced, 
but in avoiding or compensating for spurious effects caused by 
the electrostatic influence of the oscillating charge, or the con- 
vection currents caused by the heating of the walls of the 
electroscope by the electric currents induced by the alternating 
magnetic field. 

The form of electroscope, and the electrical connections finally 
adopted are shown in the diagram in which the electroscope 
only is drawn to scale, the rest being purely diagrammatic. 
The gold-leaf system was contained in a brass case, the instru- 
ment being kept dry internally by a dish of calcium chloride. 
Fitted to the side of the electroscope was an ebonite tube, 
upon which was wound a coil (b) consisting of three turns of 
copper wire. This coil had a radius of 1 ст., and was thickly 
insulated with gutta-percha. А soldered connection was 
made from the middle turn of the coil (b) to the case of the 
electroscope, and the case was carefully connected to earth, 
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these precautions being taken to prevent electrostatic effects 
as far as possible. For the same reason, the ebonite tube upon 
which the coil was wound was painted internally with a thin 
coat of aluminium paint in order to render its surface slightly 
conducting. An ebonite plug was turned to fit the tube, and 
provided with two needle points. The specimens under test 
were powdered, and cemented to small pieces of cork which 
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could readily be mounted оп the needle points so as to be 
central in the coil. 

Two condensers (с) and (d), each having a capacity of 0-00145 
microfarad, were connected in series with the coil surrounding 
the specimen under test. The capacity inductance circuit thus 
formed was connected across the spark-gap (a) of the secondary 
circuit of a high-tension transformer. This transformer had 
its primary coil connected to the 200-volt alternating current 
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mains, a choking coil being placed in the circuit to prevent the 
current being excessive. Under these conditions the trans- 
former was capable of developing 100,000 volts in the secondary 
circuit. 

It will be seen that à spark passing across the spark-gap will 
give rise to electrical oscillations in the capacity inductance 
circuit, a current thus passing through the coil (b) having a high 
instantaneous value. In this way the specimen under test was 
subjected to a powerful magnetic field, alternating in direction 
with a high frequency. 7 

Тһе gold-leaf electroscope could be charged to any potential 
up to 400 volts, by means of a secondary battery consisting of 
200 cells. The P.D. between the gold-leaf and the case of the 
electroscope when the instrument was being charged, was 
indicated on a multicellular electrostatic voltmeter, and was 
maintained constant during each set of experiments. Having 
charged the leaf by depressing the key (Ё), the brass wire above 
the sulphur bead in the electroscope could be disconnected 
from the battery, and earthed by means of the two-way 
switch (5). 

Results.—ln the last experiments performed the electro- 
scope leaf was charged to —136-5 volts, and allowed to leak 
for two days. The mean rate of leak was 0:017 microscope 
divisions per minute. Тһе actual curve of leakage was plotted 
by taking readings at freqeunt intervals, the initial rate of leak 
being greater than this mean rate. А small crystal of uranium 
nitrate (about 0-1 gramme) introduced into the electroscope 
was found to discharge the gold-leaf almost immediately, the 
rate of leakage being too high to measure accurately. 

Upon switching on the alternating current, with no specimen 
in the coil, the apparent rate of discharge was very much in- 
creased at first, but soon settled down to a value approaching. 
the natural rate of leak. This initial motion of the gold-leaf 
was found to be due to the convection currents set up in the 
electroscope by the heating of its walls by induced electric 
currents. It was found that the convection effects ceased a 
few minutes after the current was switched off, and the leaf 
returned to the reading on the natural leakage curve. 

The method adopted in looking for radio-active effects was 
to switch off the current, wait for the apparatus to reach a 
steady temperature and for convection currents to cease, and 
then take the electroscope reading. 

‚ Taking readings in this manner, the results indicated in all 
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cases that the rates of leakage remained unaltered by the pre- 
sence of bismuth, antimony and iron in the magnetic field. In 
conclusion, no evidence was obtained that radio-activity could 
be produced by the action of a magnetic field. 


ABSTRACT. 

Specimens of iron, antimony and bismuth were subjected to a high- 
frequency alternating magnetic field. The air in the neighbourhood 
was tested for any ionisation that might have been thus produced. 
The results were negative. 


L.C.C. PADDINGTON TECHNICAL INSTITUTE. 
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XII. On the Vibration Galvanometer and its Application to 
Inductance Bridges. By S. BurrERwonTH, M.Sc. (Man- 
chester), Assistant Lecturer in Physics, School of Technology, 
Manchester. | 


(COMMUNICATED BY Ркоє. E. RUTHERFORD, F.R.S.) 


RECEIVED DECEMBER 19, 1911. READ JANUARY 26, 1912. 


1. Introduction. 


Ок the many methods which have been proposed for the 
measurement of inductance, the most satisfactory are those 
in which a bridge is balanced for both steady and variable 
currents. 

In these methods the detector usually employed is a tele- 
phone, but recently instruments have been devised which, 
besides being more sensitive than the telephone, are independent 
of the acuteness of the hearing of the operator. These instru- 
ments depend for their sensibility upon the principles of reson- 
ance and are called vibration galvanometers. 

For the purposes of theory they may be divided into two 
types, according as their moving parts possess only one or an 
infinite number of degrees of freedom. Wenner * has deve- 
oped a theory of vibration galvanometers of the former type 
when placed in a circuit containing only pure resistances. His 
analytical methods, however, become too cumbersome when 
applied to circuits in which inductance and capacity also act. 
Since the galvanometers are always used in these more com- 
plicated circuits it has been thought dasirable to develop a 
theory which includes the effect of inductance and capacity. 

In the following theory it is assumed at first that the galva- 
nometer has only one degree of freedom and the results are 
afterwards extended to include those possessing an infinite 
number of degrees of freedom. 


2. Theory of the Vibration Galvanometer of One Degree of Freedom. 


As a typical example of this type of galvanometer we may 
take Campbell’s form of instrument which is really a D'Arson- 
val galvanometer having a very low periodic time. 


* Wenner, “ Bulletin of the Bureau of Standards,” VI., p. 347, 1910. 
T Campbell, “ Phil. Mag.” 6 14, p. 494, 1907. 
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Its equation of motion is therefore* 


. dy, di : 
azs HPT 9I AL өзе www WX 
where y is the galvanometer deflection at time $, and zis the 
current at the same instant. 

The quantities a, f, y, А are the intrinsic constants of the 
instrument. We will call a the constant of inertia, f the 
constant of damping, y the constant of restoration, and А the 
constant of displacement. | 

If the galvanometer is placed іп a circuit of resistance ғ and 
of self-induction L, the equation of current will be 


QU 
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where e is the instantaneous applied electromotive force and 
6, 18 the instantaneous back electromotive force due to the 
motion of the galvanometer wires. If the constants are 
properly chosen the right-hand member of equation (1) may 
be made to represent the force of displacement due to the 
current. The back electromotive force 1s then given by 


ЕДЕ. р% dw ww s ДО) 


When the applied electromotive force is sinusoidal, e=Ee", 
whence, after a steady state has been reached, 

1==1є?, y —Y e, e, =E,” оз, 2% (4) 
where I, Y and E; are given by 


(y= ap?+jpB)¥=AT | 
Ir uh асы wes ДО) 


E, —jpAY 
Eliminating E, and I, Y(a+jb)=AE,  . . . . . (6) 
where a—(y— ap*)r—p?pL ) Е 
b=p!(y— ap?)L-- Br-- A2J' ИЧ 
or putting a—p cos 0, b=p sin 0, 
АЕ . 
Mo = и: 
р 


Тһе amplitude of the vibration is АЕ/р, and its phase lags 
by an angle 0 behind the electromotive force. 


н Gray, “ Absolute Measurements in Electricity and Magnetism,” Vol. П. 
р. 393. 


% 
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Мы 
If the constants а or y are adjusted, p passes throughYa 
minimum when 
LA2p? 
у—ар=- ay? 12402... (9) 
р 


ала therefore the maximum value of the amplitude attainable 
by this change 18 
AE 
(Y)= 


ee ee 
p( Pv rp Li хари») 


If now the self-induction or the displacement constant 13 
varied, (Y) reaches a maximum value 


A? В 


"ES when —-——;-,-—-—- 
2ру Вг т-р]? r 
The current when this absolute maximum has been obtained 


(10) 


is given by | _ Е 
2r 
and it is in phase with the electromotive force. 
Es 1 
If capacity is present as well as inductance, piss o ust be 


substituted throughout for pL. 


9. Vector Diagram for the Vibration Galvanometer. 


The whole of the preceding investigation admits of а very 
simple geometrical treatment. 

Remembering that 7 is the operator turning a vector through 
& right angle in the counter-clockwise or positive direction, 
equations (5) lead to the following construction : 


Let OY (Fig. 1) represent the vector Y. 
Mark off OA equal to (y — ap?)Y/A. 
Draw ABC perpendicular to OA, making AB equal to pBY/A 


and BC equal to pAY/r. Join OB. 
Then from the first of equations (5), 


OB=0A+ AB=(y— ap?)¥/A+7pBY/A=I. 
Through C draw XX’ perpendicular to OB and cutting OB 


produced in E; mark off on it CD equal to (1/рС- pL)I/r. 
Join OD. 


18 MR. S. BUTTERWORTH ON 


Then from the second and third of equations (5), 
— — — o> 
OD=OB+ BC+ CD=F[+4 (jpAY /r) — (1/pC — pL)I/r=E/r. 
The negative sign is used in the third member of this equa- 
tion because the direction of CD is obtained from the direction 


of OB by a clockwise or negative rotation. 

In order to obtain the conditions of maximum sensibility 
from this diagram we will suppose the reactance (pL—1/pC) 
and the constant of restoration (y) capable of adjustment, and 
find the conditions that a given vibration is produced by the 
least electromotive force. 

A variation of the reactance will merely alter the position of 
the point D on the line XX’, while a variation of the restoration 


О 
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constant will alter the length of OA. АВ and BC will remain 
constant throughout. 


OD, which is the line representing the electromotive force, 
will be least when the point D coincides with the point E. 

Also OE will be least for variations of OA when OB=BE 
=V AB. BC, whence at maximum sensibility. 


(Е)/ғ--(П-рУВ/ҚҰ)..... (А) 


where (Т), (Е) апа (У) аге the magnitudes of the vectors I, E 
and Y. 


Again, from the relations CE/EB=OA/AB, EB=OB, 
(pL—1/pC)/r=(ap?—y)/pB, . . . . (24) 


"е ыа 


`~ & 


= —— c3 


тт = 
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and from the relation OB?—OA?-} AB?, 
А?(1)2=(Ү){ (ар? — у)? ptf. 
Therefore from (1А) and (24), 


Азра B[r— (op? — ур - {(р1,— роте) 
whence A?/(pL—1/pCg--r?3-Bjr. . . . . (ЗА) 


This is the condition for maximum sensibility. 
Equations (1А) and (ЗА) agree with the final results of the 
last section. 


4. The Vibration Galvanometer on Inductance Bridges. 


In practice the vibration galvanometer is nearly always used 
with some form of inductance bridge, perhaps the most im- 
portant being Anderson’s bridge in which an inductance 1s 
balanced against a capacity. 

In order to find the best conditions of working we require 
the theory of the unbalanced bridge. 

Anderson's bridge is given in Fig. 2, where b is the source of 


Fia. 2. 


alternating current, g is the vibration galvanometer, P, Q, S,U, 
are non-inductive resistances, В, 13 an inductive resistance and 
T is а capacity. 

If we take different dispositions of inductances and capa- 
cities among the various arms of Fig. 2, inductance balances 
other than Anderson's may be obtained. It will be shown later 
that this bridge includes also а modified Rimington's bridge, 
a modified Carey-Foster bridge, and a bridge for measuring 
frequency. 
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The method adopted in the following theory is to treat the 
bridge as if it were composed of resistances only. Then, in 
order to apply the results to particular bridges, we substitute 
for the resistances expressions of the form R+)pL in the 
inductive arms, and of the form S—7/pC in the arms where а 
capacity is in series with a resistance. In other words the 
resistances become the resistance operators of Heaviside. 

Using Maxwell’s method of meshes, the current (т) through 
the galvanometer in Fig. 2 is given by 


Di=E[T(QR—SP)— P(U(S+Q)+8Q)], 
where E is the electromotive force in the arm DO, and 
П--0уА|--0А,--0Аз--А., 
in which A,, A,, Аҙ, Ay, have the following values :— 
A,=(P+Q+R+8)(T+U)+Q(P+R+8) 


A,=U(T(P+Q+R+S8)+P(Q+R+S)} 
+(R+8)rT(P+Q)+PQ}, 


A5— (P-F- R)((T4- U(Q--S)--QS), (1B) 
А,=ШТ(Р-ЕВ)-ЕРЕ(0-Е8)-ЕТ{РВ(0-+Е8) 
+QS(P+R)}+PQRS 
If T(QR—SP)=P{U(S+Q)+8Q) . . . . (в) 


the current through the galvanometer is zero and the bridge 
is balanced. Ву eliminating U from equations (1B) by means 
of equation (2B) we get 
P(Q+5)A,=B,G,, P(Q--S)A =В,С,, 
P(Q4-8)A,— B,G,, P(Q--S)A,— B.G,, 


where 
B,=T(P+R)(Q+5), G,=T(QR—SP)+PRQ 


Hence, when there 1s a balance 
DP(Q+8)=(G,g+G,)(B,6+ B»). 
If balance is disturbed by making U become U(1—2), we get 
Di—E;T(QR- SP)- PSQ}z. 


If zis small, D will be practically unchanged. 


| . BP(Q+S){T(QR— SP) - PSQ}z 
Therefore t= uoc UD О a S (48) 


Hence for small disturbances of balance the galvanometer 


ғ — ж, - 
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behaves as if in а circuit whose resistance operator 18 
- 9+G,/G,, and the battery as if in a circuit whose resistance 
operator is b+ B,/B,. 

In determining the best arrangements, we must remember 
that g, b, G,/G,, B,/B, are complex. Denote the real part of 
G./G, by G, and the imaginary part by G; Similarly denote 
the real and imaginary parts of B,/B, by В, and В, 


Conditions for Best Source. 


By placing a suitable inductance or capacity in the battery 
arm, we can reduce the imaginary part of b+ В./В, to zero 
without disturbing any other term. Then if 6, denote the 
pure resistance of the battery arm, 6+B,/B, becomes 6,+ B,. 

The source will either be an alternator or an induction coil. 
In either case, provided the form of the winding is fixed, altera- 
tions of b, will also alter E. In fact, the law connecting b, and 
Е is the same as the law connecting galvanometer resistance 
and deflection in an ordinary direct-current galvanometer. 

The best value of b is therefore b, — B,, and when this is the 
case Е/(0,--В,) becomes Е,/ vB, where E, is а constant 
depending on the form of winding but not on the diameter of 
the wire. 


Conditions for Best Galvanometer. 


The galvanometer behaves as if in a circuit whose resistance 
operator is g+G,/G,. The resistance of this equivalent 
circuit is 9,4-6, where g, is the resistance of the galvanometer. 

The galvanometer can be brought to its maximum sensi- 
bility by the methods indicated in sections (2) and (3). When 
this has been done, the amplitude of vibration (Y), is given by 


ys. PEG +, 
(1) 5 5 


and the imaginary part of g+G,/G, is zero. 
Hence the galvanometer resistance must be small. 
When the battery and galvanometer arms have been 
properly adjusted, equation (4B) becomes 
f —5Р\— 
()-22 | P(S+Q)(T(QR—SP) с 22. (Dg) 
В т.УВ,.6,.(В,). (G 
provided that the galvanometer resistance is negligible. 
Here (B,) and (G,) аге the moduli of B, and G.. 
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Best Resistances іп Anderson’s Bridye. 
Put G,=a,+ Jay, G,—b,-jb,; B,=c,+ je, B,=d,4-jd,. 
__4,b,+4,b, cidit cod, 
Then G,— КЕНГЕ 2» D es 
(G,)?=a,?+a,?, (BP =c, +c. 
Therefore (G,)(B,)VWB . G,=V(a,b,+4,6,)(c,d,+¢,d,). 
To obtain the values of a,, аҙ, b, bg, су, Сә, d}, dy in Anderson’s 
bridge, make the substitutions R=R+jpL, Т---у/рс, 
S=QR/P in equations (Зв). We get 


a,=Q(P-+R), a,=pLQ, 
L 
b,=(<+PR) Q, b,—pLQP, 


| L Р P+R 
а=, am 9 
‚ LQPrR) ‚__@Р+Е;? 
rO P 2 pCP 
Therefore 
a,b, +a,b,=Q?5 (сери J(P--R-pLP! (, 
LQ(P+R)(L Р P--R 
cd) T 0d, = с Часы, , gr EQ "E E 
Also 


L 
P(S+Q){T(QR - SP) - PSQj QXP--R)( g- QR). 


If these substitutions are made in equation (5в) it will be seen 
that the sensibility is increased by diminishing the frequency 
(р/2т) of the alternating current, the limiting value of (Y) for 
zero frequency being 


ве. 9296-08) — 
УН (P+R), / 2+9) (C PR) 


We require the best values of P, Q and C for a given Land В. 
Put in the above equation 


P=/R, Q=/R/m, C=L/nlR?, 
EzL vi mn —1 


weg (= eh DEP save твр, 
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As regards 1 this expression is a maximum when /—1. Also 
it is symmetrical with respect to m and n. 
Hence the best values of m and n are equal and are given 
by the maximum of 
m=  m-1 
mè(m+1) m?’ 
which occurs when m=2=n. 
Therefore the best conditions of working Anderson’s bridge 
after the galvanometer and battery have been adjusted are 


p small, P=R, Q=3R, -—1 
5. Anderson's Bridge and. its Modifications. 


(a) If in the bridge of Fig. 2 we make T a capacity and R an 
inductive resistance we obtain Anderson’s bridge. Іп order to 


Fic. 2.--Біміхатоху”в BRIDGE. 


obtain the conditions of balance we substitute R-++-jpL for R 


and -56 for T in the equation of balance (2в). Then from 


the real and imaginary parts of this equation we get as the 
two conditions for balance 


QR=SP 


(R-PIUG--Q)-8Q f (16) 

(b) If we make © а capacity апа R an inductive resistance 
we obtain a modified Rimington’s bridge as may be seen by 
comparing the diagram for Rimington’s bridge (Fig. 3) with 
Fig. 4, which is the diagram for this modification. Тһе advan- 
tage of the modification is that the balance is an absolute one, 
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while in Rimington’s bridge the balance js only for integral 
current. The conditions for balance are 


sal 


<T=PS(U+T) (2с) 
The first adjustment is made with steady currents and the 
second is made by adjusting 8 and U, keeping their sum con- 
stant. For rapid working a slide wire should be used for 0+8. 
Of course, the above аге only two out of many possible 
balances, but most of the other modifications are wortbless 
because of the difficulty in bringing about the double adjust- 
ment. We may, however, by a simple extension bring about 
modifications in which mutual induction is present. 


Fia. 4.—Mopiriep RrMINGTON's BRIDGE. 


This extension depends upon the following theorem :— 

Let BC, CA (Fig. 5) be two arms of a network, and let them 
act upon each other inductively. 

Let Ул, Vz, V be the potentials at A, B, C respectively, 
and let the current round the mesh of which BC is a boundary 
be 4, the current round the mesh of which CA is a boundary 
be ta. | 

Then, if 7), 7, are the resistance operators for BC, CA, and т 


18 the resistance operator introduced by mutual induction, 
У =V -ná-—mni, 
Ve- Ул=г»ї—›ту{` ` 


(3c) 


Now suppose {һе mutual induction removed and let à new 
arm DA be introduced. By a suitable adjustment of the 
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resistance operators of the arms BC, CA, AB, we may so arrange 
that the condition of the remainder of the network is un- 
altered. In order that this may be so, Үр- Vo, Ус- Va, ù 
and 2 must be unaltered. 

To get the required condition, let X, Y, Z be the new resis- 


Еа. 5. 


tance operators for the arms ВС, CA, АВ, and let 4; be the 
current in the new mesh ABC. 


Then Ү- Үс =Х(—13)) — 
ст ао аум 
(X-- Y--Z)i — Xi + Yio) 


Eliminating % 


XY 
LES: [кешт 
Қ» XiYiz/^- Х+Ү+7° "m 
x | АЖ, 
кемек nya tea) i- хара 
If (5c) is identical with (3c), 
X Ж AX n 
X(1- xy 7) cde Ү(1- xiviz) Аа ҮІ” 
or о зу, а АЕ зс АИИ У 
T—-m r—1m m 


By means of this theorem we obtain the following modifi- 
cations of the bridge of Fig. 2. 
(c) Remove U and let T and Q act inductively. In order 
that the general theory of the bridge may still hold, we must put 
j — m2 — 792 — m2 
josie. ЕЕ ү балы жаы. 
т 


T,— т т = т 
where 7,, 7, аге the new resistance operators for the arms Т, Q, 
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ала m is the resistance operator corresponding to mutual 
induction. 

Making these substitutions in the equation for balance we 
get, after some reduction, 


(R+P)m—P(r.+s)=0.. . . . . (To) 
Now put a capacity C in series with the resistance В, so that 
В becomes В—7/рС. Also put r,—Q--jpL, т--/рМ. 
From the real and imaginary parts of equation (7c) the two 
conditions for balance are 


M | 
T RIS |. па eeu ғ. (80) 
(R+-P)M=PL} 

This bridge is a modification of Carey-Foster’s bridge. It 
was first suggested by Heydweiller,* and applied to the vibra- 
tion galvanometer by Campbell (loc. си.). 

(4) Remove Т and let 0 and U act inductively. The sub- 


stitutions necessary are 


2 2 71% 
Qnn-m* p onh-m Q пт т? 
m ^! r,—m ’ ғі-т 


The equation for balance becomes 

(В--Р)т -Rr,--PS-0. . . . . (90) 

Now let В be an inductive resistance so that В, becomes 
R--jpN. Also put 7,=Q+jpL, m—jpM. 

The real and imaginary parts of equation (9c) give 
M(P+R)=LR+NQ) 

pN(M—L)-PS-QR/ ^" "^ 


This bridge is a good one for measuring frequency since the 
adjustment for frequency can be made bv altering В alone. 

Also the range of frequencies measurable is theoretically 
infinite. 


(10c) 


6. Experimental Results. 


In the following set of experiments all the four modifications 
of the bridge were used. They were undertaken in order to 
calibrate а Duddell vibration galvanometer for frequency. 
This instrument is of the string tvpe (see rext section), and the 
tuning 18 brought about Ьу adjusting the tension of the 
vibrating strings. 

А pointer attached to the tension screw moves over an 


* Heydweiller, “ Ann. der Physik.," Vol. LII., p. 499, 1894. 
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arbitrary scale. It was this scale that was calibrated for 


frequency. 


The source of electromotive force was a small induction coil 
the primary current of which was excited by a couple of storage 


cells. 


The frequency of the “ make ” and “ break ” of the coil was 
varied in order to produce the required changes of frequency of 


the secondary current. 


Methods (a), (b) and (c) were employed in order to determine 
the constants of the coils used in the frequency calibration by 


method (d). 


The coils are denoted by A, Band C. 
The self-induction of coil B was measured by method (a), 
that of С by method (5), and the mutual induction between 


coils A and B by method (c). 


The actual observations are only given for the new methods 


(b) and (d) as methods (a) and (c) are well known. 
METHOD (b).—Self-induction of Соц C. 


C=2 mfds. P=R=165 ohms. 
U+S=T (ohms)......... 8,000 7,000 6,000 5,000 4,000 3,000 2,060 
S (оһтз).................. 1,110 1,120 1,140 1,160 1,220 1,320 2,060 
L (һепгуз) ............... 0-082 0-680 0-681 0:677 0-682 0-680 0-680 


Mean self-induction=0-6803 henrys. 
METHOD (d).—Calibration of Galvanometer for Frequency. 
Coil Ain Uarm. Coil BinQarm. Coil C in R arm. 
L=0-00316 henry. N-0:680 henry. М--0-0136 henry. 
© 2:77 ohms. R=165 ohms. | 
Р (calculated from first balancing condition)= 12-10 ohms. 


The second condition of balance is 
р? =1,707 S— 64,000, . 


where S is in ohms. 


| 
Т, 
| 
| 29 | 1,305 
3-5 2,310 
5-8 3,330 
8-3 4,340 
11.0 5,340 
13-0 6,120 
19-0 1,640 


Column О gives the tension scale reading of the galvanometer when tuned. 
Column 8 gives the resistance in ohms out of the S arm to secure balance. 


| 
| 


| 


р: 


1,471 
1,970 
2,370 
2,710 
3,007 
3,224 
3,685 


p is calculated from equation (а). 
It was found that the frequencies were related to the scale readings by 


JAD", 


the experimental law 
where А--199, т--0:364, 


: 
| 


Frequency 
=> P j 
2” 
234 
313 
371 
432 
478 
513 
586 
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(a) 


Frequency 
(calculated). 


236 
314 
377 
430 
‚ 476 
506 
581 


The frequencies іп the last column were calculated from this law. 
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1. Theory of the String Type of Vibration Galvanometer. 


. In its simplest possible form the string type of galvanometer 
consists of a wire stretched between two fixed points and placed 
à: a transverse magnetic field of strength Н. An alternating 
current whose value is ? passes along the wire and sets it in 
vibration. 

The recording part may be represented by a mass M which 
we will suppose placed on the wire midway between the fixed 
points. 

Let m be the mass of unit length of the wire, 2/ the length and 
T the tension. 

Take the equilibrium position of the mass M as origin and 
the undisturbed position of the wire as the z axis. Then, if y is 
the displacement of a point at distance z from M, we have for 
small displacements 


д? 
mop pl =Т тні, 2220. (1p) 


where р is the damping constant of the wire. 

The end conditions аге z—l, y=0, z—0, motion of wire 
=motion of M. 

The latter condition gives 


mote ыту, . . (2D) 


where y, is the value of у when z—0, and (2 ar Ni is the value of 
Ў 0 


> ‚ When 2--0, k is the damping constant of the mass М. 
. It é—Ie*, the solution of (1D) after a steady state has been 
reached is y — Y e', 


H . 
where Y —A, cosh qz-- A, sinh Что . . (8р) 


provided that T=- тр?-7рр.. . . . . . (4D 


The constants A, and A, are determined from the end 
conditions, viz.— 


z—0, Y=Y,; z—l, Y=0. 
The e give Yor Ata gle: a ae Ы AY e.g ж. ДОР) 


0--А, cosh gl+-A, sinh от 8 
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Further, trom equation (2р) 
(-Mp-rFjkp)Y,—-2TQA,. . . . . (Тр) 
Eliminating А, and A, between (5р), (бр) and (7D), 
(— Mp?4- jkp4-2Tq coth gl)Y aot eng (8D) 
00  sihgl `` 
By comparing this equation with the first of equations (5) 
we see that it may replace that equation provided that we put 


the real part of the coefficient of Y, for P(y—ap?), . . (А) 


the imaginary part of the coefficient of Y, for РВр, . . (в) 
. 2H cosh qi - 1 | 
a audi for PA 425 xx X6) 


where P is a multiplying factor to be determined presently 
The back electromotive force due to the motion of the 
galvanometer is given by 
І 


| 
e,— mf 7 dr= anipen | axo tip аз) 
0 
lad | | 
where 2- | Ydz. 


f) 


Hence qZ=A, sinh ql4- А (созВ 41- De . . (9D) 
Eliminating А, A, and I between (5р), (бр), (7D) and (р) 


sinh ql 
sinh gl=cosh ql — 1 — sm : ( - Mp*-F jEp--2Tq coth ql) 


ШЕТІ 
(2 aa Ной 2 (10D) 

In section 2 the back electromotive force was given by 
jpAY e&t. 


Е 
у. 


Hence we must replace А by = 
0 
This determines the multiplving factor P. 
Іп order to reduce the equations, put q into its complex 
form a+ jb. 


From equation (4р), a and b are given by 


T(a?— 6?) = — тр?, Tay тр, [14 


т?р? 
G2 
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If the damping is small, we have, neglecting squares of small 


quantities 
"RN 
4“; тт b Ji S NE (11р) 
With the same approximation relation (С) becomes 
ӘН 1—cos bl 
РА=— "Anm bl . (12р) 


Equation (10р) becomes 


| 2 sin bl 
b sin bl. yo bl-- ITD (—Mp?+ 2Tb cot bI) 
bl sin bl 
( s seen 


bl — cos bl sin bl 
Also — 2Tq coth ql=2Tb cot bl+27T A a a 


whence the real part of the coefficient of Y, in equation (Ер) is 
2Tb cot Ы- Mp?=P(y—ap’), . . - (14D) 
and the imaginary part is 
bl —cos bl sin bly __ е 
bp Ta т nPY-Pfp, . . (15р) 


If the damping is small, resonance 1s practically attained 
when the real part of the coefficient of Y, above 18 Zero. 
Hence we get as the resonance condition 
Mp?=2Tb cot bl. . . . . . (165) 


Therefore at resonance equation (13р) becomes 


g— rol cos bl) 


b sin bl 
2HZ 
and since y> 
. 2H(1— соз bl) _ 
A= bain ho FA (by 12р). er i (17р) 


Thercfore P becomes unity at resonance. 
Finally, from equations (11р) and (15р), 
bl — sin Ы. cos bl 
ВЫ bi sin? bl ) | 


In considering the behaviour of a vibration galvanometer of 


(18p) 


THE VIBRATION GALVANOMETER. 91 


the string type, the equations we need are (16р), (11р), (17р) 
and (18р). | 
Putting 9 for bl these may be written 


cot $/ф=М/2т,. . . . . . . . . (19р) 
T 
-t f5; "——-—-—— Ме ү 7% (20р) 
дЕ ‚. (10) 
^ sin ф | E 
pl(2« — sin 29) Р 
p-—k4-— pcos 26)" . . . (22р) 


To determine the period we first solve (19р) for ф and then 
determine p from (20р). Equation (19D) has an infinite number 
of roots. With each root there will be associated a certain 
resonance period and the appropriate damping and dis- 
placement constants will be found from equations (210) and 
(22р). 

Since, when the galvanometer is working under the best 
conditions the amplitude will depend only on р, that quantity 
will determine the value of any particular harmonic in pro- 
ducing vibration. 


; 2ф — sin 2ф ; 
The table below gives the values of dO 204) for various 
values of M/2ml. ео 
Fundamental. First overtone. 
$ M 2ġ—sin 2ф M 2%--віп 29 
2ml' $(1—cos 2%) P 2ml’ $(1—cos 29) 
0? Infinity 0-667 180? Infinity Infinity | 
10° 32-5 0:670 190° 1-71 31:5 | 
20? «7:89 0-678 200° 0-786 7:76 
30° | 33 0-694 210° | 0-472 3:53 | 
40? | 167 0-714 220? | 0:310 2-11 
50° , 0-96 0-742 230° 0-209 1-49 | 
609 %” 0-55 0-780 2409 0-137 1-20 | 
10° 0-52 0-834 250° 0-083 1-05 | 
80° | 0-12 0-904 260° 0-039 0-99. | 
90? 0-00 1:000 270° 0-000 1:00 


This table shows that as the mass of the recording part 
increases the damping of the harmonics increases rapidly, so 
that for quite moderate values of M the galvanometer may be 
treated as having only one degree of freedom. 16 also in- 
dicates that the damping of the fundamental diminishes as 
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the mass of the central part increases, but the assumption is 
that the damping constant К remains constant. As a matter 
of fact it would increase with the mass of the central part. 

The investigation of this section shows that if a string 
galvanometer is intended for use in measuring frequency, the 
mass of the recording part must be moderately large compared 
with the mass of the vibrating wires. The Duddell galva- 
nometer used in the experiments of the last section is of the 
string type, having two vibrating wires so arranged that they 
impart an angular motion to a mirror. The angular vibration 
is magnified by the usual optical arrangement. The mirror 
corresponds to the mass M in the theory. 


8. Summary. 

1. The theory of the vibration galvanometer of one degree 
of freedom when placed in circuits containing inductance and 
capacity is worked out and it is shown that whatever the damp- 
ing the best conditions are obtained— 


(a) When the electromotive force is in phase with thé 
current. 
displacement constant ? damping constant 


(b) When( de 


impedance |  . тезіѕіапсе 


2. When the best conditions are attained the amplitude of 
vibration depends only on the applied electromotive force, 
the damping constant, and the total resistance of the circuit. 

In order to secure а large vibration the resistance of the 
galvanometer should be as small as possible. 

3. The theory of a general inductance bridge 1s worked out 
and the best conditions of use with a vibration galvanometer 
are determined. 

The bridge is shown to include at least four important 
methods, and examples of their use are given. 

4. The theory of (1) is extended to include galvanometers 
possessing an infinite number of degrees of freedom and in 
which the damping is small. 

In conclusion, I wish to thank Prof. Gee for his valuable 
advice and assistance, and the Principal and Committee of the 
Manchester School of Technology for the facilities placed at 
my disposal. 

ABSTRACT. 

Vibration galvanometers are divided into two types according as 

their moving parts possess only one or an intinite number of degrees of 
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freedom. A theory of the former type of galvanometer when used in 
circuits containing inductance and capacity is completely worked out 
and the conditions of maximum sensibility are determined. 

The same theory is shown to be applicable to the string type of galva- 
nometer provided that the damping is small. The effect of harmonics 
is also considered in this case. 

‚ The results are applied in the case of a general inductance bridge 

which includes: (а) Anderson’s bridge, (b) а modified Rimington's 

bridge, (c) Heydweiller’s modification of the Carey-Foster bridge, and 

(4) а bridge for measuring frequency. 

ка Тһе best conditions for working Anderson's bridge with the vibration . 
galvanometer as dectector are obtained. 

ж Experimental results for methods (b) and (d) are quoted, the latter 

method being used to calibrate a Duddell vibration galvanometer for 
frequenc y. 


DISCUSSION. 


Mr. А. CAMPBELL said Mr. Butterworth showed very clearly how the best 
voltage sensitivity may be obtained with a vibration galvanometer by 
adding self-inductance. For certain purposes we may neglect the self- 
inductance and treat the problem in the following way: In a moving-coil 
galvanometer of high sensitivity the ohmic resistance В may often be quite 
small compared with the effective resistance В”. 

Then we have 
| R'=R —-R=1-11 x 10-*BsNnao, 
where B=flux-density in air-gap, N=number of turns in moving coil, 
s-=mean area of one turn, and ¢=current sensitivity in mm. at 1 meter per 
microampere. ‘Thus, if we increase the current sensitivity by reducing the 
damping, we raise the effective resistance in much the same proportion. 
Again, if the ohmic resiscance R is negligible, the voltage sensitivity in 
mm. at 1 meter per microvolt 

=9 x 10-4/BsNn, 


and is accordingly independent of the damping, the control couple, and the 

amount of inertia of the moving coil. With regard to the various bridge 

methods, as a standard for inductance measurements, a condenser is not 

neatly so good as a mutual or self-inductance. Well-designed mutual 

inductances have only a very small temperature coefficient and are more 
ermanent in value than the best standard resistance coils. 

Mr. W. DupDELt said the theory put forward in Mr. Butterworth's Paper 
would be most useful. He had used the same formula as Mr. Butterworth 
derives for the frequency of all his vibration galvanometers, and found it 
was generally within 10 per cent. Vibration galvanometers really ought to 
be looked upon as alternate-current motors and the same principles can be 
applied in their designa. То b» efficient, therefore. they must be capable of 
developing a strong back E.M.F. in such a way as to oppose the current and 
be in phase with it. 

Dr. А. RUSSELL congratulated the author on having perfected the theory 
of ths vibration galvanometer by taking inductance and capacity into 
account. The rules he deduced to obtain the bast conditions for practical 
working would bə very us»ful. The vector diagram given for the working 
of the instrum2nt was instructive and ing»nious. When the frequency of 
the vibrations was very Мей, he thought that possibly errors might arise 
owing to the assumption made in the fundamental equation that the dam ping 
torque due to th» air friction was proportional to the angular velocity. 

Tas AUTHOR replied thit th» formaly given by Mr. Campbell for tho 
voltage sonsibility of his typ» of gilvanomoter is: very simple, and may, of 
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course, be deduced as a particular case from the general theory. Its applica- 
tion, is, however, limited. If for any given circuit it is required to bring 
a vibration galvanometer to its best sensibility, relation (3a) in the Paper 
should be satisfied. This may be done by adjusting cither the displacement 
constant or the self-induction of the circuit, preferably the former, as the 
self-induction is generally fixed by other considerations. In the Campbell 
galvanometer, the displecement constant may be adjusted Бу altering the 
flux-density in the air-gap. This adjustment does not interfere with the 
other constants of the galvanometer. Mr. Duddell has compared the 
vibration galvanometer with the alternate-current motor, and says that the 
general principles of design are the same in both cases. Personally, I think 
it is just as simple,'and more convincing, to deduce the best conditions from 
first principles than to rely upon an analogy that ia not immediately obvious. 
А remark is necessary concerning the best resistances for Anderson's bridge. 
These are deduced by assuming a certain fractional change in the resistance U. 
Hence these resistances are the best for detecting а small change of U at 
balance. They are not, however, the best resistances for detecting a small 
change in the self-induction. In this case the best arrangements are 


P-Q-R, U-0, =й, 
80 that we fall back oa Maxwell's method. 
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XIII. Sealing-Metals. By P. E. Suaw, B.A., D.Sc., University 
College, Nottingham. 
RECEIVED DECEMBER 29, 1911. Rean JANUARY 26, 1912. 


PRELIMINARY NOTICE. 


THE easiest way of attaching quartz fibres for suspension is by 
shellac, Faraday cement or other wax. But these materials 
all melt at temperatures below 100°C., far too low for require- 
ment in many experiments, e.g., when a vessel has to be 
evacuated to a high degree with prolonged heating at 300°. 
Again, the hard waxes change shape slowly after solidifying, 
with consequent possible change in zero of the suspension. 

To avoid these evils the practice initiated by Boys* and 
followed by Threlfall and others is (1) to clean the fibre erds 
carefully, then (2) silver them, then (3) deposit copper electro- 
lytically on the silver, and (4) tin the copper surface and solder 
it to the place of attachment. 

i This is a great labour to undertake for each fibre, consider- 
ing the short life these often have. 

Threlfall (see ‘ Laboratory Arts," рр. 182, 225) describes 
how he has used Margot’s solder (92%Sn, 8%Zn) for fixing 
quartz fibres and glass to metals, using an aluminium soldering 
bit and no flux. This suggestion of Threlfall is valuable, as 
will appear below, yet it seems to have lain dormant. 

Recently the writer gave this method a trial on an apparatus 
in connection with the Newtonian constant of gravitation. 

A quartz fibre, 18 u diameter, 23 in. long, was soldered by the 
above process to a brass torsion head above, and toan alami- 
nium wire below. The latter was loaded with about 10 gms., 
which is nearly the breaking load for this fibre. This suspension 
was mounted with all usual attendant shocks, hung in a 
vacuum vessel which was heated to well above 100°C. for 
several days, and has remained loaded, yet unbroken. for four 
months. 

The time taken for soldering the ends was no longer than 
would be required if shellac were used for the attachment. One 
has even found that the care prescribed by Threlfall as to 
cleanliness is unnecessary. The hot bit served with some of 
the alloy is rubbed repeatedly on the surface till the latter is 
well cleaned and uniformly tinned. 


* C. V. Boys, “ Phil. Mag.” Vol. XXXVII., p. 463, 1894. 
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This method having proved so valuable in the above т- 
stance, the writer commenced some experiments: with the 
object of discovering whether or not there is any special merit 
in the formula given by Margot, and, if not, to find the range of 
application of the method. 

Of the materials likely to be used in suspension work, soft 
glass melts at, say, 600°C., aluminium at 660°, copper, brass and 
iron at higher temperatures ; so only those materials having 
low melting points can be emploved as solders. 

The following results have been obtained :— 

A. Margot’s Solder (M.P., 190°). This material works well 
with either an aluminium or a copper bit, though the former 
is cleanest. The materials to which it can be applied include 
glass, quartz, aluminium, brass, iron. Any one of these can 
be joined to any other. 

B. Tin (M.P., 230°C.) acts apparently just as well as Margot's 
solder, an aluminium bit being used. 

С. Zinc (M.P., 420°C.) though less fusible than the foregoing 
metals, serves perfectly well for all the above materials. 

D. Since A, B, C are all excellent soldering agents it is 
probable that any alloy whatever of zinc and tin will serve. 
Such proved to be the case in one or two instances tried. 

E. Tinman’s Solder (M.P., 180°). This also acts quite 
well on all the materials quoted in A, including aluminium, 
though, as is well known, the use of the usual flux (zinc chloride) 
renders a junction impossible for the latter material. 

Е. Lead (М.Р., 327°C.). This will not act well, possibly 
because of rapid oxidation at its melting point. It will adhere 
to glass, but not very tenaciously. 

G. Aluminium (M.P., 660°C.). Nothing ean be done with 
this metal by using it on a bit in the usual way, since at its 
high melting point oxidation is very rapid. But complete 
success 1s obtained if the aluminium be melted in a test-tube, 
and the rod to be soldered be then thrust into it. The crust 
of aluminium thus formed on glass and iron is found to be 
tenacious and hard. Without trial it is impossible to sav 
whether quartz fibres would be rendered rotten by annealing 
if suspended by metals having such high melting points as zinc 
and aluminium. But, if not, these should be useful in appa- 
ratus which are to be subjected to high temperatures. Ordinary 
commercial metal is used in all the above cases. 

One supposes that in ordinary soldering chemical action 
occurs with interpenetration of surface molecules. But in the 
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present process the behaviour of such non-metals as glass and 
quartz precludes the idea of chemical change. The molecules 
of the metal in the molten state come into contact intimately 
with those of the solid, and adhere to them molecularly. 
Possibly the pores of the solid are partially penetrated by the 
molten metal. 

Since, then, the action is similar in kind to that of the many 
waxes, notably sealing-wax, the writer suggests the general 
name sealing-metals for the above metals and alloys and their 
like. The sticking which takes place is not due entirely and 
primarily to a shrinkage effect in which a ring of the molten 
liquid contracts on solidifying on the solid and so grips it; 
for it will be found on examination of the surfaces that the 
sealing-metal will often break away from itself rather than from 
the solid on which it is set. Also it is not necessary, though it 
may be advantageous, to have a ring of sealing-metal at all; a 
small patch suffices. 

There are many applications for sealing-metals other than for 
suspending fibres or wires; thus it may be possible to seal a 
glass window on to an opening in an apparatus. An optically 
worked glass window cannot be fused on by melting it to the 
surrounding glass, yet it 1s sometimes necessary to -have a 
seal which will stand a much higher temperature than the 
melting point of shellac. 


ABSTRACT. 


The established method of fixing quartz fibres for accurate torsion 
experiments is due to Prof. C. V. Boys. It involves careful cleaning, 
silvering, electrolytic deposit of copper, tinning and finally soldering. 
This considerable trouble can be avoided by the simple means given 
below, while the resulting joint is in some cases stronger. Prof. 
Threlfall used Margot's solder (92 per cent. Sn, 8 per cent. Zn) to 
fasten glass, aluminium or quartz surfaces to any other. The writer 
finds this material acts perfectly and is very siniple, the bit being of 
aluminium and there being no flux. Further investigation shows 
that there is no special merit in Margot's formula. In place of 
Margot's solder the following will be found to act very well: (a) Tin, 
(b) zine, (c) various alloys of tin and zinc, (d) tinman's solder, (e) 
aluminium. Lead does not stick well, though it might be made to 
do so if oxidation were prevented. Then there is a variety of mate- 
rials with melting point ranging from 180 deg. to 660 deg. For all 
these and like materials which act in the same manner as sealing-wax 
the writer suggests the term sealing-metals. They have the advan- 
tages over any wax in (a) high melting point, (b) non-emission of 
vapour when temperature is raised. 

There are obvious applications other than for tension fibres where 
joints to withstand temperature are required. 
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DISCUSSION. 


The PRESIDENT stated that the method would be extremely useful to 
physicists if it could be used for making vacuum-tight joints that would 
stand a high temperature. 

Mr. A. CAMPBELL mentioned that metals could be soldered to glass by 
first platinising the glass. 

Мг. W. DUDDELL stated that he had successfully fixed quartz fibres 
with ordinary solder. 

Мг. В. APPLEYARD thought that condensers could be made to keep 
more constant in capacity if the tinfoil could be adhered to the mica. 

Mr. A. CAMPBELL stated that silvered mica condensers had been made, 
but were not so reliable as the ordinary tinfoil ones. This was probably 
due to the very sharp edge of the silver. Perhaps platinised mica would 
give better results. 

The AUTHOR, in reply, stated that metals were very much more porous 
than glass, во too much must not be expected from joints made with 
fusible metals. Не said it was desirable to find a sealing-metal having a 
small co-efficient of expansion, for this would have a better chance of 
adhering strongly after solidification. He thought Mr. Appleyard's sugges- 
tion valuable. There should be no difficulty in building up а condenser 
made on those lines. 
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XIV. On a Direct-reading Instrument for Submarine Cable and 
other Calculations. By В. APPLEYARD, M Inst.C.E. 


ReaD January 26, 1912. 


THE logarithmic spiral has frequently been used for de- 
termining by a graphic method the logarithm of the ratio of 
two quantities. In acoustics, for example, it has been of 
service аз а convenient means of demonstrating the way in 
which “frequency " is associated with “interval.” If an 
attempt is made to apply the spiral to the solution of prac- 
tical engineering problems, such as arise in the design of sub- 
marine cables, there is difficulty in obtaining sufficient accu- 
racy, especially for readings near the pole of the spiral. The 
author has cemoved this defect by introducing a secondary 
spiral, similar in all respects to the primary spiral, and having 
the same pole, but displaced round the pole through a certain 
constant angle. In this instrument a pair of radial scales, 
each having its zero at the pole, and each divided into the same 
number of equal divisions, can be rotated about the pole. At 
all angular positions a scale of this kind will be cut by the two 
spirals if they are sufficiently extended. It has been proved by 
the author that for all angular positions of such a radial scale 
the distance between the pole and the point where that radial 
scale is cut by the secondary spiral is always the same multiple 
of the distance between the pole and the point where the 
radial scale is cut by the primary spiral. In effect, therefore, 
the secondary spiral magnifies the radial scale readings of the 
primary spiral to any desired extent, depending only upon the 
angle through which the template of the primary spiral is 
rotated to form the secondary spiral. In the instrument 
exhibited the spirals are drawn in a manner that avoids 
ambiguous readings, and that gives maximum precision 
within the range of diameters of conductors and dielectric 
coverings required for submarine cable work. The instru- 
ment is provided with two similarly divided radial scales, one 
corresponding to d, the diameter of the conductor, and the 
other corresponding to D, the diameter of the dielectric. The 
angle between the two scales, corresponding to any pair of 


values of d and D, is then a measure of log i The scales can be 
marked to indicate weights of conductor and dielectric, and 
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the circle of degrees to which the spiral is drawn can be marked 


2. р i 
to indicate log q’ capacity, dielectric resistance, and other 


functions of D and d, if required, for any definite dielectric, the 
specific constants of which are known. 


The general equation to the spiral may be written 
0--А log d+B, 


where А and B are constants. Hence,when 4, and D nax are 
both on the 0 deg. radius vector, any two points d, D on the 
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spiral are associated with their corresponding angles 0, 0, in 
degrees by the three equations 


ЕТІ. LC Uu WE шие 


min. 


6,—A log- 2-4360, 
| КЕШІ 


То draw the secondary spiral, the primary spiral is rotated 
backwards about its pole through an angle, ф. This is equiva- 
lent to rotating both the radial scales through $. The intercepts 
are now d, and D,—~.e., the radial scale readings аге now 


greater in theratio n— d Equation (1) then becomes 


d 
Ot ф=А log y —. 205 жож nv os (2) 


Subtracting (1) from (2) 


$—A log ACA log n, 


which gives ф for any required magnification, n. 


DISCUSSION. 


Prof. 8. P. Тномрзох remarked on the useful applications of the instru» 
ment, and asked if it would be possible to make it up in а cylindrical form 
instead of on a plane. 

Dr. А. RUSSELL pointed out the large number of calculations in which 
the logarithm of the ratio of two quantities occur. 

The AUTHOR, in reply, thought it would be rather difficult to apply the 
instrument to à cylinder. In cable calculations he used it for finding the 
capacity and dielectric resistance per mile. By clamping the radial arms 
and rotating them, an infinite number of values for the diameter of the 
conductor and the insulation could be picked out that would give the 
same capacity and dielectric resistance per mile and therefore the same 
speed of signalling. 
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ХУ. On a Copper-Zinc Uranium Oxide Cell and the Theory of 
Contact Electromotive Forces. By Prof. A. ANDERSON, М.А. 


RECEIVED DECEMBRR 26, 1911. READ January 26, 1912. 


THE cell, a vertical section of which is shown in Fig. 1, was 
designed for the purpose of investigating the effects of changes 
of temperature, and of changes of the pressure and humidity 
of the air, on the values of the contact difference of potential 
between pairs of different metals. 

The method of measurement used was the deflection method 
described in the ‘ Proceedings" of the Physical Society, 
Vol. XXIII., Part V., р. 347. 

The construction of the cell is simple. It is a copper vessel 
furnished with a closely fitting lid. The copper tubes D and E 
pass respectively through the lid and the vessel itself. А is a 
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copper plate supported by, three copper legs, forming a tripod, 
on which is placed the uranium oxide for ionizing the air inside. 
А copper rod C, part of which 13 a smooth double cone, passes 
through two slightly conical plugs, F, F, of amber (blackened 
in the figure) in а copper tube. These plugs can be screwed up 
so as to form an air-tight Joint, which becomes more effective 
as the pressure of the air inside is diminished. On this copper 
rod is screwed а zinc rod, G, bifurcated so as to support the 
zinc plate B. This zinc rod, when screwed on, touches the 
inner amber plug, thus preventing the possibility of any 
ionized air coming in contact with C. C is put through an 
opening in the metallic cage enclosing the clectrometer and 
connected through a key with one pair of quadrants, the other 
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pair of quadrants and the copper vessel being earthed. From 
the deflection of the needle the contact difference of potential 
can be calculated. 

This cell, as has already been stated, was designed tor a 
special purpose, but much simpler forms can, of course, be 
easily made. Fig. 2 represents a battery of six cells, which 
will give six times the electromotive force of one. 
| It is merely a hollow paraffin cylinder, the upper end of 
which is closed by a copper plate and the lower end by a zinc 
plate. It is divided into six air-tight compartments by means 
of double plates, each of which consists of a copper and zinc 
plate soldered together. In each compartment is placed a 
+ 
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small quantity of uranium oxide. The cylinder can be built 
up of paraffin rings. The current produced by this battery 
will be exceedingly small owing to the enormously great in- 
ternal resistance. 

A cell such as that represented in Fig. 1 was set up, with 
plates and inside surface of copper vessel freshly sandpapered. 
Its Е M.F. at about 15-5°C. was at first 0-73 volt, but gradually 
diminished. The following table gives the E.M.F. observed 
after the lapse of the different indicated periods of time :— 


90 minutes „иене 0-72 
50 minutes „иене 0-71 
1 hour 50 minutes ................:5 25% еее ее еее еее. 0.7 

1 day иене 0-68 
9 дауз ............... еее есекке неее 0-65 
3 dayS .................... 1 еее ее ее еее езе еее елене enne 0-63 
4 даув ................ұ 6 еееке еее енен еее еее nnn 0-625 
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[8 It continued to fall more and more slowly, and, at the end of 
three months, was 0-34 volt. At the present time, five months 
after the first measurement, the electromotive force has nearly 
this value, although the cell, during the last two months, has 
been heated and cooled many times. 

These experiments on the effect of heating and cooling on 
the contact difference of potential show that the E.M.F. is a 
linear function of the temperature ; and whether the cell is being 
heated or cooled the E.M.F. has the same value for the same 
temperature. There is по lag. Fig. 3 gives the result of one 
such experiment, but all the experiments were consistent, and 
it was always possible to deduce the temperature of the cell 
with an error of not more than half a degree from the deflection 
of the needle, on the assumption that equal increases of deflec- 
tion corresponded to equal rises of temperature. The electro- 
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motive force of the cell is given very accurately by the equation 
E —0-21 + 0-002t, 

which gives a rise of one five-hundredth of a volt for an increase 

in temperature of 1 deg. Centigrade. E, by this formula, would 

vanish at — 135°C., a temperature much lower than the neutral 

point of copper and zinc, which is — 67°С. 

Helmholtz has shown that, in a reversible chemical cell, 
there is а quantity of heat absorbed per unit quantity of elec- 
tricity equal to т where Т is the absolute temperature. Іп 
other words, if the Joule heat be removed as fast as it 1s pro- 
duced, the cell will fall in temperature, and in order to keep 


| „АЕ 
its temperature constant a quantity of heat equal {о Т dq Ре 


unit quantity of electricity must be given to it. lf the cell be 
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not reversible more than this quantity must be given. The 
equation for the electromotive force of the cell above described 
may be written 


аЕ 
Е=- 0-276-ЕТ-—› 


showing that the heat absorbed is more than that which would 
correspond to the observed electromotive force. The con- 
clusion is irresistible that the cell is a heat cell. And not only 
that, but if its temperature be kept constant, the heat supplied 
to it is more than sufficient to account for the Joule heat. 
Work in some form must therefore be done of amount per unit 
quantity of electricity equal to that which would produce a 
back electromotive force of 0-276 volt. The forward electro- 
motive force is, therefore, 0-546+0-002¢ which, of course, 
vanishes at absolute zero. А cell of this kind working under 
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adiabatic conditions will fall in temperature till its E.M.F. 
becomes zero—that is, till its temperature becomes—135°C. 
But it is clear that the heat energy which has disappeared must 
have been converted into some form of potential energy, 
possibly at the surface of one or both of the metals. If a 
current be sent t hrough the cell in the direction opposite to that 
of the current produced by it, this potential energy will be 
transformed into heat and heat given out. 

To make an attempt to understand what may possibly occur 
when the cell is working, let us refer to Fig. 4, which repre- 
sents the state of the cell when there is no ionization of the air 
—that is, before the uranium oxide is introduced. 

Let the potential of the surface of the copper plate be V, that 

H 2 
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of the surface of the zinc plate V4- p, that of the layer of air т 
contact with the copper plate V+ В, and that of the laver of air 
in contact with the zinc plate Ұ--р--а. What is measured by 
the electrometer is clearly a—f+p; p is the excess of the 
potential of A above B, and is supposed to be due to a difference 
of concentration of the electrons at A and B, the concentration 
at В being greater than that at A; a and В are, it may Бе, 
due to a similar cause. If now the uranium oxide be allowed 
to ionize the air, there will bea current of electricity, which we 
тау regard for simplicity of statement as the passage in the 
direction of the arrow-heads of negative electrons round the 
"circuit. When an electron goes from А to В it passes through 
the bounding surface and is pulled down through a step of 
potential, p. Whenit goes from C to D it is forced through 
the surface and falls up through a step of potential, В. When 
it goes from E to F, it must get through the surface and at the 
same time be pulled down through a step of potential, a. If 
we do not admit the existence of chemical action, the sum of 
the works at AB, CD and EF will be done at the expense of the 
heat of the system, and the heat absorbed, corresponding to the 
passage of a single electron whose charge is e, will be greater 
than &(а— Вр) by what may be called the concomitant 
surface work. 

It may be objected to the above that what has been called 
the concomitant surface work is included in the potential 
difference values a, В, р; but this 18 not so, and no potential 
corresponding to the surface work 1s measured by an electro- 
meter, no more than а barometer would give any indication 
cf the work done when a liquid molecule passes through the 
surface of a liquid into the atmosphere above it. It corre- 
sponds to the work required in producing evaporation and is 
possibly positive at CD and negative at EF, the former corre- 
sponding to evaporation and the latter to condensation. 16 
mav also be objected that the sum of these surface works at 
AD, CD and КЕ should vanish. If so, the argument fails, 
but to this it may be replied that when electrons pass into or 
out of a metal there mav be a change in the state of the surface 
depending on the metal and involving a storage of potential 
energv in both cases. 

ABSTRACT. 


A uranium oxide cell with copper and zinc plates is described, and 
reference is made to the temperature coeflicient of its E.M.F. A 
difficulty connected with the energeties of the cell is pointed out and 
а possible explanation put forw ard tentatively. 
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XVI. On Wave-form Sifters for Alternating Currents. Бу 
ALBERT CAMPBELL, Р.Д. 


From THE NATIONAL PuysicaL LABORATORY, 


RECEIVED JANUARY 16, 1912. Reap FEBRUARY 23, 1912. 


IN measurements with alternating currents the conditions 
are often complicated by the presence of harmonics in the 
waves of current or voltage. Sometimes these harmonics 
have their origin in the source of supply from which the cur- 
rent is taken, and sometimes they are caused by the presence, 
in the actual circuits under test, of magnetic or dielectric 
hysteresis, periodically varying resistance, or other natural 
or artificial arrangement giving transformation of frequency. 
When it is desired to suppress all but one of the components 
of a complex wave form, this is usually done by “tuning” the 
circuit by arranging capacities and self inductances so as to 


Кто. 1.—CAMPBELL’S WAVE-FORM SIFTER. 


give resonance at the desired frequency. When the resis- 
tance of the circuit is low enough to give good resonance, the 
desired component may usually be во much increased that the 
whole of the others are left as only а small proportion of the 
total wave, and by repetitions of this tuning process a very 
nearly pure sine wave may be obtained. 

In some cases, however, it is useful to be able to suppress 
entirely a single component (which may be the fundamental 
or any desired harmonic). This can easily be done by several 
arrangements. One of the simplest of these is а method 
which I have already described for the purpose of connecting 
frequency, capacity and mutual inductance, and measuring 
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any one of them in terms of the other two. It is shown in 
Fig. 1. 

If M is a mutual inductance, К a condenser and A а source 

of alternating current, then I have already shown that, if 

ӨЗМЕ-І, ox oe (D 
no current of frequency ло will pass through the circuit G, 
where ву--2т"ы, М being in henries and К in farads. 

Thus if the alternator A gives a current of complex wave 
form containing a component of frequency ^» the current 
through G will contain no component of this frequency. 

The combination accordingly forms a very simple wave- 
form sifter, and if M is adjustable (or K) it can be set so as 
to suppress entirely any desired harmonic (or the fundamental). 

For exact suppression, the condenser K should be free from 
absorption and leakage, and the mutual inductance from dis- 
tributed capazity ; for most purposes these conditions can be 
nearly enough satisfied. The working circuit G may possess 
inductance and capacity, but should not contain any iron- 
cored magnets, synchronous commutators, or other things 
which of themselves introduce harmonics. 

The following investigation shows how the components (of 
the original current) of frequencies other than n, are affected 
by the sifter. In Fig. 1 let T, I, and I, be the effective values 
of the current components of a frequency n, as shown, and let 
I, be of fixed amount. If R and L be the resistance and self 
inductance of the working circuit containing G (across the 
condenser terminals) the п,-сотропепё having been sup- 
pressed as in equation (1), then 


hr tt] o „....@ 
Ri+ (Lo— ie 


which gives J, for any particular case. 
To get the maximum value of I,, the working circuit may 
be tuned by altering L until LKw?=1, in which case 


I,—-I,(L ^ M)o/R. 


Now L/M =o,?/w?=n,2/n?, 


I?—I, 


and therefore B= [ КЕШЕР ж 8-52 doo 9) 


This equation (2) gives the greatest possible value of cur- 
rent component of frequency п allowed through by the sifter 
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when it suppresses entirely the component of frequency лу, 
for a given primary current n-component. 

When both the primary and the secondary circuits are 
tuned to frequency n, let the source give a constant voltage 
having ап n-component of effective value Е; let P=resistance 


in the primary circuit (beyond K) and let =. 
Then it сап be shown that 
P2R2 
E?/T,2— МГ + M2u2(h2—1)2 
ог L-E. zo Me D. C О) 


Res Mig a 
PIN lp- 1) 
One or two examples of the application of this siftér may be 
mentioned; others may occur to the reader. In using a tele- 
phone as detector in an inductance bridge, when the balance 
depends to any extent on frequency, perfect silence often 
cannot be obtained, for when the fundamental disappears one 
or more harmonics may still be giving sound. Ву inserting 
the sifter between the telephone and the bridge, the most 
prominent harmonic can be suppressed and the point of 
balance for the fundamental much more readily obtained. 
Dy employinz two or more sifters iu consecutive circuits 
further harmonic3 сап be suppressed if desired. 

Again, the current given by a microphone hummer at 
1,000 ~ per second contains a considerable harmonic of 
2,000 ^; per second. By using a sifter an almost pure wave 
form at either of these frequencies can be produced and 
utilized in any desired circuit. The sifters might also be 
useful in multiple-tone telegraphy. 

In the following table are given examples of approximate 
values of Kand M suitable for sifting out various frequencies 
by the method of Fig. 1. 


TABLE. 


MK 


сә per sec. рор millihenries. míd. 


256,000 
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From the values in the table it will be seen that the simple 
sifter of Fig. 1 is not very suitable for frequencies as low as 
50 or 100~ per second, as the value of MK is then incon- 
veniently large. For these lower frequencies a sifter can be 
arranged as in Fig. 2. 

If the resistances are P, О, R and S, and self inductances L 
and N, such that SP=QR and LS=NR, then no current of 


frequency 1(=,/27) will pass through circuit G when the 
mutual inductance M is set so that 


q | 
2= ‘i. a X9 
MKo, kis “© > œ ( ) 
By choosing the ratio R/S large, quite low frequency com- 
ponents can be suppressed when using reasonably small 
values of K and M (e.g., R/S=250, л„=100, M=10 millihenries 


Fic. 2.—CAMPBELL’S BRIDGE WAVE-FORM SLFTER. 


and K=1 mfd.) Such a bridge also forms an excellent 
means of measuring frequency when M consists of a direct- 
reading inductometer ; the frequency is inversely proportional 
to VM. 

I would here point out that almost any null method, such 
as Hughes’s, for example, in which the balance depends on the 
frequency, may be used as a wave-form sifter in a similar 
manner to those I have described above. With proper pre- 
cautions by successfully suppressing each harmonic by means 
of a sifter, it would appear possible to analyze any given 
voltage wave form. 

In conclusion I may again emphasise the difference between 
two classes, A and B, of wave-form sifters. Systems of 
class A partially suppress all but one frequency component; 
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those of class B (suchas I have described above) totally suppress 
one single component. Іп class A capacity and se/f inductance 
are usually employed; while in class B capacity and mutual 
inductance give the simplest arrangement, but other combina- 
tious of self inductance without capacity and with or without 
mutual inductance.J*« For instance, in Fig. 2 M and К might 
be omitted, and а shunt put across the arm Q.) These latter 
arrangements are independent of absorption in condensers. 
This absorption, if present, vitiates the method of Fig. 1, un- 
less compensated for by a condenser across the secondary of 
the mutual inductance. The bridge sifter of Fig. 2, however, 
is not affected by absorption in the condenser. Sometimes а 
combination of both systeins of sifting is advantageous; for- 
mulas (3) and (4) refer to such cases. 

Ап interesting arrangement is given by а slight modification 
of my null method of testing current transformers (“ Phil. 
Мас.” p. 507, 1910, and “Proc.” Phys. Soc, p. 214, Vol. 
XXIL). It is only necessary to replace the transformer by a 
mutual inductance without iron. How far it is possible to 
introduce iron cores into the inductances used in sifters of 
the class B is worth investigating. (See M. Joly on “ Fre- 
quency Transformers," *La Lumiére Électrique," p. 195 (14), 
May 20, 1911. The question of the efficiencies obtainable 
also requires consideration. 
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XVII. On the Numbers and Ranges of the a-particles emitted by 
the Emanation and Active Deposit of Thorium. By T. 
BARRATT, B.Sc., A.R.C.S., East London College, University 
of London. 


RECEIVED JANUARY 22, 1912. 


1. Introduction. 


EXPERIMENTS by Bronson* and by Geiger and MarsdenT have 
shown that the total number of a-particles from thorium 
emanation and thorium active deposit in equilibrium is about 
three times the number from the active deposit alone, or the 
number from thorium emanation is twice as many as from the 
active deposit in equilibrium with it. These experiments all 
refer to the whole active deposit ; no results have been pub- 
lished up to the present which give a relation between the 
number of a-particles from all the products and those from a 
single product of the series. If ThC, and ThC, (following the 
notation proposed by Rutherford and Geiger, “ Phil. Mag., 
XXII., р. 621, 1911) were assumed to be in direct line of de- 
scent, the experiments referred to above would indicate that 
thorium emanation gives four a-particles for each single a- 
particle from ТАС, or ТАС, The experiments of Geiger and 
Marsden, however, indicated that “ thorium emanation ” 
really consisted of the emanation proper together with a 
short life product now called thorium А of half period 0-145 
second.§ This would still require ThEm and ThA each to 
emit two a-particles for one from ТАС, or ТАС, Various 
considerations led Rutherford and Geiger to suppose that 
ThC, was not directly derived from ThC,, and Marsden 
and the author|| finally proved this assumption correct by 
showing that the number of a-particles from ТАС, is greater 
than the number from ThC, in equilibrium with it, the numbers 
being in the ratio of 65 : 35. If, therefore, ThEm and ThA each 
give the same number of particles as ThC, and ThC, together, 


* “ Phil. Mag.,"' 16, 291, 1908. 

T " Phys. Zeit., 11., Jan. 1, 1910. 

I Loc. cit. 

$ Moseley and Fajans, ** Phil. Mag.," XXII., p. 629, 1911. 
| " Proe. Phys. Soc.," pp. 50-61, Dec. 15, 1911. 
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a scheme of disintegration similar to that given by Marsden 
and Barratt* may be assumed :— 


"m ao 
ТҺЕт->ТҺА---> rx а а(4.8 ст.) —  —ThD,t 
а P э Th — Tht,’ В 
а(8-6 cm.) 


in other words ТАС, and ThC, are on different branches arising 
from a common root ThB (formerly ThA). The results 
referred to above, however, are not in themselves sufficient to 
establish the whole of the conclusions. For example, if 
“ thorium emanation ” consists of three products, each emitting 
the same number of a-particles as ТАС, (say, 65 for each, and 
35 for ThC,), we shall have 


No. of particles from emanation and active deposit 295 


me i4 


No. of particles from active deposit alone 100 
agreeing very closely with Bronson's, and Geiger and Marsden's 
figures. Оп the other hand, some experiments recently pub- 
lished by Miss Leslief lead to the conclusion that “ thorium 
emanation " gives four a-particles. The present experiments 
therefore aimed at an exact determination of— 

l. The relative number of a-particles from each of the four 
products ThEm, ThA, ThC, and ТЬС.. 

2. The "ranges" of the a-particles from the same four 
products. 


2. Arrangement of Apparatus. 


A mixture of air and thorium emanation was drawn through 
a shallow box, AB, 1 mm. іп depth, the back surface being of 
glass and the front of copper. А circular aperture, M, in the 
front surface, of about 1 cm. diameter, was covered with mica 
of thickness equivalent to 1-05 cm. of air. (In some of the 
experiments thicknesses of mica equivalent to 0-6, 1-5 and 
2-5 cm. of air respectively were employed without any appreci- 
able difference in the results.) Diaphragms of various known 
areas could be placed over M, so that the number of particles 
at a greater distance could be obtained approximately equal to 
those at shorter ranges.  Emanation from 2 mg. of meso- 
thorium|| at T was intimately mixed with air entering at C, 
i * '' Proc. Phys. бос.,” pp. 50-61, Dec, 15, 1911. 
*' t Mr. Marsden has since obtained results which prove that ThD comes 
from ТАС, only. He has also proved the existence of the product 'ThC',. 

t“ Le Radium, VHI., р. 365, 1911. 


Very kindly lent by Mr. F. H. Glew, who also supplied the zine sulphide 
screens used. 
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and passed through Ње apparatus at а rate which could be 
varied within wide limits by adjusting the rate of flow of water 
through the Bunser filter pump connected to the rubber tube 
A microscope, sliding along a millimeter scale with vernier, 
had a zine sulphide screen accurately іп focus attached to it, 
and determinations were made of “ ” the number of scintil- 
lations per second observed at various distances “4” of the 
zinc sulphide screen from the mica. The value of “ d?n " was 
then taken as proportional to the number of a-particles at the 
given distance d. 


А special form of apparatus, employed in experiments where 
an electric field was to be applied (see section 1V.) consisted of 
а shallow box about 3 mm. in depth, similar to AB in Fig. 1, 
except that the back surface was of copper, had a brass ter- 
minal attached to it, and was separated from the front by small 
side blocks of ebonite, around which, on the parts of ebonite 
facing the box, two copper wires, ww, were led. The negative 
pole of а battery of about 300 volts was connected to these 
wires (which were out of the direct line from the aperture M 
to the microscope), the positive pole being joined to the brass 
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terminal on the back surface of the box. It was found as in 
Geiger's experiments* on actinium “ emanation " that a con- 
siderable fraction of the a-particles (in accordance with Ruther- 
ford’s observations that the atoms of active deposits are posi- 
tively charged) was attracted to the negatively charged wires 
when thorium emanation was drawn through the apparatus. 


З. Experiments with the Active Dzposit alone. 


The meso-thorium was left in position for periods varying 
from 24 to 72 hours to allow the active deposit to attain approxi- 
mate equilibrium ; it was then removed, and determinations 
made as indicated above. The results obtained were in 
excellent accord with those obtained by Marsden and the 
author,T indicating that 

1. The number of a-particles from ThC, is 1-8 times the 
number from ThC,. 

2. The " ranges " of the a-particles from ThC, and ThC, are 
respectively 4-8 cm. and 8-6 cm., the “ ranges" having been 
corrected for temperature and pressure so as to reduce all 
results to the equivalent values at pressure 76 cm. and tem- 
perature 0°С. 


4. Experiments with Thorium Emanation alone. 


The mixture of air and emanation was drawn through the 
apparatus, any active deposit therein having been first allowed 
to decay. Countings were carried out at different distances 
as before, corrections being made for the growth of ThC, and 
ThC, during the time taken (usually two or three hours) for the 
whole experiment. This was sometimes done by causing the 
current of air to flow in the reverse direction through AB, and 
counting the number of scintillations due to the active deposit 
at various stages; on other occasions one counting only—at 
the end of the experiment—was taken, and the active deposit 
allowed for from a knowledge of the rate of rise of ThC, and 
ТАС, One of the curves thus obtained is given in Fig. 2, and 
indicates that the maximum range of ThEm (+ ThA) is 5-4 cm., 
which agrees well with the range usually given (5-5 cm.) for 
ThEm (Hahn, “ Phil. Mag." 1906). 

It is important to observe in this curve that the “ slope ” 
commences (at В) at an equivalent distance of about 4 cm. 


* “ Phil. Mag.," XXII., р. 201, 1911. 


T Loc. cit. 
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from the mica, while in the case of the active deposit alore it 
commences about 3-8 cm. away. In the latter case the “ range " 
of the product examined is 4-8 cm., so that the curve ід ди stion 
indicates the presence of a-particles of range 5-0 cm. 

Further, at the point C (distance 4-4 cm.) a steeper gradient 
is exhibited, showing that another product is producing an 
effect. From D to E the slope is less, intimating that the 
second product only is responsible. There is no evidence of a 
third or fourth product. т] 

In experiments with the second form of apparatus described 
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in section 2, countings were made at different distances (1) 
without the electric field, (2) with the electric field. Тһе re- 
sults of one of these experiments are given below (Table I). 


TABLE I. 
(1) Range (сш.)...... 35 | 40 |45 |47 |49 | 50 | 52 !55 
(2) dn without tield| 13:26 | 11-86 ,7:32 | 5-55 |296 | 1-79 | L18; 0 
(3) d*n with field ...| 8-67! 7-43 3-52 | 2-62 |1406 | 0-478) ... :... 
(4) ThA deviated ...| 4-59 | 4-43 1380 | 2-93 11-90 | 1-312| _... 
(5) Total ThA ...... 6-63 | 6:41 1548 | 4-24 |274 | 1-00 | 1-18 | 0 
(6) Total ThEm ...| 6-63 | 545 1184 | 1-31 |022 | 0 0 | 0! 


The second and third “rows " were obtained by experiment. 
The numbers in the fourth row, being the difference between 
the values of “ d?n " with and without the electric field, repre- 
sent the number of a-particles deviated from the central aper- 


s J 
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ture by the applied field. Assuming that at the “ range ” 
3-5 em. equal numbers (=> 2) of a-particles from ThEm 


and ТҺА were emitted, it is evident that a fraction 2920. 69 
particles from ThA were drawn away to the negatively charged 
wires. Taking this fraction at all ranges, the numbers given 
in row 5 were obtained for the relative numbers of scintillations 
due to a-particles from ThA. By subtraction of this number 
from the total number of particles at the given range, the 
equivalent number of a-particles from ThEm was obtained 
(row 6). Curves could then be drawn giving the relative num- 
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bers of particles from ThEm and ТҺА at various distances. 
À typical pair of curves M. to the numbers given 
in Table I.) is shown in Fig. 3 

The figure indicates that the maximum range of the a-par- 
ticles from ThEm is 5-0 cm., this being the result foreshadowed 
in the preliminary experiments. Towards the end of the 
range the scintillations are very faint and easily missed, but 
there is no doubt that the curves give the end of the range quite 
well. In this set of experiments it was found that the maxi- 
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mum fraction of the whole number of particles that could be 
attracted to the negatively charged wires was only about 0-35 
even when a field of 700 volts was applied. This is again strong 
evidence that the “ emanation " gives only two sets of a-par- 
ticles, for Geiger* obtained results of the same order of magni- 
tude in the corresponding case for ActEm and ActA, where 
there is no question of more than two products. Further 
evidence on the same point is afforded in the experiments on 
the laws of probability applied to the emission of a-particles 
by Marsden and Barrattt, where excellent accord was obtained 
between theory and experiment on the assumptions (1) that 
only two products (ThEm and ThA) were present and (2) that 
these products gave an equal number of a-particles. 


5. Experiments with Thorium Emanation and Thorium Active 
Deposit in Equibrium. 

The meso-thorium having been left in position with а con- 
stant stream of emanation through the apparatus (the tap was 
connected to a cistern in the roof), until equilibrium was esta- 
blished, countings were carried out as before. The results 
agreed well with the assumptions :— 


If (а) Th Em gives 100 a-particles of range 5-0 cm. 


then (b) ThA „ 100 5 » 5-4 ,, 
(с) ThC, | » 35 » 1» 4-8 ” 
and (d) ТАС, „, 65 - T 8:6 ,, 
А single experiment gave the following results (Table IT.) :— 
TABLE II. 
Range (ст.) 25 37 40 43 45 48 50 52 55 60 65 86 
d^ | абы 6:20 6:05 4:95 4:17 8:76 2:93 1:93 1:80 1:44 1:38 1:35 0 


The curve of Fig. 4 co-ordinates d?n with corrected “ range." 
The part EF of the curve includes the particles of ThC, only, 
and its ordinates are of height 1.35. Тһе part AB measures 
the number of particles from ThEm, ThA, ТАС, and ТАС, and 
the height of its ordinates 1s 6-0. 

Thus No. of particles from ТАС, 67-5 


сне ВЕКИ Ce ee — ——=-— which " 
No.of particles from all four products 300 ee 


62 
well with the fraction obtained ( sx) on the assumption that 


when ThEm and ThA each give 100 particles then ТІС, gives 
35 and ТАС, 65. The shape of the curve also supports the con- 


* Loc. cit. 1 Loc. си, 
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clusion arrived at above, that the “ emanation " contains only 
two products. 

When the logarithms of the ranges obtained in the present 
series of experiments are plotted against the logarithms of the 
corresponding transformation constants, according to the 
method of Geiger and Nuttall,*a straight line is obtained which 
is approximately parallel to those given by them for the radium 
and actinium families, thus affording a further confirmation 
of the accuracy of the determinations. The results also agree 
well witha formula, log A=a- bv", recently given by Swinnef 
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where Л is the transformation constant, а and b are constants, 
v is the initial velocitv of the a-particles, and n has the value 
l or 2. : 
Summary. 
l. The relative numbers of a-particles emitted by ThEm, 
ThA, ThC, and ThC, and their ranges are as follows :— 
ThEm, 100 particles of range 5-0 cm. 


ThA, 100 » » 9:4 ” 
ТАС, 35 9 ” 4-8 » 
ThC, 65 - 8-6 ,, 


The experiments described 1 in the present Paper were carried 
out at East London College and the Wandsworth Technical 
Irstitute, and my thanks are due to the Governors of those 
Institutiors and to Prof. С. Н. Lees for their kindness in placing 
the facilities of the laboratories at my disposal. 


* “ Phil. Mag.," XXII., p. 613, Oct., 1911. 
T “ Phys. Zeit.," Jan. 1, 1912, pp. 14-21. 
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XVIII. A Critical Examination of the Possible Causes of 
Terrestrial Magnetism. By ARTHUR ScuusTeER, F.R.S. 


PRESIDENTIAL ADDRESS, FEBRUARY 9, 1912. 


1. The periodic and regular disturbances of the magnetic 
needle have been studied in various directions during recent 
years, but the origin of the earth’s magnetisation has been left 
to take care of itself, partly, perhaps, because there is little 
chance, at present, to test any theory that might be proposed ; 
but mainly, I believe, because difficulties cease to trouble us 
when we have become familiar with them. 

1 have no theory of terrestrial magnetism to propose, but 
believe that a useful purpose may be served by discussing 
various possibilities and restricting the range of choice. 

To begin with, it is well to be clear as to what it is that we 
want to explain. We know that the earth behaves like a 
magnet with its axis inclined at an angle of about 12 deg. to 
the geographical axis of the earth. Is this near coincidence 
between the two axes merely accidental? If it is, our problem 
is much simplified, because we might then simply draw the 
inference that the iron inside the earth is in а state in which it 
can retain any magnetisation which is imposed upon it; but 
if we consider the coincidence as fundamental, we must face 
the task of finding a reason for it. In а choice which depends 
on & question of probabilities, we must give weight to every 
hint that we receive, such as that furnished by the secular 
variation, which seems to point clearly in favour of a real con- 
nection between the axes of magnetisation and of rotation ; 
for the slow changes of the magnetic elements show that the 
magnetic axis of the earth is not stationary, but has moved 
during the last four centuries in such a way as to suggest a 
fairly regular rotation round the geographical pole. Our in- 
formation is not sufficient to speak with certainty, but the 
arguments brought forward by Dr. Henry Wilde in favour of 
a uniform rotation of one system within the other cannot be 
lightly set aside. I believe, therefore, that I am in agreement 
with the great bulk of scientific opinion if I assume that the 
near approach between the geographical and the magnetic poles 
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is intimately connected with the ultimate cause of terrestria 
magnetism. 

2. The numerical value of the average intensity of the earth's 
magnetism in C.G.S. units is 0:08. I do not know of any 
experiments on the maximum magnetic intensity that can be 
given to а sphere, but it is not likely to be above 100. Accept- 
ing that number, а sphere of iron as large as the earth would 
have а magnetic moment a thousand times stronger than that 
of the actual earth. А comparatively small fraction of the 
earth, stronply magnetised, or a large portion of its mass 
magnetised to the one-thousandth part of full magnetisation, 
would therefore account for the observed magnetic forces. 

This view of the origin of terrestrial magnetism is commonly 
rejected because the iron in our laboratories loses its power of 
magnetisation at a temperature which must exist at very mode- 
rate depths below the surface, even with the most modest 
estimate of the internal temperature of the earth. 

It may be argued, however, on the other side, that the 
enormous pressure to which the iron in the earth is exposed 
тау very well alter its molecular condition, and allow it to 
retain its magnetic properties. То form a rough estimate of 
the possible effects of pressure, we may suppose, for the sake 
of argument, that the critical temperature depends mainly on 
the molecular distance. If a be the coefficient of dilatation at 
the critical temperature and f the resistance to change of 
volume, it will require an increase of pressure В-1др to balance 
an increase of temperature aót, which gives us af for the ratio 
óp/ót. The product af has a value of about 45x 106 at ordi- 
nary temperatures, and if the order of magnitude be the same 
at the critical temperature of iron, a change of pressure of 
100 atmospheres should produce a rise of over 2 deg. in the 
critical temperature of iron. Taking the temperature gradient 
near the surface of the earth as 0-01°C. per foot, and allowing 
for the conductivity of iron, which must be at least 16 times 
greater than that of the average rock, I find that an increase of 
depth, such that the rise іп pressure 18 100 atmospheres, 
would be accompanied by a rise in temperature of only one 
quarter of a degree. The effect of pressure on the critical 
temperature need, therefore, only be the eighth part of the 
estimated amount in order to prevent iron from losing its 
permeability through the internal heat of the earth. Тһе 
assumption on which our estimate has been made is, however, 
quite arbitrary, and experiment only can show to what 


%. | 
CAUSES OF TERRESTRIAL MAGNETISM. 123 


extent—if at all—pressure can raise the critical temperature 
of iron.* 

Such experiments have been in progress under my super- 
vision during the last three years. The pressure furnace in 
which the iron can be heated and tested magnetically was 
designed by Prof. Petavel, and the experiments are being 
carried out by Mr. F. Whaley. The difficulties are very great, 
and the results have hitherto not been very consistent, mainly, 
I believe, because small changes in the iron, due more especi- 
ally to the absorption of gases, seem to have a considerable 
effect. In the first experiments there seemed, indeed, to be a 
rise in the critical temperature of about half the estimated 
amount, but when greater precautions were taken to ensure 
the absorption of gases, pressure seemed to act in the reverse 
direction, and in the later experiments this was consistently 
the case. Now, when we come to apply this result to our pro- 
blem, we must bear in mind that the iron in the earth may not 
be chemically pure, and probably does contain large quantities 
of dissolved gases, and that we may be misled if we experiment. 
only with pure iron and protect its surface against the entry 
of such gases. At present we must keep an open mind as 
regards the effects of pressure, but there seems no reason to 
exclude the possibility that iron inside the earth may be per- 
manently magnetic. 

3. Rejecting—prematurely, in my opinion—an iron core of 
the earth as the cause of terrestrial magnetism, scientific men 
have turned to electric currents inside the earth. But grave 
objections can be raised against the existence of such currents. 
They must either be maintained by permanent E.M.F.s or be 
a survival of an old state of things, and therefore constantly 
diminishing in intensity. Only the latter view can be defended, 
because there is nothing inside the earth except the unequal 
distribution of temperature to supply the energy necessary to 
overcome resistance, and thermoelectric force could not act so 
as to maintain the currents necessary for the purpose. 

The idea that electric currents circulate inside the earth as a 

* [t has been pointed out to me by Dr. S. W. J. Smith that the above 
argument is open to objection, because with iron of different degrees of purity 
& diminishes near the critical temperature, and in some cases becomes even 
negative. This suggests that iron contracts when it changes from the mag- 
netisable to the unmagnetisable state, and this, again, would indicate that 
pressure lowers the critical temperature in accordance with the majority 
of the experimenta. I acknowledge the force of the criticism, which shows 


how much further experiments with pure iron and other magnetisable metals 
are required. 
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survival of an old state of things is, no doubt, attractive, and 
there is indeed some indication that the magnetic moment of 
the earth has diminished during the last century. The rate at 
which currents decay in a conducting sphere has been calcu- 
lated by Prof. H. Lamb, whose results show that if the earth 
as a whole were to conduct as well as copper, it would take 10 
million years to reduce the magnetic intensity in the ratio of 
е:1. A hundred million years ago the earth would have been 
27,000 times stronger in magnetic intensity than it is now, and 
assuming the conductivity to be that of iron, this number 
would have to be multiplied by 10. Considering that the 
crust of the earth has probably been solid during not less than 
500 million years, we can see that these currents must origin- 
ally have had enormous intensities. But even disregarding 
the difficulty presented by the magnitude of the currents, we 
should not find it easy to account for their existence. It 
might be suggested that swarms of electrons, to which magnetic 
storms are often ascribed, might have been circulating round 
the earth with sufficient velocity and in sufficient density to 
establish the magnetic field of the earth. Such a view will not, 
however, bear examination, because it seems impossible to 
account for the energy which at some time or other must have 
been supplied to set the swarm in motion, and also because 
electrostatic repulsions would quickly dissipate any swarms 
which are sufficiently dense to produce appreciable magnetic 
effects. I have discussed this matter in a recent communica- 
tion,* and it need not be further entered into here. To sum 
up: the difficulties of explaining terrestrial magnetism by 
means of electric currents seem to me to be insuperable. 

4. Some reference ought, perhaps, to be made to the view, 
which has recently been revived, that terrestrial magnetism is 
induced in a magnetic core of the earth by outside forces which 
are still acting. This view is untenable, because not more than 
1 per cent. of the observed magnetic forces comes to us from 
outside. A magnetic sphere, placed in a uniform field, would 
increase the primary field at its poles and diminish it at its 
equator, and whatever the permeability, the forces at the 
equator can never be reversed. While at the poles, even an 
infinite permeability could only double the primary field. Less 
than one-hundredth part of the earth’s magnetism can, there- 
fore. be ascribed to this cause. 


* Proc. Roy. Soc., Vol. 85, p. 48. 
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5. All theories which are based on magnetic matter inside 
the earth share in the weakness that additional assumptions 
have to be made in order to account for the near coincidence 
of the magnetic and geographical axes. This difficulty is, no 
doubt, not felt so strongly in the case of the hypothetical 
swarm of electrons, which may reasonably be supposed to 
circulate in the equatorial plane, and it is probably this 
advantage which has brought the theory into favour. 

Whatever view we adopt, we cannot escape introducing 
some new phenomenon for which there is at present no experi- 
mental evidence, and we are justified, therefore, if we go a little 
further afield, and ask whether there may not be a definite 
connection between the rotation of the earth and its magne- 
tisation. Without laying claim to any originality for an idea 
which has probably occurred to many, I am not aware of any 
published statement of the question prior to a lecture I gave 
at the Royal Institution in 1891, on eclipse observations. “‘ The 
form of the corona,” I remarked at the end of the lecture, 
“© suggests a further hypothesis, which, extravagant as it may 
appear at present, may yet prove to be true. Is the sun a 
magnet? We know that a body at such a high temperature 
cannot be magnetisable, but may not a revolving body act like 
а magnet, and may not the earth’s magnetisation be similarly 
due to its revolution about its axis? It can be shown that, 
although a revolving body may act like a magnet sufficiently 
to account for terrestrial magnetism, our instrumental ap- 
pliances would. yet be quite insufficient to allow us to detect 
the phenomenon in bodies веб into rotation artificially on the 
surface of the earth, so that there is no a prior? reason against 
_ the hypothesis.” In the following year I returned to the sub- 
ject in my presidential address before Section A of the British 
Association, putting again the question: 4 Is every large 
rotating mass a magnet ? " | 

Towards the end of the same year, Lord Kelvin discussed 
magnetic relationships between the sun and the earth in а 
presidential address to the Royal Society, in which the fol- 
lowing passage occurs : “ Considering probabilities ала possi- 
bilities as to the history of the earth from its beginning to the 
present time, I find it unimaginable but that terrestrial mag- 
netism is due to the greatness and the rotatioif of the earth.” 
6. In what way may a body become a magnet merely by 
virtue of its rotation? There are at least two ways. А rotat- 
ing molecule may be a magnetic doublet, or a moving mole- 
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cule may behave as if it carried an electric charge. If rotation 
is the determining cause, we may either suppose that a definite 
magnetisation is connected with a definite angular velocity or 
we may imagine that rotation merely sets up a magnetising 
force which may or may not produce a magnetic field according 
to the, nature of the body. Let us separately examine those 
alternatives, and begin with the supposition that rotation and 
magnetisation are connected directly. 

Consider two spherical bodies (Fig. 1), and compare the 
magnetic effects of two similar elements in corresponding 
positions P and y, at corresponding points Q and 4. The mag- 
netisation being equal, the magnetic moments of Р and р аге 


Q 


Еа. 1. 


proportional to the volumes and therefore to the cubes of the 
linear dimensions. Аз the effects at Q and q due to elements 
having equal moments are inversely proportional to the cubes 
of the distances, equal magnetic intensities of the spheres 
will cause equal magnetic forces at corresponding points. If, 
therefore, the magnetic intensity were determined solely by 
the angular velocity, the magnetic forces at the surface of each 
sphere would be the same for the same angular velocity, no 
matter what the size of the sphere might be. Magnetic forces 
equal to those of the earth could therefore be obtained in our 
laboratories at the surface of any body that turned round once 
іп 24 hours, and if the effect be proportional to the angular 
velocities, 10 rotations per second would set up a magnetic 
field greater than any it is at present in our power to produce. 
We may therefore dismiss the direct correlation of angular 
velocity and magnetic force as an explanation of terrestrial 
magnetism. 
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7. The alternative hypothesis, that a moving molecule 
carries a magnetic field with it, as if it were electrically charged, 
demands a closer examination. The method of dimensions 
may again be applied to tell us whether appreciable effects 
might be expected in laboratory experiments if terrestrial 
magnetism were due to such a cause. The magnetic effect of 
current elements at P and p would still be proportional to the 
volumes, but, in distinction from the previous case, they would, 
at corresponding points, ©) and ф, vary inversely as the squares 
of the distances. To give equal effects, the linear velocities at 
corresponding points would have to be inversely proportional 
to the linear dimensions of the system. It follows that the 
magnetic effects of rotating spheres at corresponding points 
would be proportional to wr’, if r be the radius of the sphere 
and о the angular velocity. The linear velocity at a point of 
the earth’s equator is 46,510. Taking a sphere of 10 ст. 
circumference, and a rotational frequency of 1,000, an equa- 
torial velocity of 10,000 might. possibly be produced, but would 
probably exceed the limits of safety. Under these experimental 
conditions, the magnetic forces at the surface would be smaller 
than the earth’s force in the ratio of 3x 10? to 1. As we cannot 
detect so minute a magnetic force, there is no prospect of 
verifying our hypothesis by experiment. | 

If magnetisation and rotation go together, the sun and the 
planets would all be magnetic, and in the case of the sun we 
have some reason to believe that this is so. The intensity can 
be calculated from that of the earth, if we know the manner in 
which it depends on the dimensions of the system, and accord- 
ing to our present supposition it should be proportional to the 
product of the maximum linear velocity and the radius. The 
linear velocity at the sun’s equator and the radius of the sun 
being respectively 4-3 and 102 times greater than the corres- 
ponding values for the earth, the magnetic intensity of the sun 
should be about 440 times greater than that of the earth. 1% 
is likely that our experimental methods will soon be able to 
allow us to detect the Zeeman effects produced by a field of 
this strength. So far our hypothesis has not involved us in 
any difficulties; these begin when we come to examine the 
effects of the earth’s motion through space. 

8. Independently of any application to cosmical physics, 
it is interesting to discuss the magnetic effects of a rotating 
electrified sphere. The problem is simple enough when the 
exploring magnet is at rest, but complications arise when its 
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points of support are fixed to the sphere. 1% may easily be 
shown that a sphere charged with a quantity of electricity, Е, 
and rotating with angular velocity «» produces a magnetic 
potential which at а point of its surface, having a polar dis- 
tance 0, is 1Ео cos 0 or 4Eo cos 0, according as the charge is 
distributed uniformly through the volume or over the surface. 
The potential here considered is that which can be explored by 
& stationary magnet, but special treatment is required when 
the forces are referred to a system moving with the sphere. 
According to our present knowledge, а translatory velocity of 
the sphere would produce à magnetic field which would cease 
to be noticeable to an observer moving with the sphere. There 
must, therefore, be а compensating effect neutralising the 
primary one when the supports of the exploring magnet are 
fixed to the sphere. This compensating effect, which is com- 
plete when the sphere has only a translatory velocity, must also 
be taken into account when the sphere rotates. А closer 
examination of this point, to be given later, shows that, in 
order to get rid of the effects of translation, the magnetic field 
due to a rotating body has to be modified in such a manner 
that it no longer agrees with the observed facts. Тһе theory, 
though not absolutely killed by this objection, can only тесі 
it if 16 13 altered so materially that it takes a different 
form altogether. For the present, therefore, we may dismiss 
it. 

9. Let us return to the discussion of the first alternative, 
but instead of assuming that rotation causes magnetisation 
independently of the nature of the body which rotates, let us 
suppose that it only sets up а magnetic force, which may or 
тау not produce an appreciable magnetisation according to 
the nature of the body. We now get rid of the objection which 
was fatal to the theory in its original form, on the ground of the 
excessive magnitude of the magnetic effects whenever a body 
rotates even with a small angular velocity, because the mate- 
rial now has to be taken into consideration. On the other 
hand, we lose something, because the burden of terrestrial 
magnetism would again fall on iron, and the old difficulty 
depending on the temperature of the interior of the earth would 
reappear. Further, as the iron of our laboratories does not, 
when set into rotation, become magnetised to the same degree 
as the earth, we should be driven to assume а peculiar state 
inside the earth іп which iron or some other metal has pro- 
perties which we cannot reproduce in our laboratories. 
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Nevertheless, the magnetising effects of rotation deserve a 
more thorough examination both theoretically and ехрегі- 
mentally, because the difficulty only concerns the magnitude 
of the observed effect. It is, on the contrary, quite in accor- 
dance with our present views that every rotating body should 
be subject to a magnetising force along the axis of any rotation 
that may be impressed upon it. If magnetisation be due to a 
circulation of electrons within the molecules, these should to 
some extent behave ПКе gyrostatic compasses, setting them- 
selves parallel to the axis of rotation of the body which con- 
tainsthem. Further properties of molecular constitution have, 
however, to be specified before we can say whether any actual 
magnetisation results. If the electron is free, the main result, 
I believe, would be only a magnetic precession round the axis 
of rotation, and in this we may find a powerful argument, 
because the same cause which gives us the magnetic force also 
gives us the secular variation. Eleven vears ago, I showed in 
a Paper read before this Society, that if terrestrial magnetism 
were due to electric currents in the earth, a magnetic preces- 
sion agreeing with the secular variation would result, but that 
the period of rotation of the magnetic axis round the geogra- 
phical pole would be far too great to serve us in accounting for 
the secular variation. The length of the period depends on 
the size of the sphere, or rather on the thickness of the shell 
within which the electric currents are supposed to be circu- 
lating, and I pointed out that, in order to reduce the period to 
500 years, the thickness of the shell would have to be reduced 
to molecular dimensions. Towards the end of the Paper, the 
following passage occurs: “ The fact that a current shect of 
molecular dimensions would show a magnetic precession of 
angular velocity comparable with that of the secular variation 
suggests the possibility of the phenomena being rather of a 
molecular than a molar character. If terrestrial magnetism 
is due to the rotation of the electron round the atom, a pre- 
cession of the required amount might be produced. But the 
subject is not capable of theoretical treatment without making 
some assumption of too speculative a character to be intro- 
duced here." | 

10. To complete, so far as 1s possible at present, the discussion 
of the secular variation, I may refer to а Paper in the first 
number of “ Terrestrial Magnetism,” in which I showed that a 
Sphere, rotating in а conducting medium at rest, and magne- 
tised along an axis inclined to the axis of rotation, induces 
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currents іп the medium, the magnetic forces of which tend 
to turn the magnetic axis in accordance with the secular 
variation. 

There is a further effect tending to destroy any component 
of magnetisation at right angles to the axis of rotation, so that 
whatever the position of the magnetic axis might have been 
to begin with, it will tend more and more towards the geo- 
graphical axis. The latter effect increases with the conduc- 
tivity of the outer medium, but the couple which tends to 
displace the magnetic axis vanishes when the conductivity is 
infinitely great, and in the case of the earth would be practic- 
ally zero, with a conductivity of 10:5 C.G.S. Тһе maximum 
rotational effect takes place with a conductivity of 2-4x 10-7, 
and this is about the same order of magnitude as the conduc- 
tivity I obtained for the higher regions of the atmosphere from 
a discussion of the Diurnal Variation of Terrestrial Magnetism. 
It is, however, much greater than that of atmospheric air near 
the soil, which is of the order 10-2. The magnetic force due 
to any induced currents in space, if appreciable, should, of 
course, be observable, but they have to be disentangled from 
the primary forces of the earth. This demands а more accurate 
survey of the earth as а whole than we possess at present, and 
we look forward to the magnetic survev of the “ Carnegie ” for 
the required data. So far as our present observations go, the 
calculations of Prof. Ad. Schmidt do not lend support to the 
existence of appreciable currents induced in the manner con- 
templated in this paragraph. А partial agreement might be 
obtained if the medium in which the currents are induced 
circulated round the earth with a greater angular velocity than 
that body, but even then the observed difference of phase re- 
mains irreconcilable. It must further be understood that my 
calculation was based on the permanent state to which the 
svstem tends when the sphere is kept rotating ; 1t would have 
to be modified if, owing to the translatory velocity, there were 
a relative motion between the earth and the matter in space in 
which the currents are induced. 

11. Briefly reviewing the arguments, we may assert that little 
can be said in favour of the hypothesis which ascribes the 
origin of terrestrial magnetism to electrical currents inside the 
earth. It fails to account for the existence and maintenance 
of these currents, and also for the changes which are indicated 
by the secular variation. If we base our theories on magnetic 
iron, we must reconcile the high temperature of the interior of 
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the earth with the maintenance of the magnetic properties of 
iron. This difficulty might be removed if we could show that 
pressure raises the critical temperature, but experiments have 
not hitherto led to decisive results. The relationship between 
the magnetic and geographical axes and the secular variation 
might be explained if the earth were surrounded by a region 
which conducts electricity and does not take part in the earth’s 
rotation, while it follows the earth in its motion through space, 
but the observed magnetic effects, so far as they depend on 
magnetic forces having their centres outside the earth, do not 
agree with those to be expected from currents induced in a 
medium at rest by the earth’s rotation. At present this 
evidence is not conclusive on account of the uncertainty of the 
observations. If neither"hypothesis agree with the fact, we 
must look for some novel and independent cause, such as 
possible effects of rotation in directing the magnetic axes of 
molecules. But rotation alone cannot determine magnetic 
intensity, because, if it did, the effects of rotating bodies would 
be too great to have escaped detection hitherto. An alterna- 
tive hypothesis, that a moving molecule behaves magnetically, 
as if it carried a charge, gets us into difficulties when we take 
account of the translatory motion of bodies through space. 
There remains the possibility that rotation sets up а m^gne- 
tising force which acts differently on different substances. The 
analogy with the gvrostatic compass presents itself, and the 
natural manner in which the secular variation would be ex- 
plained according to this theory should count in its favour. 

As regards further experiments and observations, I should 
place as the most important those intended to bring out—if it 
exists—a magnetic effect of rapidly rotating bodies. Such 
experiments are at present in progress in the Physical Labora- 
tories of the University of Manchester. The further investi- 
gation of the effects of pressure on the temperature at which 
iron loses its magnetic properties may—it is hoped—define the 
conditions under which magnetic iron can exist in the interior 
of the earth. Аз regards observation, it would be most helpful 
if it could be definitely settled whether the sun 1s à magnet, and 
if so, what is its magnetic moment. Тһе evidence at present 
rests entirely on the form of certain rays of the corona, which— 
assuming that they indicate the path of projecting particles— 
seem to be deflected as they would be in a magnetic field, but 
this evidence is not at all decisive. 

12. I have referred to the possibility that а neutral molecule 
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moving through space might carry a magnetic field with it, as 
if it were charged electrically, and, assuming this to be the case, 
it was easy to calculate the magnetic forces due to a rotating 
body. The hypothesis was set aside owing to the absence of 
any effects which could be referred to the translatory motion 
of the earth through space. Now, an electrically charged 
sphere would not act on a magnet carried with the sphere, so 
long as there is only translation, and it remains to be shown 
whether the compensating action which takes place in this case 
might also do so in the other, without materially interfering 
with the observed effects of rotation. Assuming that no 
electrodynamic action can exist between an electric charge 
and a magnetic pole, so long as there is no relative motion the 
observable forces cannot be changed by giving the whole 
svstem a uniform motion in any direction. Let us, therefore, 
take a sphere charged with a quantity of electricity, E, distri- 
buted uniformly throughout its volume, and calculate the 
force acting on unit pole placed on its surface, the observer 
moving with the sphere. Endow the whole system with a 
velocity equal and opposite to that of the point at which the 
magnetic effect is required. This will reduce the point of 
observation torest. If that point lies at an angular distance, б, 
from the pole, the velocity required is aw sin 0 parallel to the 
circle of latitude. The magnetic force due to a uniform trans- 
lation is connected with the electric force by a simple relation,* 
which, when applied to the present case, becomes Ew sin 0/a, 
acting along а meridian from south to north, if the product 
Ew із positive. If the point of observation is at a distance, 7, 
greater than а, the force is Ew sin 0/7, so that, outside the 
sphere, the magnetic force due to the translation is subject 
to a potential, Ес cos 6. The rotation of the sphere sets up а 
potential, Ewa? cos 0/5r?, giving at the surface a horizontal 
force towards the south equal to Ео sin0/5a. The total 
southerly horizontal force is, therefore — 4E o sin 0/5а, and 
the vertical force downwards is —2Е o cos 0/5a. И the sphere 
be charged negatively and rotate in the positive direction, the 
north end will point southward and downwards, if charged 
positively it will point northward and upwards, and it could 
never be made to agree with the lines of force observed on the 
earth. By applying Gauss's theory to the results of his experi- 
ments, an observer placed on an electrically charged and rotat- 


* Proc. Roy. Soc., Vol. 85, p. 48. 
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ing sphere would come to entirely erroneous conclusions. If 
he were to assume а magnetic potential made up of the sum of 
two terms, one proceeding by positive and the other bv nega- 
tive powers of r, the magnetic forces observed at the surface 


Е 2 ра? Dr 
would agree with the potential — a : "ENS )Eo cos 0, and 


he would conclude that the part of the potential which vanishes 
at the centre, and which is commonly ascribed to outer causes, 
Is five times as large as that part which is zero at infinity. But, 
if the same observer could pursue his observations at such 
distances from the earth's centre as would allow him to dis- 
tinguish between r and a, he would find that he would have to 
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correct his results, and write for the potential RI ~ 5)Е w COS б, 


From this he would draw the further erroneous conclusion that 
' the space outside the earth contains magnetic matter having 
a volume density, Ew cos 0 277. 

13. Some of the difficulties encountered in the previous 
paragraphs would disappear if we were free to assume a sepa- 
ration of electricities in the interior of the earth, an outer shell 
and an inner core containing volume electrifications of opposite 
kinds. We might consider, for instance, how, owing to centri- 
fugal force, the free negative electrons within the earth would 
be driven towards the equator. Тһе resulting magnetic forces 
іп this case would not, however, be of the kind required to 
explain terrestrial magnetism, because, in order that the earth 
should be equivalent to à homogeneously magnetised sphere, 
the volume density must be constant within each concentric 
shell. The question raises very delicate considerations, which 
deserve attention. How does gravity affect the negative 
electron or the positive charge ? Іп the discussions of the 
paths of electrons projected from the sun or drawn towards the 
earth by magnetic force, gravitv has hitherto been left out of 
account altogether. "Whether the results obtained are affected 
by the omission it is difficult to say, but the problem must be 
faced before any real progress can be made in questions con- 
cerning the electric economy of the earth. Lorentz’s theory 
of gravitation seems well adapted to serve as basis of discussion, 
especially if we put it into a somewhat more general form. 
Assuming that the attraction between а negative and a posi- 
tive unit of electricity 1s stronger than the repulsion between 
two units of the same sign, gravitation might be explained if 
the excess of attraction were about 0-36x 1079 the attrac- 
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tions and repulsion measured separately being unity.* What 
strikes us most is the extraordinary precision to which different 
electrons must be adjusted in order that so small a fraction of 
their electric force should yield a force possessing the constancy 
of gravitation. Now, if such small quantities are of importance 
other questions arise. Assuming that molecules are made up 
of definite positive and negative electric charges, we are at 
liberty to define a quantity of electricity by the number of 
elementary charges it contains. But would such a definition 
be identical with the usual definition of equal forces at equal 
distances ? In other words, would a certain number of charges 
when placed at unit distance from an equal number of similar 
charges repel each other with equal forces, whether the charges 
were positive or negative ? This would no doubt be the case 
to a high degree of accuracy, but we may hesitate to assert that 
equality holds down to the 1073%һ part of the whole. In order 
to leave the question open, assume the repulsion between two 
negative elementary charges to be 1 — a and that between two 
positive charges 1 — В, while the attraction between an elemen- 
tary negative and positive charge isunity. If a molecule con- 
tains » negative and n positive charges, a body containing М 
molecules will exert an attraction expressed by anN on a nega- 
tive and an attraction nN on a positive charge. The attrac- 
tion on а neutral molecule, which we should interpret as 
gravitational attraction, would be Nn?(a+ 8). In Lorentz’s 
original theory а= В, and gravitation would be equally divided 
between positive and negative charges. It is to be noticed 
that the proportionality between mass and gravitation is here 
abandoned so far as the elementary constituents of matter are 
concerned, because negative electrons would be acted on gravi- 
tationally far more than their mass would lead us to expect. 
If we wish to preserve the relationship between mass and 
gravity, we should have to give to a a considerably greater 
value than to В. Іп our ignorance of these matters it may be 
well to leave the question open, and even to admit the possi- 
bility that one of the quantities 18 negative, which would mean 

* Take two neutral molecules of hydrogen and let the charge of each kind 
оп each of them bee. If ce? be the repulsion at unit distance between charges 
of the same kind and (1--а)с 2 the attraction between charges of opposite 
kinds (c is the velocity of light). the residual attraction which we should in- 
terpret as gravitation is 2ac?c?. If m be the mass of a molecule of hydrogen, 
this attraction must be equal to ym?, where y=6:5x 10-8. Тһе value of а is 
therefore ym?/2c?e? or, substituting numerical values 0-36 x 10-38 х т? /е?. Тһе 


«smallest possible value of e is that appearing in the electrolysis of water, and 
we therefore get the largest allowable value for a by substituting 10* for m/e. 
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а gravitational repulsion on one of the units of electricity. 
When a and В are unequal, a large mass containing an equal 
quantity of elementary charges of both kinds would attract 
one kind more than the other. It would, in fact, appear to act 
as a solidly electrified body. At first it might seem that the 
apparent negative charge of the earth confirms this view, but 
surrounded as it is by a conducting medium, there can be no 
electrostatic force outside, which means that a charge would 
accumulate on the surface neutralising exactly the effects of 
the inner mass. Intricate questions arise, however, when we 
ask ourselves whether, owing to a difference in gravitational 
force, the different layers of the interior of the earth would not, 
in course of time, assume volume charges which would vary 
from the centre towards the surface. Magnetic forces might 
result in this manner, but the whole subject is too obscure at 
present to allow of any definite theory being formed. In con- 
clusion, we shall do well to remember that though it seems 
necessary to bring in some new cause to explain the facts of 
terrestrial magnetism, any theory which bases it directly on 
rotation will have to explain why the magnetic axis does not 
coincide accurately with the geographical axis. A want of 
homogeneity or of symmetry in the internal constitution of the 
earth might account for the displacement if it were permanent, 
but the secular variation shows that this is not the case. If 
we could imagine the earth's axis of rotation to have shifted 
in course of time, the present state may be partly due to a sur- 
vival and partly to а progressive readjustment which would 
tend to bring the two axes into а coincidence through a path 
which is spiral, owing to a precessional effect. 


ABSTRACT. 


In forming any theory of the cause of terrestrial magnetism, the 
first question that arises is whether we are to consider the near coin- 
cidence of the geographical with the magnetic axis as accidental or 
significant. "The secular variation argues for the second alternative, 
. and scientific opinion has always favoured the view that there is a 
definite reason for the close approach of the magnetic to the geo- 
graphical pole. 

The view that iron is responsible for the observed magnetic field 
has generally been put aside, because iron loses its magnetisation 
at temperatures lower than those which all are agreed must hold at 
moderate depths below the surface. But the objection raised on 
this ground disregards the possibility that the critical temperature of 
iron may be raised by pressure. It may be shown that if that tem- 
perature depends on molecular distance, and the ratio of compres- 


136 PROF. A. SCHUSTER ON 


sibility to thermal dilatation is assumed to be independent of 
pressure, the rate of increase of temperature with the depth is less 
than the rate of increase of the critical temperature, so that iron 
would retain its magnetic properties. Experiments on the effects 
of pressure on the critical tempereture of iron have been in progress 
during the last four years, but have not hitherto led to a decisive 
result. For the present we must, therefore, keep our minds open 
to the possibility that the iron contained in the earth is magnetisable. 

The alternative opinion that electric currents circulating inside 
the earth are the cause of electric currents is next examined. Though 
this view seems to be favoured by scientific opinion, it has to over- 
come formidable difficulties before it con be accepted. Are the 
electric currents permanent, or are they only survivals of г former 
state of things which is dying out ? If permanent, we must account 
for the electromotive forces, and we know of no such forces which 
could act in the manner required. If the electric currents are sur- 
vivals, their intensity when the earth crust first formed must have 
been at least 1012 times as strong as it is now, and the difficulty of 
accounting for their original production would be correspondingly 
increased. In the opinion of the author, the difficulties which stand 
in the way of basing terrestrial magnetism on electric currents inside 
the earth are insurmountable. 

The question whether the rotation of the earth may be responsible 
for its magnetic field is next examined, and different possibilities are 
considered. If the rotation of a sphere independently of the chem- 
ical nature of the substance were to produce a magnetic field, it із 
shown by the theory of dimensions that the field at the surface of the 
sphere would be proportional to the angular velocity and indepen- 
dent of its size. Тһе effect of rotating bodies set into rotation in our 
laboratories would give, therefore. magnetic forces equal to those of 
the earth with one rotation per day, and with angular velocities of 
the order of one per second the effects would be so large that they 
could not have escaped detection. 

А second supposition, that а neutra! molecule in its motion 
behaves as if it carried a charge, leads to the result that if terrestrial 
magnetism be due to such a cause, the effects to be expected in any 
laboratory experiment that we could propose are far too small to be 
detected. But the theory is finally negatived by the additional con- 
ditions which must be imposed to destroy the effects of translation 
independently of rotation. А distinction must here be made between 
possible magnetic effects of а rotatory body on а magnet which is at 
rest and on one the supports of which are fixed to the rotating body. 
Returning to the effects of rotation, the possibility is considered that 
rotation instead of directly determining magnetic intensity, deter- 
mines magnetic force which шау or may not cause magnetisation 
according to the nature of the body. This view deserves attention, 
because there is some theoretical foundation for it, inasmuch as 
molecules may be considered to behave in a manner analogous to that 
of a gyrostatic compass. Тһе theory would also explain in а natural 
manner the secular variation by а precessional motion of à magnetic 
molecule. On the other hand, the theory would have to explain 
why the iron inside the earth becomes—by rotation—more strongly 
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magnetised than the iron in our laboratories. There is, of course, 
always the possibility of some substance being subject to the effects 
of rotation in a much higher degree than iron. Such questions can 
only be settled by experiments which are now in progress. Other 
theories of the secular variation are considered. 

In conclusion, the question is raised whether the negative electron 
is subject to gravitation, and if so, whether in comparing the weight 
of a negative electron with that of the unit positive charge, we must 
consider the proportionality between gravitation and mass to hold. 
In Lorentz’ theory of gravitation this is abandoned. It is pointed 
out how fundamental questions have a bearing on the problem of 
terrestrial magnetism. | 
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XIX. Krypton and the Auroral Spectrum. By Т. W. PAGE, 
А.В.С.8., B.Sc. 


RECEIVED NOVEMBER 14, 1911. 


Іт has been pointed out by Runge (4 Astrophysical Journal,” 
Vol. XVIII.) and further by Вах (“ Astrophysical Journal,” 
Vol. XIX.) that there exists a notable correspondence between 
the spectrum of the aurora and that of krypton. 

The most important coincidence is that of the green auroral . 
line 4=5570 (Sykora) with the green krypton line 4=5570-5 
(Baly), and it has been suggested that the aurora is due to 
some electrical discharge in the upper atmosphere in the 
carrying of which krypton is directly concerned. 

Even if this identity were established, the absence of the 
yellow krypton line A=5871-12 would demand an explanation. 
If under any kind of electrical discharge the yellow line were 
absent from the spectrum of krypton, or if its intensity 
compared with that of the green line were materially reduced, it 
would be possible to ascribe the auroral line to krypton with 
greater confidence. 

The experiments here described were undertaken at the 
suggestion of Prof. Hon. R. J. Strutt, and were performed under 
his direction, with a view to finding if, under any circum- 
stances, a spectrum of krypton could be obtained in which 
the intensity of the yellow line was less than that of the green 
line to any marked extent. The first type of discharge was 
the ring discharge, and the second the canal rays in krypton. 
The apparatus used 1з shown in the accompanying diagram. 

The gas used in the first instance was obtained from liquid 
air residues. It was sparked over mercury with excess of 
oxygen in presence of KOH, and the excess of oxygen was 
removed by means of phosphorus. Тһе resulting gas was rich 
in krypton. It was introduced into the apparatus at Н, and 
was confined in the tube A, the last traces of nitrogen being 
removed by means of a discharge between electrodes (B), 
consisting of an alloy of potassium and sodium. 

The green and yellow lines of mercury were usually present, 
especially in the light from the wider portions of the tube, but 
bv keeping the tap T, closed, and passing the discharge for some 
time, the lines became less intense and eventually quite faint. 

The tube А was surrounded. with a coil of wire, C, of about 
eight turns, which was connected with the outer coatings of two 
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appeared equal in intensity. The canal rays were obtained 
in the tube L. The electrode Е consisted of a perforated 
aluminium disc which fitted the tube tightly. The perforations 
consisted of parallel slits about 1 millimetre in width, and 
about the same distance apart. It was supported by means of 
a glass tube, N, down which passed a connecting wire, the 
portion near the disc being of aluminium, and that which 
was brought out of the glass at K being of platinum. The 
second electrode consisted of a single platinum wire, F. 

The tube L was also provided with a pair of K-Na electrodes, 
M, as shown in the side view of the tube. These were used for 
purifying the gas. By making F the anode and E the cathode 
the canal rays were obtained, the pressure being suitably 
reduced by surrounding the tube D, containing charcoal, with 
liquid air. At first, owing to the presence of argon in the gas, 
and also to the fact that at the low pressure required hydrogen 
was emitted by the aluminium electrode, the spectrum obtained 
was unsatisfactory . The former difficulty was overcome through 
the kindness of Sir William Ramsay, who generously gave a 
small quantity of practically pure krypton. 

Using this gas, the spectrum of krypton was clearly visible, 
though accompanied by the spectra of hydrogen and mercury, 
and the green and yellow krypton lines were both present, and, 
as far as could be judged, were about equal in intensity. 

At the low pressure required the luminosity was very small, 
and the spectrum was observed by directing the spectroscope 
vertically downwards, above the discharge tube. 

The result of these experiments does not decide definitely 
for or against the identification of the krypton and auroral 
spectra, such identification resting chiefly upon the agreement 
in wave length between the green lines mentioned. The 
agreement between the faint lines of the aurora spectrum and 
others іп the krypton spectrum would carry little weight 
were it not for the agreement between the green lines. The 
present experiments show that the yellow line of krypton 
persists in about the same intensity as the green one under 
widely varied conditions of stimulation. 
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XX. A Balance Method for Comparison of Quantities of 
Radium and Some of из Applications. By Prof. Е. 
RUTHERFORD, F.R.S., and J. Снармиск, B.Sc., Univer- 
sity of Manchester. 


RECEIVED FEBRUARY 21, 1912. READ FEBRUARY 23, 1912. 


ÍN many radio-active measurements it is now of great impor- 
tance to determine with accuracy the quantities of radium or of 
radium emanation employed in various investigations. The 
International Committee appointed by the Congress of Radio- 
logy at Brussels, in 1910, have now in preparation an Inter- 
national Radium Standard, which will contain a known weight 
of pure radium salt. All quantities of radium will ultimately 
be expressed in terms of this International Standard. It is 
consequently of great importance to develop reliable methods 
of comparing quantities of radium accurately in terms of the 
primary standard. The most suitable method for this purpose 
is to compare the y-ray activities of the two specimens. If the 
radium is enclosed in a sealed tube, the y-ray activity reaches a 
practical maximum after two months, and the intensity of the 
penetrating y-rays which are emitted serves as a definite 
measure of the quantity of radium present. The greater part 
of the y-rays are emitted not by radium itself but by radium C, 
and recent investigations by Moseley and Makower * have 
shown that under ordinary conditions about 11-5 per cent. of 
the total y-ray activity of radium is to be ascribed to radium B. 
The у-гауз from the latter аге on the average much less 
penetrating than those from radium C, and are completely 
absorbed by a lead screen 2 cm. thick. 

In making a comparison, it is essential to know that the 
radium compound contains only radium and its products and 
no meso-thorium or radio-thorium. Both the latter sub- 
stances emit y-rays of about the same penetrating power as 
those given out by radium, and without a special examination 
it is difficult to tell whether the thorium products are absent. 
Since meso-thorium and radium are always separated together, 
and are chemically closely allied, it is impossible to isolate pure 
radium compounds from minerals containing both uranium and 
thorium. Fortunately the uraninite deposits at Jochimstahl 
contain only a trace of thorium, so that the radium separated 


* Moseley and Makower, * Phil. Mag.,” January, 1912. 
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from this ore can be obtained practically free from meso- 
thorium. 

The y-ray activity of radium preparations has been usually 
compared by electroscopic methods. The electro:cope is 
either composed of lead plate about 3 mm. thick or is com- 
pletely surrounded by a lead cover of this thickness. Under 
such conditions the primary f-rays are completely stopped by 
the lead and the ionisation in the electroscope is due to the 
more penetrating у-гауз and to the f-radiation to which they 
giverise. Therate of movement of the gold leaf of the electro- 
scope between two fixed points of the scale of the observing 
microscope is taken as proportional to the intensity of the 
y-radiation. With a well-constructed electroscope it is pos- 
sible to compare approximately equal quantities of radium 
with a probable error of not more than 4 to 1 per cent. If, 


хх 


Бі. 1. 


however, the quantities of radium differ largely іп amount— 
for example, in the ratio of 10 to 1—the ionisation currents in 
the electroscope for a given distance of the radium from the 
electroscope differ in this ratio, and the comparison cannot be 
made with the same accuracy as in the case of nearly equal 
quantities. The accuracy of the method obviously depends 
upon the certainty of complete saturation of the ionisation in 
the electroscope in the two cases. Unless a special investigation 
be made to determine the variation of current with voltage 
under the experimental conditions it is difficult to be certain 
that saturation has been reached. Any method of com- 
parison of the intensity of the y-rays from two preparations by 
the direct measurement of the ionisation they produce is subject 
to the same limitations. 

In order to avoid this difficulty the writers have developed a 
balance method for accurately comparing quantities of radium 
by their y-ray effects. The general principle of the method is 
clearly seen from Fig. 1. Тһе y-rays from the radium prepara- 
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tion at R enter the ionisation chamber A. The saturation 
ionisation current in A is balanced against an equal but oppo- 
site ionisation current due to a standard preparation of uranium 
oxide in the vessel B. The accuracy of the balance is tested by 
a Dolezalek electrometer. In practice, the ionisation current 
due to B is kept fixed, and the standard radium preparation is 
moved until a balance із obtained. The standard is then 
removed to a distance, and a balance is again obtained for the 
second preparation. Since the intensity of the y-rays from a 
point source of radium fall off nearly inversely proportional to 
the square of the distance, the relative y-ray activity can be 
deduced from the distances of the radium from the vessel A in 
the two cases. 

The construction of the ionisation chamber is shown in 
Fig. 2a. It consists of a lead cylinder 2 cm. thick 10 cm. long 


To Electrometer 
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and 15cm. internal diameter. One end of the cylinder is 
closed by a lead plate 2 cm. thick, the other, where the y-rays 
enter, by a lead plate whose thickness can be varied between 
1 mm. and 2 em. of lead. Тһе plate ordinarily employed is of 
thickness 1 cm. Тһе interior electrode consists of а circular 
aluminium plate 1 mm. thick and 12 cm. diameter. This is 
insulated from the cylinder by а sulphur stopper, provided 
with а guard ring in the usual manner. 

The construction of the uranium vessel B is shown in 
Fig. 28. It consists essentially of а brass cylinder 4 ст. high 
and 4 cm. diameter. Оп the bottom is placed а metal plate, 
P, which is covered with a uniform film of uranium oxide 


prepared by McCoy’s method. Above the plate is an iris 
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diaphragm of the type used in microscopes. The aperture of the 
diaphragm could be varied by means of an attachment between 
0-5 сп. to 3cm. By this means the ionisation in В can be 
varied over a considerable range. The base of the vessel is 
screwed on to an ebonite block which is fastened to a lead plate 
lcm. thick. The vessel is protected from external y-rays by 
surrounding it by a lead cylinder 6 cm. high and 3 cm. thick. 
The interior electrode E is a circular copper plate insulated by a 
sulphur stopper provided witha guard ring. The electrode in 
A (Fig. 1) is connected with the electrometer by a wire passing 
through a thick lead tube, T, exhausted by means of a water 
pump to a pressure of about 2 cm. Іп this way the ionisation 
of the air surrounding the wire due to an external source of 
у-таув was made very small А was kept charged to — 120 
volts and B to --200 volts. The electrometer needle was 
charged through а phosphor bronze suspension to 200 volts. 
The radium preparation was mounted on the carriage of а 
photometer bench, symmetrically in regard to the face of the 
ionisation chamber, and was moved along the graduated bench 
until a balance was obtained. Suppose r, is the distance of the 
balance point from the front surface of the air in A, and r+a 
the distance from the surface of the back plate, a being the 
depth of the ionisation chamber. Тһе intensity of the у-гауз 


from the radium at a distance, r, from the source within the 
e "id, e-r" | 
a where и, is the 


ionisation chamber is proportional to 


average coefficient of absorption of the y-rays in the lead plate 
of thickness 4 and д the absorption of the y-rays by the air. 
The actual ionisation observed in the chamber A arises in all 
probability mainly from the В-тауз set up by the y-rays on the 
front and back plates. Our knowledge of the amounts and 
distribution of these excited B-rays is at present too inadequate 
to calculate the intensity of the radiation at each point of the 
ionisation chamber with certainty. If, however, the distance 
ais small compared with r it is to be expected that the ionisation 
in the chamber of depth a should be very nearly proportional to 
1/r(r+a). It will be seen later that this relation is borne out 
by experiment. Assuming this formula, it is a simple matter 
to compare the у-тау activities of two quantities of radium by 
determining the distances r}, 7, required for a balance. Sup- 
pose the standard preparation containing S milligrammes of 
radium balances at a distance r, from the inner surface of the 
front plate, and the test preparation containing R milligrammes 
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of radium balances at a distance r,. Since when a balance is 
obtained, the ionisation in the chamber is equal for both pre- 


parations, and the absorption by the lead is the same in both 
cases— - | 


Бе? Фе" 
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For an accurate determination it is necessary to know the 
absorption of the y-rays by air. This has been determined as 
accurately as possible by one of the authors, and an account of 
the experiments is given in an accompanying paper. If the 
y-rays pass through 3 mm. of lead before entering the ionisation 
chamber the value of и for air at normal temperature and pres- 
sure is given by «=0-0000624 (ст.) 1, апа и=0-000059 (cm.)'! 
at standard pressure and 15°C. Suppose, for example, the pre- 
paration R balances at a distance 1 metre beyond the standard 
preparation S at a temperature 15°C., then e 41772 — 207959 
=1-0059. Тһе correction for absorption is thus 0-59 per cent. 

Since the absorption is certainly correct within 5 per cent., 
the maximum error introduced by the correction in the case 
considered is not greater than 3 parts in 10,000. 

If the standard and test preparations are contained in glass 
tubes of unequal thickness, it is, of course, necessary to correct 
for the absorption of the у-гауз in glass, and in some cases by 
the radio-active preparation itself. This latter correction is in 
general small, and can easily be applied if the weight and 
nature of the material are known. 

It has been found that when the у-гаув have passed through 
l cm. of lead the coefficient of absorption of the y-rays in 
ordinary soda glass is given by O'll7(cm.)!. Тһе cor- 
rection to be applied ‘for 5 mm. extra thickness of wall is 
consequently 0-12 per cent., and for an extra thickness of 
1 mm.=1-2 per cent. Іп properly constructed standards con- 
tained in thin-walled glass tubes the correction is in general a 
fraction of a per cent. 

It is, of course, necessary that the ionisation in the smal 
vessel B, due to the у-гауз from the radium, should be neg- 
ligibly small in comparison with the ionisation due to the 
uranium. This can readily be arranged by making the volume 
of B small compared with that of A. The ratio of volume of 
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B to used was 1 to 35. In addition, the y-rays had to pene- 
trate 5 cm. of lead before entering the ionisation vessel B. The 
relative effect of the y-rays on the ionisation of В is clearly 
greater the larger the quantity of radium under comparison. 
In the experiments the greatest distance of the balance point 
from A was about 3 metres, and the distance between A and B 
was 4 metres. ~ Taking the various factors into consideration, 
it can be simply calculated that the maximum ionisation due to 
the y-rays іп B is not more than -ро of the ionisation due to 
the uranium, and may consequently be neglected. 


Test of Distance Law.—We have seen that the ionisation in 
the vessel A should vary approximately as Т where rand a 
have been already defined. The accuracy of this relation has 
been tested experimentally in the following way : Four small 
glass tubes were each filled with about 20 millicuries of 
emanation. After radio-active equilibrium was reached, the 
balance was obtained for each of the four tubes separately and 
then all together. Correction was made for the decay of the 
emanation, and consequently of the у-тау activity during the 
interval of measurement. Since the time for the five observa- 
tions was about one hour, the correction for the decay of the 
emanation was small, and could be made with accuracy. If 
ту, 7, &c., be the distance of balance for the four tubes 
separately, and r for the four tubes together, the values 
Zr (r; +a)e" for the four tubes should equal r(r--a)e"", if the 
distance law assumed 1з correct. 

The agreement between the values is shown in the following 
table for a number of separate experiments. In some cases 
the ionisation in B was varied ; in others, the ionisation was 
kept constant, but the distance of balance from А became 
smaller owing to decay of the emanation with time. 


Approximate distance of 


single tubes from Er (rit ayer r(rd- ay" 
iciniastiumchambes: for four tubes. for four tubes together. 

120 cm. 66,860 66,740 

js 66,090 65.900 

R: 65,550 65,400 

110 ст. 52,140 52,170 

os 51,210 21.170 

70 ст. 22,910 ; 22,860 

99 19,550 l 19,580 


62 ет. 


18,490 | 18,440 | 
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At 45cm. from A the value corresponding to the second 
column was found to be 0-4 per cent. less than in the third. At 
this distance, therefore, the deviation from the formula be- 
comes appreciable. Provided the balance is not obtained for 
distances less than 60 cm., for the particular apparatus em- 
ployed, the formula is seen to agree with experiment to 1 part 
in 400. 

Another simple method of testing the distance law is to com- 
pare the ratio of the у-гау activitv of two radium preparations 
which differ in considerable ratio—1 to 4, for example—for 
different values of the ionisation in B. If the distance law is 
correct the ratio of the у-гау activities of the two preparations 
should agree whatever the distance of balance. 


Advantages of this Method.—The balance method of com- 
paring y-ray activities has numerous advantages. Іп the first 
place, since the ionisation in the testing vessel is а constant 
when a balance is obtained, no error due to possible lack of 
saturation arises. There is no correction to be applied for 
natural leak provided it does not change during the time of 
observation. Since comparisons are made when the radium 
is at considerable distance from the ionisation chamber, the 
dimensions or shape of the tube containing the radium has 
little influence, and the correction for distribution is, in most 
cases, negligible. 

In consequence of this the у-тау activity of radium prepara- 
tions contained in vessels of different size and shape can be 
readily compared. Ifthe actual quantity of radium in the tube 
is to be determined in terms of the standard, correction, of 
course, must be made for the absorption of the y-rays in the 
walls of the containing vessel and in the radio-active material 
itself. 

The method is an ideal one for comparison of nearly equal 
quantities of rad'um, such as, for example, will be used in 
comparing duplicate standards in terms of the primary. Under 
such conditions, the balance distances are practically the same 
for the two preparations. Possible errors in the distance law 
assumed or in the amount of absorption of y-rays by air do not 
appreciably affect the accuracy of the comparison. If the two 
standards to be compared are enclosed in tubes of equal thick- 
ness and contain radium of about eqnal purity, it will be a 
simple matter to determine thie relative value of the standards 
to 1 part in 1,000 or even closer. 

We have seen that the distance law breaks down for a dis- 
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tance smaller than 50cm. If, however, the apparatus be 
required to determine small quantities of radium—e.g., 
10 milligramme—it will be necessary either to reduce the 
ionisation in B or to calibrate the apparatus for smaller distances. 
The latter can be done by observing the alteration of distance 
of balance for a tube containing emanation as it decays with 
time. Assuming the period of decay of the emanation (3-85 
days) a fairly accurate calibration curve can be obtained. 

The investigations of J. A. Gray * have shown that у-гауз 
are excited by the passage of В-гауз through matter. The 
source of В-гаув in his experiments was radium D + radium Е. 
The authors have found by the balance method that the 
В-гауз from radium in falling on matter also give rise to y-rays, 
but in amount small compared with the primary y-rays from 
the active matter itself. Since the thickness of glass tubes 
enclosing the radium preparation is in general not sufficient to 
absorb all the f-rays, the escaping f-rays no doubt produce 
some y-rays in the surrounding air. This possible error in the 
measurements can be corrected for by surrounding the radium 
tube with a sufficient thickness'of a substance of small density, 
like glass or aluminium, to absorb all the f-rays. Gray has 
shown that the excitation of y-rays is small for light sub- 
stances, and is approximately proportional to the atomic 
weight of the material. 

Determination of Quantities of Emanation.—The amount of 
emanation in equilibrium with 1 gramme of radium is called 
1 curie; from 1 milligramme of radium, 1 millicurie. It is 
often necessary to determine the amount of emanation stored 
in a tube by itself. This is simply done by compering the 
y-ray activity of the emanation tube with that due toe stan- 
dard quantity of radium. Knowing the period of decay of the 
emanation, the amount of emanation at any time can be 
deduced. 

In comparisons of this kind it is necessary to apply а correc- 
tion. The y-rays do not arise from the emanation itself, but 
from its subsequent products, radium B and radium C. Five 
ог six hours after introduction of the emanation into a tube, а 
state of changing equilibrium exists between the emanation and 
its products, and the у-тау activity then decavs at the same 
rate as the emanation. 16 is clear, however, from general 
considerations that the amount of radium B or radium C pre- 


* Gray, “ Proc. Roy. бос.” А. 85, P. 131, 1911, 
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sent at any time must be always greater than corresponds to 
true equilibrium with the emanation. The theoretical correc- 
tion can be easily determined. Let 4,, åz, 43, 4, be the radio- 
active constants of the emanation, radium A, B and C respec- 
tively. If P, atoms of emanation are initially present, the 
amount S of radium C at a time, ¢, later is given* by 

S—oc,e ^o. cse ^ ее“ ee t, 
АР Aihala PS 

Ка ТЕ ла а е е 
and so оп. 

Since the values of 4,, 44, 4, for radium A, В and С are large 
compared with 4,, after five or six hours the terms in е^, 6-34) 
e-^ become vanishingly small, and S=c,e~*". 

At the instant ¢ the amount S, of radium C which would be in 
equilibrium with the amount P of the emanation, kept constant 
by supply from radium, is given by $,—4,P,e ^^. 


4,434, 
(b AAA RM 
— 1.0089, 


when the half value periods of emanation radium A, B and C 
are taken as 3-85 days, 3 minutes, 26:8 minutes, 19-5 minutes 
respectively. 

This shows that the amount of radium C is always 0-89 per 
cent. greater than corresponds to permanent equilibrium with 
an equal quantity of emanation. 

After the y-radiation has passed through 2 cm. of lead, the 
y-rays arise entirely from radium C. If the y-rays from the 
emanation tube are compared with the y-radiation from a 
radium standard through 2 cm. of lead, the amount of emana- 
tion in the tube is 0-89 per cent. less than that deduced 
from direct comparison with the y-ray effect for the radium 
standard. 

If the y-rays pass through 3mm. of lead, Moseley and 
Makower have shown that about 11-5 per cent. of the y-radia- 
tion arises from radium В and 88-5 per cent. from radium С. 
The correction in this case is somewhat smaller, but can readily 
be shown to be about 0-85 per cent. 

The amount of radium C present in a vessel after removal of 
the emanation is often determined by comparison of its y-ray 


Consequently $/S,— 


* Sve Bateman, “ Proc. Camb. Phil. Soc.," 15, p. 423, 1910. 
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effect after a definite interval with that due {о а radium stan- 
dard. Correction in this case has to be made for the у-гауз 
emitted from radium B, unless the y-rays from the latter are 
removed by using a lead screen 2 cm. thick. Numbers showing 
the decay with time of the y-ray activity of the active deposit 
of radium have been given for one important case by Moseley 
and Makower (loc. cit.). 


Experiments with Balance Method.—The decay of the y-ray 
activity of a large quantity of emanation was determined over 
several weeks by the balance method. The decay was found to 
be exponential with a half value period of 3-854 days. This isin 
excellent agreement with the results of Mme. Curie and Ruther- 
ford, who found values of 3-846 and 3-85 days respectively. 

Some experiments were also made to determine experiment- 
ally the time required for the y-ray activity of a tube filled 
with emanation to attain a maximum. The exact time was 
noted when emanation was introduced into a small glass tube 
and sealed off. The amount of y-ray activity was accurately 
measured at intervals between 2 and 6 hours later. 

The activity rose rapidly at first and was within 1-5 per cent. 
of the maximum after 3 hours. Four separate determinations 
were made and the maximum through a lead screen 3 mm. 
thick was found to occur at 255, 254, 256 and 257 minutes 
respectively after filling the tube. In this case, about 11-5 per 
cent. of the y-radiation was supplied by radium B. Taking 
this factor into account, it was calculated that the maximum 
should occur at 255 minutes, an interval agreeing with the 
mean experimental value. 

Using this balance method experiments were made to test 
whether the emission of y-rays was affected by placing a tube 
containing emanation between the pole pieces of a large electro- 
magnet. No detectable effect was observed. 


ABSTRACT. 


А balance method is described for accurately comparing quan- 
tities of radium by their 4-radiation, in which the ionisation due to 
the y-rays is balanced against the constant ionisation due to uranium 
oxide. By observing the distance of the radium preparation from 
the ionisation chamber when a balance is obtained, the relative 
y-ray activities of the two preparations can be determined with an 
accuracy of at least one part in 400. А method of calibration is 
given, and the corrections necessary to deduce the quantities of 
radium present are considered. 
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Calculations are given showing the correction required to deter- 
mine а quantity of emanation by comparison of its y-ray activity 
with that due to a radium standard. 

The balance method was employed to determine the period of 
transformation of the radium emanation. Тһе half value period 
was found to be 3:854 days. It was found experimentally that the 
y-ray activity due to the radium emanation and its products reaches 
а maximum 255 minutes after the introduction of the emanation 
into a sealed tube. Calculations showed that under the experi- 
mental conditions the theoretical maximum should be reached after 
255 minutes. 

It was found that the y-ray activity of a radium preparation was 
not appreciably altered by exposure in a strong magnetic field. 
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XXI. The Absorption of y-Rays by Gases and Light Substances. 
Ву J. CHapwick, B.Sc. 


REcEivED Fesrvuary 21, 1912. Reap Fesruary 23, 1912. 


Ат the present time all information on the absorption of the 
y-rays by gases is indirect, for the absorption coefficients are 
deduced either by assuming the density law or from the 
observed absorption coefficients of gases for f-rays. Values 
obtained in this way are, however, rather indefinite, and vary 
among themselves by about 50 per cent. For example, the 
experiments of Russell and Soddy indicate an absorption 
coefficient for air of about 0-000056 (cm.) "1, while Eve,* from 
the absorption of the р-гауз in air, obtains the value 0-000032 
(ст.)-!. Аз a fairly accurate knowledge of the absorption 
coefficient of air was required in the method of comparison 
of radium standards described in а previous Paper, a special 
series of experiments was made to determine the absorption 
of у-тауз by the gases hydrogen, air, and carbon dioxide. The 
investigation was extended to include the absorption of у-гауз 
by a few light solids and by some solutions. Ав is well known, 
the value of the absorption coefficients for most bodies depends 
on the thickness of lead traversed by the у-гауз before passing 
into the ionisation chamber. The absorption coefficients are 
given for two thicknesses of lead in common use—viz., 3 mm. 
and l cm. 


Absorption by Air.—In determining the absorption by air 
two methods were employed. Іп the first liquid air was used, 
and the absorption produced was measured by means of the 
balance method described in the previous Paper. In most 
of the experiments the liquid air was contained in а $ litre 
flask of about 10 cm. diameter, and in others in a cylinder of 
3 ст. diameter. The diameters of the cylinder and flask were 
determined by finding the absorption of у-таув produced when 
full of water. The vessel containing the liquid air was placed 
immediately in front of the radium tube. Тһе density of the 
liquid air was determined by taking а sample of the saturated 
vapour just above the surface of the liquid and analysing it. 
The density of the liquid air can then be found from the data 
given by Behn and Kiebitz (“ Ann. d. Physik," 1903). The 


percentage of oxygen in the vapour varied from 20 per cent. 


*Eve, “ Phil May.,” July, 1911. 
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to 70 per cent., corresponding to a range of density between 
0-98 and 1:11. A large number of measurements were made 
and consistent values were obtained. With a thickness of 
Jj mm., the values found for и, where и is the absorption 
coefficient measured in the usual way and D the density, 
varied between 0-047 and 0-050, with a mean of 0-0484 (cm.) ~!. 
This is probably correct to within 0-5 per cent. With a thick- 
ness of lead of 1 cm., the mean value of u/D was found to be 
0-0465 (cm.) ''. 

In the second method air compressed into a long iron 
cylinder was used. As it would have been very inconvenient 
to move the iron cvlinder for each reading, the balance method 
was abandoned and the ordinary rate method was used. The 
change consisted simply in disconnecting the vessel B. Тһе 
radium tube was placed at one end of the cylinder and the 
ionisation chamber was at the other end. 

The rate of movement of the electrometer needle was 
observed when the air in the cvlinder was at atmospheric 
pressure, at 60 atmospheres and at 90 atmospheres. The 
cvlinder used was 120 cm. long, and the iron walls were nearly 
3 ст. thick. The pressure gauge used in these experiments 
was carefully calibrated with a standard gauge made by 
Schaffer and Budenberg. For a thickness of lead of З mm. the 
value obtained for Л) was 0-048, and for a thickness of 1 cm. 
uD was 0:046. The error in these experiments is probably 
within 2 per cent. It will be seen that the above values agree 
very well with those obtained for liquid air. 


Absorption by Carbon Dioxide.—The absorption coefficient 
of carbon dioxide was determined in the same manner. The 
pressures used were 23, 33 and 50 atmospheres, and the tem- 
perature varied from 13°C. to 17°С. The density of the gas 
at а temperature of 15°C. and pressure of 50-4 atmospheres 
was found from a table given by Amagat (“ Comptes Rendus,” 
1892). With a thickness of lead of З mm., j//D is 0-051, and 
with a thickness of 1 em. is 0:047. 

It will readily be seen that the measurement of the absorp- 
{топ coefficient of carbon dioxide at different. pressures would 
afford a very simple and convenient method of determining 
the isothermals. All the necessary data can be obtained 
quickly and accurately, and the only difficulty is to keep the 
temperature constant. 

Ап attempt was made to determine the absorption coefficient 
of solid carbon dioxide, but serious difficulties were encountered. 
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The carbon dioxide snow was put in a large liquid air cylinder 
and pressed together as tightly as possible, but the density 
under these conditions was about 0-8, while Behn (“ Ann. d. 
Phys.," 1900) found that the real density of the snow 13 1-53. 
Further, the snow evaporates rapidly from the sides of the 
cylinder, and thus the thickness of the carbon dioxide is con- 
tinually decreasing. Such results as were obtained confirmed 
the values given above. 

Absorption in Н ydrogen.—As the absorption of the y-ravs bv 
hydrogen is extremely small, a slight modification of the balance 
method was employed. The ionisation chamber А of the pre- 
vious Paper was replaced by a cubical lead box, whose sides were 
3 mm. thick. The evlinder containing the hvdrogen and the 
radium tube were placed against one face of the box in the 
same way as before, and a balance was obtained bv moving 
a tube containing а small amount of radium along a scale 
placed against another face. The cvlinder used was an ordinary 
hydrogen cylinder 150 сіп. long. with walls nearly 4 cm. 
(Шек. The pressure of the hydrogen was 127 atmospheres. 
Several measurements were made, and the value of н D was 
found to be 0-047. This ix for a thickness of lead of 3 mm. 
This is probably correct to 5 per cent., allowing for possible 
error of 2to 3 per cent. in the measurement of the higher pres- 
sures, for the pressure gauge was not standardised above 
60 atmospheres. The absorption coefficient for а thickness of 
lead of 1 ст. was not determined, as the effect to be measured 
was too small. Even with a thickness of 3 mm. the ionisation 
contributed bv the fixed radium tube was onlv about a third 
of the total ionisation, and with 1 ст. of lead would only be 
about a fifth. 

The value u/ D —0-0484 found above for air gives j|, — 0-000062 
(cm.) *! for air at 0°C. апа 760 mm. pressure, and j(— 0-000059 
(cm.) 7! at 15°C. and 760 mm. pressure. 

After these measurements were completed, a Paper by Hess 
appeared (“ Phys. Zeit.," November, 1911), in which he finds 
и for air to be 0-000045 at 22°C. and 750 mm. pressure. His 
method consists in measuring the relative ionisation produced 
bv а quantity of radium placed at different distances from a 
Wulf's electroscope, and assuming that the deviations from 
the inverse square law were due to absorption of the y-ravs bv 
air. He used distances varving from 10 metres to 00 metres, 
and obtained results varying by about 20 per cent. He 
ascribes these differences to variations in the natural leak of 
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the electroscope during the observations. The method is not 
very suitable for an accurate determination, as the effect to be 
measured is rather small, and the ratio of the ionisation 
currents measured is about 100 to 1. 

In his Paper on the number of ions produced by the y-rays 
of radium C, Eve ( Phil. Mag.," October, 1911) has taken the 
value of u for air as 0-000044. Taking the value found in this 
Paper—viz., ¢=0-000059—the number of ions produced by 
the y-rays is 8x10", or about 30 per cent. less than Eve’s 
number. 

If we assume that the atmosphere is at a uniform tem- 
perature of 15°C., and that the pressure at the surface of the 
earth is 76 cm., then, taking into account the variation of 
density with height, it can be simply calculated that the у-гауз 
will pass through 817 metres of air before being reduced to 1 per 
cent. of their value at the surface. Experiments show, how- 
ever, that the number of ions per cubic centimetre is the same 
at a height of 1,000 metres as оп the surface. It follows, there- 
fore, that the ions in the air cannot be wholly due to the y 
radiation from radioactive material in the earth. 


Absorption by Light Substances.—The absorption coefficients 
of a few solids and some solutions of salts in water were deter- 
mined by the balance method, and are given in the table below, 
as they are often useful in radioactive measurements. Two 
thicknesses of lead were used—viz., 3 mm. and 1 cm. 


Thickness of lead -3 mm. lem. | 
Substance. Density р. | win (ст.) ~} | 100x u/D.. win (ст.) 7! 100 x р/р. 

Hydrogen......... iu Vos 4" йе 

КОККО СК МАЙ bas 4:84 4:65 
Carbon dioxide... 24% 2s 5:1 T (047 

Wood ............ 0-730 0-0380 521  . 00320 4-38 
Aluminium ...... 2:94 0-133 4-51 0.118 4:01 
ТОП: оова 775 0:350 4-52 ‚ 0:312 4-03 
Lead ИИ 11-4 1-029 9:03 0-683 ' 9:99 
Water ............ 1:000 0:0558 0:28 0-0472 4:72 
CuSO, solution 1:141 0-0631 БЫ? | 0-0512 4-49 
NaCl i 1:145 0-0626 5-47 0:0512 4:47 
Сасі, NN L164 | — 00611 525 7 — 00544 | 467 
Pb(NOg, .. 1156 | 00671 5:30 0-0662 1 572 


The solutions used in the experiments were contained in a 
rectangular vessel of thin glass 5 сш. across. The absorption 
coefficient of lead was obtained with a sheet 4 mm. thick. 
If thicker plates are used, the absorption coefficient is much 

M 2 


1 
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less—e.g., the absorption coefficient deduced from the absorp- 
tion by 2cm. of lead when the thickness of lead over the 
ionisation chamber is 1 ст. is 0-593. 

` It will be seen from the table that the value of u/D is a 
minimum for substances like aluminium and iron, and the 
minimum is more pronounced the softer the у-гаув used. 
This also appears from the absorption experiments of Russell 


and Soddy. 

In conclusion, I have great pleasure in thanking Prof. 
Rutherford for his help and interest throughout the experi- 
ments. 

ABSTRACT. 

The absorption coeficients of air, carbon dioxide and hydrogen 
for the y-rays from radium. have been measured after the rays have 
traversed 3 mm. and 1 em. of lead. Тһе gases were contained in an 
iron cylinder and were under considerable pressure. Тһе values 
found for the absorption coefficients are, at normal temperature and 
pressure, 0000062, 0-000102, and 0:0000042 (cm.)—71 for air carbon 
dioxide, and hydrogen respectively, the thickness of lead being 
3mm. When the thickness of lead is lem. the absorption cocth- 
cients of air and carbon dioxide are 0-000059, 0*000092 (em.)7! 
respectively. 

The absorption coefficient of мг has also been determined by using 
liquid air. The absorption cocflicients found in this wav are in good 
agreement with the values found for air under pressure showing that 
the absorption of 4-rays is not affected by temperature. 

The absorption coefficients of а number of light substances have 
also been found. 


DISCUSSION ON THE TWO PRECEDING PAPERS. 


Prof. Н. Г. CALLENDAR fully appreciated the difliculty of accurately 
comparing quantities of radium by the clectroscopie method. He had a 
year or two ago made some measurements of the heat given out by 
radium, апа found that with only two or three milligrammes the heat 
could be measured to 1 part in 1000. 

Dr. J. Н. VINCENT commented on the value of the new method for the 
accurate comparison of quantities of radium. It was also valuable to 
have further tables of the absorption of y-ravs by different substances. 

Dr. 5. Rvss asked whether Prof. Rutherford attributed the diminution 
of the coefficient of absorption for y-ravs with increase of distance 
traversed to the lack of homogeneity of the ravs themselves. 

Dr. С. W. С. Kaye remarked that the Rontgen Ray Косісіу several 
усагя ago considered the question of a Radium Standard. He hoped that 
when prepared the standard would be placed so that other workers 
could standardise their radium by it. 

Prof. A. W. BICKERTON asked whether it was now regarded as finally 
established that the a-ravs are nothing but helium. 

Prof. C. H. LEES asked concerning the preparation of the Primary 
Standard. 

The PRESIDENT remarked on the advantages of being able to себ aecu- 
rate quantitative measurements in any science. Тһе early workers on 
vacuum tube discharges experienced the same difliculty as the early 
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workers оп radio-activity т getting accurate quantitative measurements 
of the effects. He also asked how the thickness of tho tube containing 
the radium was found. 

Prof. E. RvTHERFORD, in reply, stated that the thickness of the tube, 
if not measured before putting the radium into it, could be found арргохі- 
mately by weighing and measuring. Since the absorption it caused in the 
y-rays was in gencral less than 1 per cent., its thickness need only be known 
approximately. There appears to be no doubt that the y-rays emitted 
from radium in equilibrium are complex in character. In addition to the 
more penetrating y radiation from radium С, Moseley and Makower havo 
recently shown that radium В emits some y-rays of a less penetrating type. 
Recent work had shown that the 8-radiation from radioactive substances is 
exceedingly complex in character. For example, radium B and radium C 
together give out nearly 30 groups of homogeneous B-rays, some of them with 
velocities very close to the velocity of light. Since there appeared to be no 
doubt that 4-rays always accompanied В-гауз, although in no very obvious 
quantitative relation, it might be anticipated that the y-rays from radium 
would equally be very complex in character. At the same time, there was 
some indirect evidence that the y-rays from radioactive substances consisted 
of à mixture of the characteristic radiations of the clements from which they 
arose. It was certainly striking how closely the y-rays from radium wero 
absorbed according to an exponential law by lead and other heavy sub- 
stances; but the exponential law only held after the less penetrating rays, 
which were undoubtedly present, had been absorbed. At present there 
was no certain evidence that an exponential law of absorption was any 
guarantee of the homogeneity of the y radiations. Тһе primary standard 
of radium consists of about 30 milligrams of a pure radium salt, which has 
been accurately weighed and contained in a sealed tube. It is thus а weight 
standard, but duplicates will be compared with it by measuring the intensity 
of the y-rays emitted. А very important point has arisen in connection with 
the preparation of a pure radium standard. If the mineral from which the 
radium is separated contained. thorium, its product, meso-thorium, is 
isolated with the radium, and cannot be separated from the latter by any 
known method. The presence of an appreciable quantity of meso-thorium 
with the radium would render it altogether unsuitable for ап accurate 
standard. Fortunately the Joachimstahl uraninite deposits from which the 
duplicate and primary standard would be prepared were practically free 
from thorium, and this difliculty would, in consequence, not arise. There 
could, he thought, be no doubt now that the a-rays consisted entirely of 
projected helium atoms. 
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XXII. On Wave-form Sifters for Alternating Currents. By 
ALBERT CAMPBELL, B.A. 


THE PAPER ік PRINTED IN THE “PROCEEDINGS” PAGE 107. 


CORRIGENDA. 
2 


1 
Formula (2). The denominator should be R?+ Lo- Ко) 


Formula (4) and the one immediately above it. Delete, and 
Ma(b?~ 1) 
"PRE М (62—17 
Page 111, line 6. Insert the words “ тау be used " after 
“mutual inductance.” 


read instead I,=E 


4 


ABSTRACT. 

If an alternating current of complex wave form be passed through 
a condenser (К) and the primary coil of a mutual inductance (M) in 
series with it, any other circuit connected across the condenser and 
the secondary coil (in series) will receive no component of the current 
of frequency n if e? МК = 1. where e—27n. 

This arrangement affords a means of totally suppressing the funda- 
mental or any single harmonie in a complex wave form. This kind 
of sifting can also be done by means of almost any null method in 
which the balance depends on frequency. A bridge method suitable 
for quite low frequencies is also described. 


DISCUSSION. 


Mr. DTDDELL pointed out the valuc of being able to get rid of particular 
harmonics, especially of telephonic frequencies. It was very difficult to 
make a machine to generate a sine wave, and if the wave was not a sine 
wave the mathematical formule did not apply. He thought the chief 
use of Mr. Campbell's sifter would be to remove the last trace of a trouble- 
some harmonic froma machine that had been designed to give as nearly as 
possible a pure sine wave. Generally there was only one harmonic that 
was specially troublesome. 

Dr. HvssELL said that the more usual way of getting current ог Р.Р. 
waves, Which were approximately sine shaped, was to use a resonator, 
which greatly magnified one harmonic. Prof. G. А. Campbells 4 wave- 
form filter " did this. ]t consisted merely of a condenser and an induc- 
tive coi] in parallel. Armagnat’s oscillograms proved that excellent results 
could be obtained in practice by simply tuning a condenser and an indue- 
tive coil in series. He deprecated the introduction of too many tech- 
nical terms into electrical theory. 

Prof. 6.W. О. HowE remarked that a disadvantage of the old-fashioned 
method of getting pure sine waves by resonance was that the amplitude 
varied so much with slight changes in the frequency of the generator. 

The PREsIpENT thought the subject a matter of considerable impor- 
tance. 

Mr. Б. BUTTERWORTH wrote: Mr. Campl ell has descril cd an interesting 
and useful method of removing hairmenke Пат ап altemating current. 
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With regard to the first form of siftcr, it may be important to notice that, eren 
when the secondary circuit is tuned to the fundamental harmonic, some of the higher 
harmonies may hare their relative values increased in the sifting process, № 
may be deduced from equation (2) of Mr. Campbell’s Paper that if the tuned 
frequeney ік и. and the sifted frequency ін ba, all currents of frequencies 
greater than Рн will have their values relative to the 2 component increased 
by the sifter, provided that the inductance of the secondary circuit is sufti- 
ciently small, and that b is greater than unity. ‘Thus, if the 2nd harmonic 
із removed by the sifter, the 3rd. harmonic is diminished іп importance, 
while the 4th and succeeding harmonics become more pronounced. 

Mr. B. №. Conen wrote: Мг. А. Campbells method of eliminating any 
particular harmonic is interesting and is doubtless very effective, provided 
the frequency which it is desired to eliminate is known. The author refers 
to this device as a sifter. This, however, is rather a misnomer. The wave 
filter devised by G. А. Campbell (see © Phil. Mag., March, 1903), which 
eliminates all waves above a certain frequency, can more truly aspire to this 
title. The latter device, which does not appear to have received the atten- 
tion in this country it deserves, has been employed by the writer in connec- 
tion with a small alternator for some years with very satisfactory resulta. 
Some disadvantages of Mr. A. Campbell's method which do not apply to the 
G. A. Campbell wave filter are : The impossibility of including any apparatus 
containing iron in the desired circuit G without upsetting the tuning. This 
at once renders this device useless for telephonic measurement purposes. 
Then, again, the cutting down of the available output when several of 
these tuning cireuits are used together must be considerable, and, unfor- 
tunately, the output usually available from small alternators, telephone 
humners, &e., is limited. The С. А. Campbell wave filter also, of course, 
occasions. losses, but, it would. appear, not to the extent of this device. 
Lastly, when used with an alternator, if the specd, and consequently the 
frequency, varied, the device would not act efficiently, whilst with (һе G. A. 
Campbell wave filter the same variations need not make any difference in 
the efficiency. 

The Астнов makes the following reply: With regard to the introduction 
of new technical terms, in sciences like botany or zoology, the moment a 
new plant or animal is discovered it is essential that it should be named 
immediately. Similarly, in experimental physics, it is highly desirable that 
when a novel instrument (or method) appears it should receive ап appro- 
priate and distinctire name. Тһе name should also, as far ая possible, be 
self-explanatory (for example : pressure gauge, wavemeter, synchronoscope). 
Ав physicists in general are not usually interested іп the science of language, 
there is at present rather a scarcity than an over-abundance of good clear 
technical terms іп our language. The clearness and beauty of French 
scientific language is due in great measure to the readiness with which new 
and logical nomenclature has been adopted. With regard to Мг. Cohen's 
remarks, further experiments will be required to show how far the presence 
of iron cores will interfere with the methods. Strong harmonics are not in- 
troduced by the presence of iron unless the magnetisation is tolerably high, 
and this is often not the case in measurements connected with telephonie 
work. The various methods have not yet been examined from the point 
of view of energy loss, but it seems probable that, by keeping all the resis- 
tances low, high efficiency can be obtained. A small variation of the speed 
of the alternator introduces only a very small compenent of the suppressed 
frequency. The point raised by Mr. Butterworth is important. When a 
telephone is used as detecting instrument, sometimes the higher harmonics 
are near the limits of audibility, and can be ignored even when Increased 
in importance. 
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XXIII. The Intensity at Points near the Principal Focus of an 
Object-glass with Symmetrical Aberration. By JAMES 
WALKER, M.A. 


Received FEBRUARY 6. 1912. 


ӛткені, in his “ Theorie des Fernrohrs auf Grund der Beugung 
des Lichts,"* considers the case of spherical aberration, and, 
after а somewhat laborious calculation, obtains an expression 
for the intensity of the diffracted light, of which he says: 
" Man kann daher nach der Methode der unbestimmten 
Coefficienten die Entwickelung von M? "—the intensity — 
“ vorstehenden Gesetzen gemiiss beliebig weit forsetzen, und 
insofern halte ich das Problem der spharischen Aberration für 
vollstandig gelöst.” The laws in question are, however, not 
very obvious, and no proof is given that they hold beyond the 
few terms for which the calculation has actually been made. 

By a modification of Strehl's method, а commodious 
expression for the general term in the expression for the 
intensity may be readily obtained, from which it is seen at 
once that the successive terms can be easily calculated by a 
simple process of derivation. 

In the case considered by Strehl, the equation of the wave 
issuing from the object-glass is! 


and the approximate value of the length of path from the point 
(r cos о, r sin ә, 2) on the wave to the point (2,0, p--A) is 
taken as 
Ar? gr 
2p? Sp 
where a=7?— 1, and —ar?/(2p) is the longitudinal aberration 
of the rays from points distant г from the axis. 

ИВ be the effective radius of the object-glass, and we write 
r=RV p, the symbolical expression for the light-vector at the 
point (£, o, р-БА) is, with the usual assumptions, | 


ра" cos w— 


(C-- (8) Exp. р-а) | А 
* Barth, Leipzig, 1894. 
+ Loc. cit. рр. 15, 16. 
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where F’(y),... are the values of F'(y)..., when p is written 
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* Lommel, “ d un über die Bessel'sehen Functionen" (Teubner, 
Leipzig, 1868), p. 1 

t In the case of the function f (p) here considered this scrics is absolutely 
convergent, 

t Schlómilch, “ Ccmpcrdi m der Echeoren Aralyss 7 (Містер, Bievnsch- 
weig, 1881), 3 Aufl., Bd. IL, p. 4. This method has been uscd by Straubel 

‘ Theorie der Beugungsersc heinungen," Abh. d. К. bayer., Akad. der Wiss., 
TI., Cl., xviii. Bd. I., Abth., p. 113 (1893). 
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and since, in the case under consideration, 
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Writing for shortness G, for G,(z), the intensity is given by 
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* In order that this may hold forall values of r we must suppose (-І-о. 
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the expression for the intensity шау be written 
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ABSTRACT. 


Strehl has considered the diffraction produced by an object-glass 
with asymmetrical aberration proportional to the fourth power of the 
radius, and has pointed out how the terms of the development of the 
expression for the intensity can һе calculated. But this method of 

calculation is not very obvious, and he has given no proof that the law 
of formation of the successive terms holds beyond the few terms for 
which he has actually made the calculation. 

By introducing complex expressions, and integrating by parts. 
using an expression for the successive differential coefficients of a 
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function of a function of the variable due to У. Mever, a general 
symbolical expression for the intensity is readily obtained in terms 
of functions connected with Bessel’s functions by a simple relation, 
and it is then shown that the terms in the development of the expres- 
sion for the intensity are obtained by a simple process of derivation, 


DISCUSSION. 


Mr. Т. бмїтн objected to the way in which a quotation from a German 
work was made the starting point of the Paper, without the addition of a 
translation for the benefit of those members who did not read German; it 
would also be desirable to give references to standard. English works, as well 
as to the German originals, when quoting results such as the relation given 
for the Bessel functions. The Paper would be more easily followed if a short 
statement was made on the notation employed—e.g., it might be said that 
the focal length is p, and that higher powers than the first of Ё and z are 
neglected. As regards the mathematics of the Paper, he would like to say 
that had certain steps been justified the treatment would have been very 
elegant and pleasing. Не was surprised, however, to find that no word was 
mentioned as to convergency, although this was precisely one of those cases 
in which convergency is all important, and in which the results obtained can 
be considered to have no value without an investigation on this point. In 
investigations made in the past on the intensity when spherical aberration 
was neglected, he believed that one of the chief difficulties encountered was 
that the series obtained had only a short region of convergence, and that to 
obtain results that could be applied to any point except in the immediate 
vicinity of the focus the series had to be altered. Under these circumstances, 
there was no justification for publishing results without any mention of 
convergence. He would point out that the order of the terms in the double 
summation had been altered without а word of justification, though the 
terms were alternately positive and negative, and so the series might be 
semi-convergent, The Paper was left т an undesirably incomplete form ; 
either diagrams or tables should be added showing аба glance what the results 
which had been reached meant. He hoped that Mr. Walker would be able 
to make such an addition. 

The Астнов has communicated the following теру: In commenting on 
a statement made by an author it is essential that his exact words should be 
given; to append a translation is not a customary course, and I prefer to 
assume that members of the Physical Society will have no difficulty in appre- 
hending the meaning of the passage. However desirable it may be to give 
references to. English books, I do not know of any in which the formula 
occur as quoted. From the equation of the wave it is obvious at once that 
pis the. radius of curvature at the origin and therefore the focal length. 
It is stated that the formula for the length of path is only approximate. 
With regard to the convergency of the series and the change in the order of 
its terms, it did not seem to me necessary to point out in а Paper intended 
for mathematicians that the series is absolutely convergent, as the proof is 
simple: but I have now done so in a footnote. If E understand aright, Mr. 
T. Smith's statement (made with some uncertainty) about the series when 
spherical aberration is neglected, E do not think that it is correct. Lommel, 
іп his work on Fresnel’s diffraction phenomena with a cireular aperture, of 
which the Fraunhofer diffraction phenomena are a special case, shows that 
his series is convergent. It is, however, the case that the formula have a 
limited range of applicability. dependent upon the error that may be regarded 
as admissible in calculating the retardation. Though some interesting 
results might, perhaps, be obtained by the addition of diagrams or tables, 
they would in the present case only serve to draw away attention from the 
main purpose of the Paper. 
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XXIV. Demonstration of a Method of making Capillary 
Filaments. By H. S. Ѕосттак, F.R.C.S. 


THE apparatus demonstrated was designed by the author in 
1901 for the making by mechanical means of tubes for the 
capillary electrometer, and with these tubes an extensive series 
of experiments was carried out in Oxford bv the late Sir John 
Burdon Sanderson. A somewhat similar apparatus has since 
been devised independently by Mr. Keith Lucas. Recently it 
has appeared that it could with advantage be applied to the 
construction of fibres for the string galvanometer, and it is to 
this application that attention is now directed. 

The essential part of the apparatus is a small box of mica, 
between the upper and lower plates of which a fine platinum 
wire is strung backwards and forwards so as to form a small 
cage enclosing a evlindrical space 1 em. in diameter and 2-5 em. 
deep. On passing a current through the wire it can be heated 
to redness and the box is converted into a small furnace. A 
small glass tube is hung in the centre of the furnace and sup- 
ports a small weight. As the glass softens the weight falls and 
the glass is drawn out into a fine capillary. 

Heating is limited to a minute portion of the glass tube by a 
copper tube which extends down a short distance into the 
furnace and, surrounding the glass, protects it from the heat. 
Only the portion of tube immediately below the shield is fused. 

The weight is а long light rod with a disc on its lower end 
which nearly fits a tube into which it falls. The tube is filled 
with a mixture of glvcerine and water, with the result that the 
weight falls smoothly and evenlv till it reaches a stop. 

It is easy with this appliance to draw down a tube of 1 min. 
external diameter into a tube of any length and of a diameter 
of 0-001 mm., with a wall less than 0-000] mm. in thickness. 
As the thick ends remain attached to the filament it is easy to 
manipulate. 

These filaments have the following advantages: They are 
exceedingly light, 10 ст. of such a thread weighing roughly 
0-1 milligramme. Thev are exceedingly strong, such a thread 
supporting a weight of at least 0-05 gramme, corresponding to 
a tensile strength of, roughly, 100 tons to the square inch. 

The tubular form exposes a large area for silvering, and the 
resulting conductor has a low resistance. 
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DISCUSSION. 


Prof. C. H. Lees asked if the filaments obtained were uniform in 
diameter. 

Dr. Н. Borns inquired how the filaments were silvered. 

Мг. R. S. WHIPPLE stated that the Cambridge Scientific Tustrument 
Co. had given up quartz fibres in favour of glass ones for use in string 
galv anometers. Glass tibres could be silvered much more easily than 
quartz ones. Quartz fibres, if it was desired to silver them at all, should 
be silvered immediately after blowing. They found that solid fibres 
could be drawn better than capillaries. There was not so much variation 
in diameter. А fibre 24 cm. long could be obtained having the extreme 
diameters of 0-5 and 1-5p, giving a length of 12 cm. in the centre, in which 
the diameter only varied from 0:9 to 1-14. In a quartz fibre 12 ft. long 
the diameter might vary from about 1д to 4и, giving an average taper of 
about 9-34 per foot. 

Mr. А. CAMPBELL inquired whether it was possible to fill the capillaries 
with mercury. Such would form a wire for a string galvanometer with 
very little rigidity. Some years ago Mr. Sinker exhibited some very fine 
capillaries filled with mercury, and suggested a double capillary tube 
filled with mercury for the suspension of a moving coil galvanometer, 
thus doing away with the lower suspension altogether. 

Мг. W. DuDDELL said he was greatly interested in 11897 in stri ing galvano- 
meters in connection with wireless telegraphy, and constructed one with a 
narrow strip of gold leaf. The gold leaf was 221 іп paraffin wax 
and cut in а microtome. Such a filament about 0:25g thick by 2 or Зи 
wide made a string of extremely low rigidity. Іп this way it would be 
possible to get a short string galvanometer of a lower resistance and 
considerably greater volt sensitivity than the Einthoven galvanometer. 
Great progress had now been made in the manufacture of Wollaston wire 
which could also be used for such galvanometers. 

The AUTHOR, in reply, stated that the filaments were somewhat 
tapered. The upper end was the thinner. Тһе extreme variation in 
diameter was 50 percent. The method of silvering was extremely simple. 
The filaments were suspended in the limbs of a U tube, which must be 
perfectly dry and clean, and the silvering solution poured т. The lactose 
method was employed, the lactose solution being added to ammoniacal 
silver nitrate solution immediately before use. He had thought of filling 
the capillaries with mercury instead of silvering them. Lt was not the 
mass of the fibre that was troublesome, so much as the rigidity. Speaking 
from memory, he said it would take about 10 atmospheres to force mcer- 
сигу into a capillary tube of Zu bore. 
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XXV. The Equipment of the Spectroscopic Laboratory of the 
Imperial College of Science and Technology. Ву A. FOWLER; 
F.R.S. 


Reap MARCH 8, 1912. 


LABORATORIES for advanced instruction and research in 
spectroscopy are not very numerous, and it has been thought 
that a brief account of the laboratory at the Imperial Coilege 
might be of interest. The laboratory itself is of ample size 
(70 ft. bv 30 ft.), and is well provided with electric current, 
slate benches, firm piers, and other conveniences. 

The equipment may conveniently be considered under two 
principal heads: (1) Instruments for the observation and 
photographv of spectra; (2) Apparatus for producing luminous 
radiations and for the study of absorptions. 

As regards the instruments, spectroscopes of small dispersion 
are as necessary as those of greater power, but as these are of 
ordinary types no description is called for. They include 
several spectroscopes with one prism, pocket spectroscopes, 
large direct-vision spectroscope, wave-length spectroscope, а 
small spectrograph with a replica concave grating, and two 
spectrographs with optical trains of quartz. The smaller 
quartz spectrograph is often extremely useful in preliminary 
work, on account of its portabilitv and rapid action, and 
because it gives a record of the entire spectrum from A2,000 to 
A7,000 in a single exposure. When more accurate wave- 
iengths in the ultra-violet are desired, the larger quartz spectro- 
graph is emploved. 

These quartz spectrographs give only small dispersion in the 
visible spectrum, and for greater dispersion in this region two 
spectrographs with glass prisms are utilised. One of them 
gives the visible spectrum a length of 6 in. and the other 
about 2 ft. Both are mounted on the Littrow plan, in which 
the same lens serves for collimator and camera, and the light 
passes a second time through the prism after reflection by a 
plane mirror. This arrangement is both economical and con- 
venient, and stability is easily ensured even when the focal 
length is great, as it should be in order to secure full resolution 
on the granular film of a photographic plate. The larger in- 
strument is provided with a prism of 60 deg., having a clear 
aperture of nearly 3in., and the focal length of the lens is 
2ft. The slit is at the side of the long rectangular box 
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enclosing the optical parts, and light entering it is reflected to 
the collimating lens by a small right-angled prism; on the 
return journey, the rays forming the spectrum pass slightly 
above the reflecting prism. The spectrum is photographed 
in two sections on plates 12 in. in length. In the region of the 
D lines the linear dispersion of this instrument is 8 tenth-metres 
per millimetre, and in the neighbourhood of H and K it is 
1:8 tenth-metres per millimetre. The resolving power is 
21,000 at D and about 70,000 at 24,000. With a slit 0-04 mm. 
in breadth, the realised separating power, or purity of spectrum, 
is about 10,000 at D and 30,000 at (4,000. Most of the direct 
light from the slit which is reflected in the direction of the 
photographic plate by the surfaces of the lens is brought to a 
focus near the plate, and is thrown above the aperture where 
the spectrum is photographed by a slight tilt of the lens. Іп 
the smaller instrument the lens surfaces are such that it is 
necessary to put an opaque bar across the middle of the lens 
so that no direct light from the slit may be reflected into the 
aperture which admits the spectrum to the photographic plate. 

The most powerful mstrument in the laboratory is a Rowland 
concave grating of 10 ft. radius. A special mounting for this 
was designed by Mr. Eagle and constructed in the College 
workshop. The spectrum photographed is that which is 
formed in the direction of the incident light, so that the grating 
and camera can be completely enclosed in a long rectangular 
box. А full account of this instrument has already been 
published.* As compared with Rowland’s form of mounting. 
this arrangement has the disadvantage that more adjustments 
are necessary to change from one part of the spectrum to 
another, but this is counterbalanced by numerous advantages. 
The instrument requires no specially darkened room, is easily 
maintained at constant temperature, permits the observation 
of spectra of higher orders, and gives much less astigmatism. 
The spectrum is not normal, but the reduction of wave-lengths 
involves no greater labour than the investigation of the errors 
in photographs taken with Rowland’s arrangement. The 
grating is of fine quality and the definition leaves nothing 
to bedesired. In the first order, the linear dispersion is about 
5 tenth-metres per millimetre, and the realised purity is very 
nearly equal to the theoretical resolving power of 48,000. 

An echelon grating with 13 plates is loaned by the Science 


* * Astrophys. Jour.," Vol. XXT., p. 120 (1910). 
VOL, XXIV. N 
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Museum as required, and other instruments of high resolving 
power are also available. 

Spectroscopy finds many of its most interesting applications 
in Astrophysics, and a good deal of research work has been 
suggested by observations of the sun and stars. А spectro- 
scopic department would therefore be incomplete without an 
observatory. Provision for work on solar and stellar spectra 
at the Imperial College is at present very modest, but very 
good so far as it goes. There are two equatorial telescopes, 
one of 5 т. and the other of 6 in. aperture. Тһе 5in. is а 
thoroughly modern instrument, with Zeiss triple objective 
and electrically controlled driving clock. It is provided with 
two objective prisms, one of large angle for bright stars, and 
another of smaller angle for stars down to about sixth magni- 
tude. Excellent photographs of the spectrum of а first 
magnitude star, 13 in. in length from F to К, are obtained 
with an exposure of about 20 minutes. There is not much 
scope now for original work on stellar spectra with such an 
instrument, except in the case of bright new stars, but it is a 
valuable part of the equipment for purposes of instruction. 

In the case of the sun, there is so much light that a powerful 
spectroscope can be applied even to a small telescope, and 
original observations of value are possible. For solar work 
there is an Evershed spectroscope, giving a purity of about 
25,000 in the neighbourhood of the b lines. Special atten- 
tion has been given to the spectra of sunspots and solar 
prominences. 

The arrangements for producing emissions and absorptions 
for the observation of spectra are fairly complete, as will be 
gathered from the following brief statement of the experiments 
shown in simultaneous operation to the Society. 

l. Spark given by resonance transformer, designed and 
constructed by Mr. Eagle. The capacity of the condenser is 
4 mfd., and the spark is bright enough to permit the use of the 
large grating in the comparison of arc and spark spectra. Such 
investigations of the varying spectrum of the same substance 
lead to à more complete interpretation of solar and stellar 
spectra. Ап arrangement for passing the transformer spark 
in gases under pressure, for the investigation of the displace- 
ments of spectrum lines, has just been completed. 

2. Zeeman effect on yellow line of helium, shown in second 
order of the large concave grating, a Du Bois magnet giving 
a field strength up to 30,000 C.G.S. units being used. 

3. Spark spectrum of magnesium with and without selí- 
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induction. The air-lines which appear in the ordinary con- 
densed spark disappear with self-induction, and the metallic 
lines approximate to those of the arc spectrum. 

4. The spectrum of magnesium hydride, produced by passing 
an arc between magnesium electrodes in an exhausted globe ; 
that is, in an atmosphere of rarefied hydrogen given off by the 
heated metal. The bands are an important feature in the 
spectra of sunspots. 

5. Spectrum of iron arc, showing enhanced (spark) lines on 
positive pole, observed with four-prism spectroscope. 

6. Spectrum of iron are, showing performance of concave 
grating replica. 

7. Fluorescence spectrum of uranium phosphate, with blue 
light from arc lamp as exciting source. 

8. Cathode ray fluorescence spectrum of Yttria, and other ex- 
periments showing rapidity of exhaustion by the Gaede pump. 

9. Vacuum tube showing positive and negative band spectra 
of nitrogen, exhausted by Sprengel pump. 

10. Vacuum tubes showing different band spectra of carbon 
monoxide. At very low pressures the bands are identical with 
those given by the tails of comets. 

11. Electromagnetic electrodeless ring discharge, produced 
іп an exhausted globe by discharge from 10 in. coil with 
adjustable plate condenser. | 

12. Selective exhaustion by charcoal cooled with liquid air, 
illustrated by preparation of a helium vacuum tube from gases 
evolved by heated cleveite. 

13. Production of spectrum of cyanogen by the interaction 
of carbon tetrachloride and active nitrogen. Purified nitrogen 
at low pressure is allowed to stream through a vacuum tube 
in which a condensed discharge is passing. and thence into а 
side tube, where it comes in contact with the substance to be 
investigated. As Prof. Strutt has shown, this is a valuable 
addition to our resources for the production of the spectra of 
certain elements and compounds. 

14. Spectrum of flame carbon arc, observed with Evershed 
solar spectroscope and large Littrow spectrograph. 

15. Absorption spectrum of neodymium chloride. Other 
apparatus for absorption experiments also shown. 

For the measurement of spectrum photographs there are 
two stage micrometers, reading to 0-001 mm. Reduction of 
the measures to wave-lengths is simplified by the use of a 
calculating machine. 
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XXVI. A 2,000-Frequency Alternator. Ву W. DUDDELL. 


RECEIVED MARCH 15, 1912. 


Ков many experiments and tests it 13 песеззагу to use а high- 
frequency alternating current. This is especially the case in 
connection with investigations on telephone apparatus. Іп 
order to facilitate the true interpretation of the results it is 
desirable that the current should have as near as possible a 
sine waveform. 

The alternator described below was primarily designed for 
use in testing telephonic apparatus, for which purpose fre- 
quencies within a range of 100 to 2,000 periods per second are 
required. This large range of frequency entails, if the alter- 
nator is to give sufficient output at the lower frequencies, that 
it will give what may seem an unnecessarily large output at 
the higher frequencies. 

As a basis for the design it was assumed that the alternator 
must be able to give an output of some 10 watts at any fre- 
quency within the working range, in order that one might 
always have a large margin of power beyond that actually 
necessary to actuate the apparatus. This margin of power 18 
very desirable, as, unfortunately, the measuring instruments 
often consume considerably more power than the apparatus 
under test. 

The alternator itself is designed along the well-known lines 
of what are commonly called flywheel alternators. The rotor 
has 30 salient poles which carry the field windings. The stator, 
in order to obtain a smooth waveform, is not slot-wound but 
consists of a smooth ring provided with a gramme ring winding. 
The gramme ring winding of the stator has many advantages 
when a smooth waveform is required. It is true that it entails 
a comparatively long air gap between the stator and rotor iron, 
which leads to a somewhat large exciting current being re- 
quired. This might be looked upon as a defect of this type of 
machine, but this 13 not really the case, as the long air gap 
enables the armature reaction to be kept low, so that the wave- 
form of the machine is but little distorted by the load. This 
is а very important point, as many small machines which give 
a good wave on open circuit give a very bad one when on load. 

The problem of obtaining frequencies even as low as 2,000 
without unduly narrow poles can only be solved bv using 
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comparatively high peripheral speeds. These high peripheral 
speeds can be obtained either by using a large diameter rotor 
running at а medium speed, or by using a small diameter rotor 
with a few poles running at a very high speed. There are a 
large number of constructional details which influence the 
choice. The design finally adopted for the present machine 
was a rotor having a diameter of 20 cm. running at а maximum 
speed of 8,000 revs. per min. 

With running speeds of this sort great care has to be exer- 
cised in the design, construction and balancing of the rotating 
part. In the present machine the rotor disc has the poles on 
it milled out of the solid. The poles are provided near their 
outside ends with V-grooves. The field coils are former wound 
and slipped over the poles. In order to hold the field coils 
securely in place bronze wedges are driven into the V-grooves 
between the poles. Even the leads from the slip rings to the 
field coils require very firm anchoring. 

To make certain that the balancing of the rotor would 
remain stable, sufficient current was passed through the field 
windings of the rotor, which had been previously impregnated 
with shellac varnish, to heat them to a high temperature. The 
rotor was then rapidly run up to about 30 per cent. over full 
speed and the field current stopped so as to allow the rotor to 
cool while running over speed. This resulted in the windings 
being firmly compacted against the inside of the bronze wedges 
in а position where there was no tendency for the windings to 
shift again and put the rotor out of balance. 

The shaft is mounted in long brass bearings having spherical 
seats and provided with ring lubrication. So far no trouble 
has been experienced with the bearings. 

The alternator and driving motor are bolted to a plank with 
means to allow for adjusting the belt. The alternator, motor 
and plank are supported on three points, two of which consist 
of indiarubber dog balls which are placed on a line parallel 
to ће axis of the motor which passes nearly under the 
centre of gravity of the whole arrangement. The third point 
consists of a piece of rubber placed at the alternator end which 
only carries a light pressure depending on the position of the 
two dog balls. The object of this arrangement is to as far as 
possible remove any vibration from my springy wooden floor 
which might interfere with tuned instruments, and in this 
respect has been quite successful. 

The alternator is driven by means of a V-shaped leather belt 
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from an electric motor, plain V-grooved pulleys being used and 
no precautions are taken to remove the pull off the bearings. 
It is found advisable to run the machine with the belt just on 
the shipping point, as under these conditions a very much more 
uniform frequency is obtainable. 

When running at the higher speeds somewhat curious effects 
are observable on the current supplying the driving motor. 
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The motor behaves as if it had attached to it a very large fly- 
wheel and could not therefore readily alter its speed, so that 
any small change in the supply voltage is accompanied by 
violent changes in the current through the driving motor. lf 
the voltage drops suddenly, say, 2 per cent., the current may 
even reverse and the motor become a generator. 

The open circuit characteristics of the machine and the 
short-circuit current curves for four different frequencies are 
shown in Figs. 1 and 2. The regulation on non-inductive load 
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for the same frequencies and a constant exciting current of 
5 amperes is given in Fig. 3. 

From the curves 16 18 evident that the iron of the machine із 
far from saturated, as the relation between exciting current and 
open-circuit volts is practically linear. If 5 amperes be taken 
as the full load current the rise in volts at 2,000 сә between full 
load and no load is 22 per cent. ; at lower frequencies it is much 
greater. 

The output of the machine at the higher frequencies attains 
$ kw., and I think a greater output could be safely obtained as 
the cooling at the higher speeds is extremely efficient; in fact, 
it is somewhat difficult to assign an exact value to the full load 
current. Five amperes have been taken as the figure, but 10 
amperes have been obtained on condensers without any signs 
of undue heating. The upper limit of the field current has also 
been taken at 5 amperes, which requires about 33 volts or, say, 
165 watts dissipated on the rotor. This lossis found to hardly 
take the chill off. 

With regard to the waveform of the machine it is very 
difficult to make satisfactory oscillograph tests at 2,000 ~ 
frequency. The tests were therefore carried out at 500 a. 
The waveform was tested (a) on open circuit, (b) on non-induc- 
tive load, (c) when loaded up to 5 amperes on highly inductive 
coils, and (d) when loaded with various loads up to 5 amperes 
on condensers. Тһе P.D. waves, Fig. 4, under the four con- 
ditions appear to the eve to be sine waves, but this 18 not reallv 
strictly the case, as there is а slight third harmonic present. 
In order to make it evident, a small condenser was connected 
in series with the strips of the oscillograph, in place of the usual 
non-inductive resistance. This has the effect of greatly magni- 
fying the upper harmonics ; in fact, the harmonics are magni- 
fied approximately proportional to their order. The result of 
repeating the tests with the oscillograph arranged in this way 
is shown in Fig. 5, which shows the presence of the third har- 
monic in the open circuit wave (a^) and in the non-inductive 
(b^) and inductive (c’), but not in the condenser load (d). 

The alternator has proved itself extremely useful for a large 
number of tests, especially the measurement by bridge methods 
with a vibration galvanometer of capacities, self and mutual 
inductions. It has also been used for a number of tests on the 
sensibility and properties of telephone receivers for wireless 
purposes. 

A test which may be of interest was an attempt to repeat 
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Dr. Silvanus Thompson’s experiment on the effect of alter- 
nating magnetic fields on the human being. According to one 
explanation of this effect, it is produced by E.M.F. induced in 
the head. If this is the case it should be easier to produce it 
the higher the frequency, so that one might expect that with 
2,000 frequency it would only require 4';th of the field strength 
that is required at 50 periods to make the effect apparent. 
Dr. Thompson used some 200 to 400 amperes at 50 ~ in а 60- 
turn magnetising coil, so that 5 to 10 amperes in a similar coil 
at 2,000 frequency might be expected to produce a similar 
result. A test was made with 7 amperes at 2,000 frequency 
and a 60-turn magnetising coil placed quite close to the head, 
30 turns on each side, but neither I nor mv assistant could 
perceive any effect whatever. 

I wish in conclusion to express my indebtedness to my 
assistant, Mr. Swann, for making the design and all the tests 
of the alternator. 


ABSTRACT. 


The author described and exhibited a small 2,000-frequency 
alternator which he had designed and had constructed for testing 
purposes, mainly in connection with telephonic measurements. The 
alternator is of the salient pole revolving field type running at 
8,000 revs. per min. The stator is smooth and wound like a gramme 
ring. the object being to obtain as near as possible a sine wave. 

The author gave curves showing the open circuit characteristic. 
the short-circuit current and the regulation of the alternator at four 
different frequencies. The output of the alternator amounted to as 
much as } kw. at the higher frequencies. 

Oscillograph curves of the alternator on open circuit and when 
loaded with non-inductive resistance, inductances and condensers 
were shown. These appeared to be practically sine waves. This is 
not, however, strictly the case, as there is a slight third harmonic 
present. To demonstrate this a further set of oscillograph curves 
of the P.D. of the alternator were exhibited. In taking these curves 
the non-inductive resistance in series with the oscillograph strips was 
replaced by asmall condenser so as to accentuate the upper harmonics. 

The author described an attempt at 2000 frequency, which had 
failed, to repeat Dr. Thompson’s experiment on the effect of an 
alternating magnetic field on the brain. 


DISCUSSION. 


Mr. B. S. Сонех stated that Mr. Duddell had supplied one of his 
alternators to Telephone House, and it had given thorough proof of its 
reliability and usefulness. Не exhibited characteristics and oscillo- 
graphs taken from the machine. The third harmonic that was present. 
was of no practical detriment. If the capacity of а microfarad mica 
condenser was found from the current taken by it and the voltage applicd 
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the error was less than 0-5 per cent. аба frequency of 1000. The only 
source of trouble had been in the driving belt, but that had been satis- 
factorily overcome. The instrument lent itself to a variety of interesting 
uses. [f a telephone be put across the machine when run at the reso- 
nating frequency the amplitude of vibration was such that matches 
could be blown out а distance of 3 or t metres. 

Mr. Снсктоәх asked whether Mr. Duddell needed a constant voltage at 
different frequencies, as this would necessitate a very high flux at low 
frequencies and vice versa. 

Mr. А. CAMPBELL expressed interest in the efficient manner in which 
Mr. Duddell had been able to avoid vibration in the mounting of the 

motor. Even a wire interrupter may disturb a vibration galvanometer 
(in tune with it) by vibrations mec hanically transmitted across a large 
room. He mentioned that a vibration galvanometer of low ohmic 
resistance could be used to very largely suppress any harmonic to which 
the galvanometer was tuned, as the apparent resistance for this harmonic 
would be very high. 

Mr. S. А. Рогоск described а somewhat similar machine that had been 
constructed tive years ago and was still running at the G.P.O. The rotor 
contained 60 ues which were wound zigzag with eight turns of wire. Тһе 
stator was wound with four turns per pole. The machine was constructed 
from the castings of an ordinary small alternator, in which the stampings 
had been removed and replaced. by Stelloid stampings wound as above. 
The machine had been run up to frequencies of 8,000. and was perfectly 
balanced at the highest speed. He exhibited oscillograms of the wave- 
form, which were of the same general type as those from Mr. Duddell's 
machine, The form remained. practically independent of the load. Тһе 
machine was largely used for measuring the apparent resistance of loading 
coils. The coil was placed in series with a variable air condenser and an 
alternating-current ammeter. А Duddell galvanometer was placed across 
the coil and condenser and used as a voltmeter. The condenser was varied 
so аз to obtain resonance, which was obtained by making C/E а maximum, 
in which case the reciprocal of this ratio was the apparent resistance of the 
сой. The method was so sensitive that a brass screw brought near to the 
coil appreciably altered its apparent resistance. Тһе effective resistance of 
coils found by this means several years ago кш to within 1 per cent. of the 
value found recently by Anderson’s method. То keep the frequency con- 
stant a vibrating reed was placed in series with a split commutator fixed 
on the shaft of the motor and connected т series with the armature. If the 
motor ran out of phase with the reed either an accelerating or retarding 
current was sent through the armature. A counter and а chronograph 
always showed that the number of revolutions per minute was exactly the 
same as the vibrations of the reed. The wave-form was purified by means of 
sifting circuits. 

Dr. W. Е. SvMPNER commented on the small drop in voltage at the 
high frequencies. From a scientific point of view the chief points in the 
machine were the large air gaps and the unslotted armature. It was to 
these that the good regulation was due. 

Mr. W. H. Е.Мскоосп asked Mr. Duddell if, in order to increase the ont- 
put of the alternator, artificial cooling might not be used here with advan- 
tage. Бог instance, since the winding might be a zigzag one of only one 
turn, this might consist of a copper tube through which oil or other cooling 
media might Тж passed. It seemed to him that in this way very large out- 
puts could be obtained, speaking comparatively. 

The Астнов, in reply. stated that the machine supplied to Mr. Cohen 
was one of the three original ones. In it the armature is wound іп three 
sections, which ean all be placed in parallel or in series. This was in order to 
obtain any required. voltages without having to use a transformer, which 
might distort the wave-form. In reply to Mr. Pollock, he stated that the 
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zigzag form of winding was an excellent one for the highest frequencies. 
He mentioned that Sir David Salomons had constructed an alternator with 
a zigzag winding giving a frequency of 10,000. This was a prototype of the 
modern alternators giving frequencies of 100.000. He also referred to the 
smal machine he built many years ago at the Central Technical College, 
giving a frequency of 120.000. Mr. Pollock's method of getting resonance 
and then finding the losses was a good one, as was also the Anderson’s 
method. In reply to Dr. W. E. Sumpner he stated that the good regulation 
possessed by the machine was helpful in avoiding distortions of all. kinds. 
He was indebted to Messrs. Muirhead & Со. for having built the machine. 
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ХХУП. А Method of Comparing Capacities at Various Fre- 
quencies. By ALBERT CAMPBELL, B.A. (From the 
National Physical. Laboratory.) 


RECEIVED Marcu 13, 1912. Reap Мавсн 22,1912. 
REVISED Marcu 28, 1912. 


For the accurate determination of a capacity in terms of & 
resistance and a frequency Maxwell’s commutator method 
(shown in Fig. 1) is well known.* It gives excellent results 


with condensers of all kinds, and two capacities can be сощ. 


pared with one another, by testing one after the other, by this 
method. But such a comparison cannot be made quickly, as 
the accurate determination of the frequency requires a run of 
eight or ten minutes on the chronograph in each case. 

It would be possible to avoid this trouble by having two 
separate complete bridges (each as in Fig. 1) with the two com- 


Fia. 1.—MAXWELL’S Соммстатов METHOD. 


mutators (C, and С.) mounted on one spindle, thus making the 
frequency identical for each condenser. 

A simpler method, however, is shown in Fig. 2; it gives a 
comparison under much the same conditions of charge and 
discharge as hold in the Maxwell method. 

A rotating double commutator is arranged, as shown, to 
charge and short-circuit each condenser simultaneously, the 
resistances В and S and the frequency being such that the 


* In Maxwells original description a rocking commutator (“ wippe ”) 
was mentioned. In 1858 Dr. Fleming brought the method into its present 
form by the introduction of a rofating commutator. 
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charge and discharge are practically complete for both K, and 
K, in each cycle. The galvanometer must be of long period. 

Let us first assume that the two commutators are so mecha- 
nically perfect that their corresponding contacts are made 
simultaneously. When K, and K, are of the same type as 
regards absorption and leakage, the current through the gal- 
vanometer will be practically zero at every instant if R/S 
=K,/K,. : 

If the condensers are not of the same type an alternating 
current will pass through the galvanometer, but, by suitable 
adjustment of the ratio R/S, the mean current can be brought 
to zero and an exact balance obtained. То a near approxi- 
mation we may then take K,/K,=R/S. 


Fia. 2.--Посвівк Соммотдтов METHOD. 


Especially at tolerably high frequencies it is not possible to 
ensure that the two commutators start the charging of each 
condenser at precisely the same instant,* and so, to eliminate 
any errors due to the difference between the two commutators, 
а second balance should be taken with the commutators inter- 
changed. The mean of the two results gives.the ratio of the 
capacities to a high degree of accuracy. "The truth of this 
statement has been established by experimental evidence, as 
several condensers of widely different absorption have given 


* Mr. D. W. Dye has suggested that this could be ensured by arranging 
another part of the commutator to break the battery circuit at A just before, 
and make it just after, the condensers como into connection with B and D. 
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results consistent with those of other methods even when the 
galvanometer resistance has been varied from 700 to 10,000 
ohms, R and S being of the order of 500 to 1,000 ohms. When 
the condensers differ much in absorption the complete theory 
of what occurs during the periods of charge is very difficult, as 
the laws of absorption are still too obscure to give sufficient 
basis to work upon. Further experiments, however, are de- 
sirable. The advantages of the method are that alternating 
current is not required, and that, as a direct-current galvano- 
meter is used, very high sensitivity can be attained. With 
condensers of 1 mfd. each, a reasonably sensitive galvanometer 
and a battery of 20 volts, a change of 1 part in 1,000,000 in one 
condenser gives a deflection of 0-5 mm. at 1 meter. Fre- 
quencies from 5 up to 200 v per sec. have been used. 

The methods (such as Wien's or Carey Foster's) in which 
alternating current is used are really preferable, although, 
when the highest accuracy is desired, the very small residual 
inductances of the resistances used have to be taken into ac- 
count. The latter methods employ a sine wave voltage, the 
commutator methods a voltage of square-topped wave form. 
À long series of experiments which we have made appears to 
have established the following relation between the methods. 
For condensers with negligible leakage the results of the two kinds 
of method are in agreement, provided that the respective frequencies 
are chosen so that the period of charge (or the equal period of dis- 
charge) with the square-topped wave is equal to 2/7 times the half 
period. of the sine wave. When this condition is satisfied the 
results given by the two kinds of wave-forms come into agree- 
ment within one or two parts in 100,000 over a wide range of 
frequency. By "leakage" I here mean what is sometimes 
called “ direct-current leakage." 

Ап account of the experimental work here mentioned will 
appear in a paper shortly to be published on the determination 
of the Ohm in absolute measure. 


ABSTRACT. 


To compare the capacities of two condensers under conditions 
similar to those in Maxwell's commutator method, thoy are charged 
and short-circuited periodically in two adjacent arms of a bridge by a 
double rotating commutator, the corresponding contacts being made 
simultaneously. If the other arms of the bridge are resistances R 
and 5, and а battery and direct-current galvanometer (of long period) 
are used, then а balance is obtained when K,JKi-R/S. The 
method is highly sensitive. Methods (like the above) in which the 
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applied voltage has а square-topped wave-form give results іп agree- 
ment with those using sine wave.form when the period of charge (and 
equal discharge) with the square-topped wave is 2/т times the half- 
period of the sine wave. 


DISCUSSION. 


Dr. J. A. FLEMING remarked: Mr. Campbell’s suggestion for using а 
double commutator for comparing capacities on a Wheatstone's bridge is 
not altogether new. Many years ago а double commutator was made in 
the Pender Electrical Laboratory at University College for this identical 
purpose, and the commutator part of this apparatus is exhibited by me on 
the table. Mr. Campbell speaks of the method of using a single commutator 
аз “ Maxwell's Commutator Method." As a matter of fact, the kind of com- 
mutator Maxwell suggested was a tuning fork, and this particular mode of 
commutation was mentioned in а Paper by me on “ Problems on the Dis- 
tribution of Electric Currents in Networks of Conductors," read before this 
Society in June, 1885. It was found, however, in practice that the tuning- 
fork commutator did not allow sufficient time for the contacts, and when 
this method of determining the capacity of a condenser was used by Sir 
J. J. Thomson in 1883 and by Dr. Glazebrook in 1884 at Cambridge they 
used the tuning fork to control another make-and-break contact of the 
vibrating-reed type. In the year 1888 I sent a short Paper to be read at 
Section А at the meeting of the British Association at Bath, in which а 
motor-driven revolving commutator was described for this purpose. In 
1903, in conjunction with Prof. Clinton, I read a Paper before this Society 
in which à much more perfect motor-driven commutator was described for 
capacity measurements, and also а double commutator for inductance 
measurements. "This motor-driven commutator has been used for nine years 
with the greatest success. To avoid the trouble of standardising the galvano- 
meter, and for the sake of comparing two condensers by a null method, a 
double commutator on one shaft was made a few years later. Since a con- 
denser plus a commutator behaves like a resistance, and lets through a 
certain quantity of electricity per second, it was an obvious application to 
insert in the two branches of a Wheatstone bridge two condensers and а 
double commutator, во arranged as to charge and discharge the condensers 
simultaneously. The method seemed so obvious that we did not trouble to 
describe it. The double commutator was also intended to be used in another 
way to measure the absolute capacity of a guard tube or guard ring con- 
denser. It is well known that when a condenser of predetermined capacity 
with guard ring or tube is measured by the commutator method the guard 
tube must be discharged at the same instant as the main condenser, only the 
guard tube is discharged through a bye- pass circuit and the main condenser 
is discharged through the galvanometer. This method was a common subject 
of conversation in my laboratory some years ago. The double commutator 
method can also be used with advantage for comparing together by a bridge 
method the capacity of a small adjustable air condenser with the capacity 
of a wireless telegraph antenna. The small air condenser can have its 
capacity determined by the Carey Foster method, and it is then not necessary 
to carry about apparatus for standardising the galvanometer. In the case of 
our double commutator there is a counting mechanism which enables the 
operator to know the frequency of the discharges and to regulate them, and 
also special means for preventing the battery sending current directly 
through the galvanometer. 

Dr. RUSSELL queried the utility of finding the ratio of the effective 
capacities of two condensers having different absorptive properties by a 
double commutator method. Не also asked whether the author's 
experimental result could not be expressed more simply by saying that 


a 
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the ratio of the effective capacities was the same with sine and square- 
shaped periodic waves when the charges given to the condensers were the 
same in the two cases. 

Mr. E. H. RAYNER pointed out that in tests of condensers with alter- 
nating currents the polarisation was continually reversed, but in the 
present method the polarisation was always in the same direction. 

The AUTHOR, in reply, said that the method did not appear to have 
been described before. He was interested to hear that Dr. Fleming had 
heen using it for some time past. In reply to Dr. Russell, he pointed out 
that in the alternating-current methods the absorption was separated 
from the capacity, and hence the latter might reasonably be called the 
true capacity at the particular frequency used. Не did not think Dr. 
Russell’s remark about the curves having equal areas was quite valid. 
In reply to Mr. Rayner, he stated that when, in Maxwell’s method, a 
reversing commutator was used, it gave with a mica condenser exactly 
the same results as the usual short-circuiting commutator. 
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XXVIII. The Coefficients of Expansion of Fused Silica and 
Mercury. Ву Н. рРомлірѕом, B.A., B.Sc. (The National 
Physical Laboratory). 


RECEIVED Marcu 14, 1912. Reap Marcu 22, 1912. 


RECEIVED IN REVISED Ковм JUNE 1, 1912. 
e 


Іх a Paper read before the Society on November 24, 1911, Мг. 
F. J. Harlow gave values for the coefficient of cubical expansion 
of fused silica determined by observations of the apparent 
expansion of mercury in а silica envelope, assuming the 
absolute expansion of the mercury to be that given by Callendar 
and Moss.* The values so deduced differ somewhat widely 
from those calculated from the accepted values of the linear 
expansion, and Harlow suggested in explanation of this that 
these accepted values might be unreliable, as they had usually 
been obtained from observations on small specimens of silica 
whose actual expansions, over the range of temperature used, 
would be very small. For this reason, the writer's results for 
the linear expansion of silica, obtained from observations on the 
silica metre of the National Physical Laboratory, may be of 
interest. The method employed has been that of comparison, 
over a range of temperatures from about ОС, to about 
30°C., of the length of the silica metre with that of stan- 
dard metal metres. The expansion coefficients of the three 
metal metres used, invar, nickel and nickel steel (43 per cent. 
nickel) were determined at the Bureau International, Sévres, 
by comparison with their platinum iridium standard No. 13, 
the value of whose expansion coefficient was obtained from 
measurements in an absolute dilatometer and 1s not dependent 
on an optical method. Observations of the difference in length 
between the silica metre and the standard were taken, in each 
case, at six temperatures in the range above given in the 
Laboratory linear comparator, and the coefficient of linear 
dilatation of the silica was deduced in parabolic form Бу the 
method of least squares. Тһе coefficients of lincar dilatation 


* Phil. Trans." A Vol. 211, p. 1, 1911. 
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of the standard metres, as given by the Bureau International, 
are 


1. Invar: L —L,jí14-(1:1527 —0-00061/2)107$] . 
2. Nickel: І,-1,41--(12-35%--0-0092242)10-6!. 
3. 43 per cent. nickel steel : 
L,—L,114-(8.031:—0-00269/2)107* , . 
And those of the silica metre obtained from the comparisons are 
1. From the invar metre 
L,=L, {1+ (0:387--0-0013/2)1075; 
2. From the nickel metre | 
L,=L,{1+ (0-35t-+-0-0016¢?)10~$}) 
3. From the 43 per cent. nickel-steel metre 
L,=L,{1+4 (0-41¢+-0-0005¢?)1075}. 
The degree of concordance between these three determina- 


tions is shown in the following table of mean expansions over 
different ranges of temperature :— 


Mean coefticient of linear expansion of silica. 


| Temperature 

А runge. 1 2 3 

.. QC. (о 10°C. 0.39х 106 — 0-37 x 10-6 0-41 x 10-6 

| 10?C. to 20?C. 0-41 x 10-6 0-38 x 10-6 0-42 x 10-6 
20°С. to 30°С. 0-42 x 10-6 0-40 x 10-6 0-42» 10 © 


The comparison against the invar metre is probably affected 
to some extent by the thermal hysteresis inherent to invar, 
though this was kept quite small by slow heating and cooling. 
The observations taken of the length of the silica metre at the 
ordinary room temperature before and after the determination 
of the coefficient of expansion showed no evidence of hysteresis 
in that standard. Owing to the hysteresis of the invar metre 
it might be more just in deducing the final mean value for the 
silica dilatation to give the determination (1) only one-half the 
weight of the other two determinations, but whether this is 
done or not, the mean equation is 


L,—L,14-(0-38t--0-001172)107$], 
which may be compared with Chappuis' equation from the 
Fizeau optical method 


L,=L,{ 1+ (0-385t-1-0-00115/)1075] .* 


* ** Proces-Verbaux," Comm. Int. des Poids et Mesures, 1903, p. 75. 
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Кауе* has collected and reduced to a mean curve the results 
obtained by many observers for the coefficient of linear 
expansion of fused silica, and the agreement between this 
curve and the values from the silica metre is good, as may be 
seen from the table below :— 


Mean linear expansion coefficient. 
Temperature range. 


From Kaye’s curve. | From silica metre. 
09С. to 10°C, 0-40 x 10-6 | 0-39 x 10-6 
10?C. to 20?C. 0-41 x 1075 | 0-40 x 10-6 
20°С. to 30°С. 0-42 x 107* 0-41 x 10-6 
0-42 x 1075 


30°C. to 40°C. | 0-43х10-° 


The formula obtained from the silica metre is capable 
of extrapolation, even up to 100°C., without appreciable 
divergence from the previously accepted value for the co- 
efficient, for we have 

Value for range 0°C. to 100°C. from Kaye’s curve 


=0-49 x 1078. 
Value for range 0°С. to 100°C. from silica metre by 
extrapolation =0-49 x 107%. 


This is fairly conclusive evidence that, in spite of the small 
expansions to be measured, and the consequent risk of compli- 
cations from changes in surface conditions, due to heating, 
there is no serious error, such as suggested by Harlow’s results, 
in the application of the Fizeau interference method to the 
measurement of the linear expansion of silica. 

It is not to this, therefore, that we can look for the explana- 
tion of the difference between Harlow’s values for the coefficient 
of cubical expansion and those deduced from the linear 
coefficient. These differences are great, both in the absolute 
value of the coefficient for the fundamental interval 0°C. to 
100°C., and in its differentiation with respect to temperature, 
for we have 


Temperature range. 


Calculated mean | Harlow's mean 
cubical coefficient. | cubical coefficient. 


мк жн 


0°C. to 100°C. 148 x 10-8 | 100 x 10-8 | 
0°С. {о 184°С. 154 x 10-8 


145 x 10-8 | 


These errors may lie either in bad observations, which 
appears unlikely from the excellent concordance between 


*“ Phil, Mag.," October, 1910. 
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Harlow's different series of experiments, or in the value 
assumed for the coefficient of cubical expansion of mercury, 
or in some want of agreement between the linear and radial 
expansions in a silica tube. Now the method of obtaining the 
value of a small quantity (the expansion of silica) by means of 
the difference between two large quantities (the absolute 
expansion of mercury, and its expansion relative to silica) must 
alwavs be doubtful, and, in the case under consideration, it is 
rendered more so bv the serious discrepancies which exist 
between the standard determinations of the absolute expansion 
of mercury. 

The two most recent of these determinations are those of 
Chappuis* and of Callendar апа Moss,f the latter of which 
Harlow has taken as the basis of his calculations. Тһе method 
of Callendar and Moss was & more delicate modification of 
Regnault’s hydrostatic method, and was used over a range of 
temperature extending from just below 0°C. to 300°C. 
Chappuis' observations were mainly confined to temperatures 
between 0°С. and 44?C., with one well-determined point near 
100?C., and were obtained with an apparatus which was а 
combination of a weight thermometer and a graduated tube, 
the method involving a knowledge of the coefficient of cubical 
expansion of the glass of which the vessel was made. The 
value for this cubical expansion was calculated from the value 
for the linear expansion determined in а comparator. The 
results from the two methods show serious differences, the 
values for the cubical expansion coefficient for the range 0°С. 
to 100°C. being 


Chappuis, 0-000,189,5511 
Callendar and Moss, 0-000,182,054. 


The difference between these two values (49-7 x 1075) is of 
the greatest importance in dealing with the small expansion of 
fused silica ; so much so, in fact, that а use of Chappuis' value, 
instead of that of Callendar and Moss, in Harlow's calculations, 
leads to à mean cubical coefficient for silica, over the range 
0°C. to 100°C., of 148-6 х 1078, which is in very good agreement 
with the value, 148х 1078, calculated from its known linear 


* Trav. et Mem. Bur. Int.," XIIL., 1907. 

t Loc. cit. 

{Та Chappuis’ original memoir the calculated cubical coefficient, by an 
arithmetical error, differs slightly from that quoted here. Тһе required 
eorrection has been applied throughout this Paper. бее Eumorfopoulos, 
“© Proc. Roy. Soc.," June, 1908. 
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coefficient. Hence, the writer contends that Harlow’s ob- 
servations give no reason for doubting either the previously 
accepted values for the coefficient of linear expansion of silica 
or the application to that substance of the usual method of 
calculating the cubical expansion from the linear. 

On the assumption of the values for the expansion of silica 
given by Kaye,* Harlow’s observations give the following 
values for the mean coefficient of expansion of mercury :— 

0°C. to 100°C. 0-000,182,545. 
0°C. to 184°C. 0-000,183,802. 

The value at 100°C. agrees very closely indeed with that of 
Chappuis previously quoted, but Chappuis differs widely from 
Harlow’s value, and indeed from all other values, at 184°C. 

In this connection it is to be noted that, with the exception 
of the well-determined point at 100°C., all Chappuis’ observa- 
tions are limited to the region 0°С. to 45°C. In such a 
distribution, very small errors in the observations at the lower 
temperatures, such as might arise from any lack of homogeneity 
in the material of the bulb of the weight thermometer, would 
suffice to produce a considerable effect on the cubic term of the 
resulting equation, and so cause it to be unreliable for extra- 
polation to temperatures appreciably beyond the actual range 
of observation. 

From these considerations it is probable that a parabola 
through Chappuis’ observations, though giving rather larger 
residuals in the region 0°C. to 45°C., should extrapolate better 
than the cubic equation. The parabolic formula so obtained 1з 


V,= V,(1+0-000,181,317¢+-0-000,000,012,297), 
which gives, for the mean expansion between 0°С. and the 
higher Harlow point (184°C.) the value 
0-000,183,578 
as against 0-000,183,802 from Harlow's observations 
and 0-000,185,044 from Chappuis' cubic formula. 


It will immediately be seen how much пеагег the extra- 
polated parabola is to Harlow's observation than is the 
extrapolated cubic equation. "This fact, and the general type 
of agreement between Harlow's different sets of observations, 
lead one to consider his point at 184°C. to be a reliable one. 
А new cubic equation has, therefore, been calculated, by the 
method of least squares, to represent the combination of 


* Loc. cit. 
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Chappuis’ observations, corrected as explained in the previous 
footnote, with those of Harlow. The cubic equation is 


V,— V, (14-0-000,181,3851-1-0-000,000,009,770/2 
4-0-000,000,000,018,31843), 


and the resulting curve passes practically through the Chappuis- 
Harlow points at 100°C., and through the Harlow point at 
184°C., while over the range 0°C. to 100°C. it has a probable 
error considerably less than twice that of Chappuis’ own cubic 
equation, with the additional advantage of increased reliability 
from the longer observational range. 

The curves corresponding to the various formule are shown 
in the two figures. The scale is such that if a is the mean 
expansion coefficient between 0?C. and ГС. on any formula, 
then the ordinate corresponding to that formula at the tem- 
perature ГС. is equal to 


t(a—0-000,182,545). 


The maximum difference between the two cubic curves over 
the observational range from 0°C. to 45°C. is seen to be no 
greater than the range of variation of the experimental points, 
thus clearly indicating the unreliability which must attach 
to Chappuis’ cubic when extra-polated. It may be noted 
that not only does that equation give values too high at 
temperatures above 100?C., but also begins to turn back be- 
tween 0°C. and — 25°C. In Fig. 2 it is also to be seen that the 
difference between Harlow’s and Chappuis’ observations at 
100°C. is distinctly less than Chappuis’ own experimental 
errors, so that, if the value of the silica expansion is that 
assumed in the present Paper, Harlow's determination may be 
taken as absolute confirmation of Chappuis’ work. 

The evidence for accepting Chappuis' observations as the 
best up to the present time has been clearly put forward during 
the writing of the present Paper by Scheel,* and by Scheel and 
Heuse,t from the Reichsanstalt and it is, therefore, unneces- 
sary to repeat it here. 

No observations of mercury expansion at temperatures 
&bove 184?C. have been used in calculating the curves in the 
present Paper. The only ones available are those of Callendar 
and Moss, and of Regnault. In the former case there seems 


* ** Zeit. für Instrumentenkunde," Vol. 32, р. 14, 1912. 
1`* Phil. Mag.," March, 1912. 


199 МЕ. Н. DONALDSON ОМ 


9245) 


Қа- 000018 


(а —0:000182542) 


= 000005 


--0:00010 


000125 


0:90100 


Chappuis-Harlow Cubi 
“------- ---Сһаррчіз Cubic. 
-------- — Chappuis Parabola. 
-------- Callendar- Moss. 


000075 


0005 


000025 


= — S Cubic. 
x ------- Chappuis Cubic 
<<. \ ------ Callendar- Moss. 
BN o o Chappuis Observations. 
) e Harlow Observation. p! 


= 26 


Еа. 2. 


tr ÓÁÁ HQ — 


l—— 225, dL ge bar ааа > ----қ- —— м. жш 


THE EXPANSION OF SILICA AND MERCURY. 193 


to be some unsuspected source of experimental error in the 
determinations at lower temperatures at any rate, and, in that 
of Regnault, the uncertainties in the various methods of 
reducing his observations, and the widely different values 
obtained by the different methods of reduction, make it 
impossible to draw any very definite conclusions from them. 

In conclusion, it may be said that, although Harlow’s work 
has been of considerable help in the difficulties connected with 
mercury expansion, there are still some points which require 
further investigation. The suggestion of this Paper is that 
such points could best be elucidated by further experiments 
with a silica weight thermometer. The close agreement 
between Chappuis and Harlow at 100°C. in mercury expansion 
using glass and silica bulbs, and between Chappuis’ values for 
water expansion using glass and platinum-iridium bulbs, seems 
to show that, in these substances, at any rate, no serious error 
is introduced by calculating the cubical expansion from the 
linear. Still, a difference of 2 per cent. between the actual and 
the calculated values for glass would be sufficient to account 
for the whole difference between the results obtained for 
mercury by Chappuis and by Callendar and Moss, but in fused 
silica a difference of the same absolute magnitude would mean 
an error of 50 per cent. in the calculated cubical expansion. 

The present work on the silica metre has been done on a 
specimen almost identical with that which would be used as a 
weight thermometer (the bulb of Chappuis’ glass instrument 
was 1 metre long) and the reference lines were on planes 
beyond the sealed-off ends of the tube. 

There is the further advantage in silica of a very definite 
zero-point, owing to the absence of thermal hysteresis, and, if 
this zero point were determined frequently, any secular change 
in the volume of an annealed specimen should certainly be less 
than the errors of experiment in weight thermometry. 

The writer wishes very sincerely to thank Mr. J. E. Sears, 
in charge of the Metrology Division of the Laboratory, for much 
help freely given during the preparation of this Paper. 


ABSTRACT. 


It is shown by experiments on the silica metre of the National 
Physical Laboratory that the values for the coefticient of expansion 
of fused silica obtained by previous observers on small specimens by 
optical methods are confirmed by the comparator method with a 
long specimen. These values are then used to obtain, from Harlow’s 
experiments (“ Proc, Phys. Мос.” XXIV., p. 30, December, 1911), 
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values for the mean coefficient of expansion of mercury for the ranges 
0°C. to 100°C. and 0°C. to 184°C. The use of these in conjunction 
with the previous observations of Chappuis on the expansion of 
mercury leads to the representation of that expansion by the 
equation :— 

V,— V,(1 + 1-81385 x 10- 4¢ + 9-770 x 10 - 9/2 + 1-8318 x 10 - 103), 
Other formule for the representation of the same quantity are 
quoted and examined, and it is suggested that further experiments 
with a silica weight thermometer would go far in elucidating the 
points of difficulty connected with them. 


The discussion on this Paper was adjourned to the next 
meeting. Prof. Callendar's contribution to the discussion 


took the form of the following Paper. 
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XXIX. On the Expansion of Vitreous Silca. By H. L. 
CALLENDAR, M.A., LL.D., F.R.S. 


PRor. CALLENDAR begged leave to re-introduce to the notice of 
members the method and apparatus for the investigation of 
the expansion of vitreous silica which he had described and 
demonstrated at a meeting of the Society on March 22, 1901. 
The late Mr. A. W. Shenstone, whose work as the pioneer of 
vitreous silica was so well known, had on that occasion kindly 
provided him with two rods of the material 1-5 mm. in diameter 
and 40 ст. long, and also with a tube 1 cm. diameter and 
30 em. long. The rods were electrically heated in a very thin 
and uniform platinum tube, 3 mm. in diameter, the resistance 
and expansion of which had previously been investigated with 
great care in connection with some experiments on the effusion 
and transpiration of gases at high temperatures. Тһе method 
possessed special advantages for work at high temperatures 
because the rod could be raised to any desired temperature not 
exceeding 1,700?C. in three of four minutes with little or no 
disturbance of the surrounding conditions, and the mean tem- 
perature could be inferred with considerable accuracy either 
from the expansion or the resistance of the platinum tube. 
The preliminary results of the investigation were published by 
Mr. Shenstone in his lecture on “ Vitrified Quartz” at the 
Royal Institution on March 8, 1901. The final results, com- 
municated to the Physical Society on March 22, 1901, were 
reported in the “ Chemical News " of March 29th and other 
papers, but were not considered to be of sufficient importance 
to merit more extended publication at that time. In view, 
however, of various misunderstandings which had arisen, and 
of the increased interest taken in the question at the present 
time, it might be worth while to give a brief summary of the old 
results. The expansion was found to be accurately reversible . 
up to 900°C. with a nearly uniform coefficient, approximately 
0-58х 1075 between 300°C. and 900°C. There was a well- 
marked flat or change-point in the curve near 1,000°C., above 
which the slope resumed its original value as far as 1,400°С. 
When maintained at a steady temperature in this region the 
rod showed a continuous increase of length, accompanied by 
marked superficial devitrification. In order to separate the 
permanent elongation due to this cause from the reversible 
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expansion, a variable zero method was adopted. The current 
was switched off immediately after each reading at high tem- 
peratures, and the zero observed as soon as the apparatus had 
cooled to atmospheric temperature. The contraction gave the 
reversible effect, the difference of the zeros before and after, 
the permanent elongation. The latter change was found to 
occur more rapidly as the temperature was increased. Above 
1,400°C. a reversible contraction was observed, which was 
demonstrated at the meeting on a greatly magnified scale by 
means of an optical lever. After repeated heatings to 1,600°С. 
or 1,700°C. the change point at 1,000°C. disappeared, and the 
expansion became more uniform, but the devitrification had 
by this time proceeded so far that the material would be 
valueless if annealed in this way. Further heating soon caused 
the alteration to extend in places through the core of the rod, 
which became very brittle and broke. The reversible expansion 
had by this time increased to nearly double its original value. 
The second rod similarly tested showed precisely similar effects, 
but the heating in this case was not pushed beyond the stage 
of superficial devitrification. Тһе results differed widely from 
those previously obtained by Le Chatelier by comparison with 
a porcelain rod (probably owing to uncertainties in the expan- 
sion of porcelain), but had since been verified over the range 
-0°С. to 1,000°C. by the observations of Holborn and Henning 
and of Randall The material appeared to be eminently 
suitable for accurate work at temperatures up to 800?C. or 
900?C., but its irreversible elongation and devitrification at 
higher temperatures rendered it useless for high-temperature 
gas thermometry, which was the primary object of the in- 
vestigation. 

More recently the expansion of vitreous silica аб ordinary 
temperatures had acquired special interest in connection with 
mercurial thermometry and standards of length and expansion. 
The majority of observers had used the Fizeau method with 
specimens 10 mm. to 15 mm. long. Somewhat different values 
had been found for different specimens with different standards 
of comparison. For a cylindrical specimen on a platinum- 
iridium tripod Chappuis found 50 x 10:" for the expansion from 
0°С. to 100°C. and 0-385х 10:5 for the coefficient at 0°C. 
Scheel, for a similar specimen, tested against a quartz crystal 
ring, found 45:5 x 10°" from 0?C. to 100°C. апа 0-217 x 107° at 
0°С. Fora ring specimen tested in à vacuum by the absolute 
method he found values almost identical with Chappuis ; but 
Randall, employing а similar ring specimen, also made by 
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Zeiss, found the mean coefficient from 16°C. to 80°C. (which 
is nearly the same as that from 0°C. to 100°C.) to be only 
0:424 х 107". Such differences might be due to accidental 
errors or to differences in form and treatment of the specimens 
employed, or to differences in the standards of comparison. 
But since the whole expansion of 1 cm. of fused silica between 
09С. and 100°C. was only of the order of one wave-length of 
light, it was also possible that small constant errors might 
arise in so delicate an experiment from gas films or other 
surface effects variable with temperature. It seemed, there- 
fore, desirable to measure the expansion of the long silica rods 
at low temperatures by a direct interference method in which 
such sources of error were excluded. 

The free end of the silica rod in the platinum tube apparatus 
was accordingly fitted with a small lens giving Newton’s rings 
with a fixed lens. Ап expansion of 50x 109 with this arrange- 
ment would give about 50 rings, which could be easily counted 
in two or three minutes by suitably regulating the electric 
heating. Тһе fractions of а half wave-length could be esti- 
mated with great precision by measuring the diameters of the 
first and last rings. The experiment was so easy that an error 
of the order of 1 per cent. appeared to be practically impossible, 
and an accuracy of 1 in 1,000 might reasonably be expected. 
The ring system itself was not exposed to changes of tempera- 
ture, and the method was absolute in the sense that the result 
did not depend on assuming the expansion of some other 
material. This method gave a smaller and more rapidly 
diminishing value for the expansion of the silica rods than that 
obtained by other observers employing the orthodox Fizeau 
method with short specimens. Оп the other hand, Donaldson's 
relative comparisons of a silica metre over the range 0°С. 
to 30°С, with three metre standards of invar, nickel and nickel- 
steel respectively (the expansion of which relative to the 
platinum-iridium standard had been determined at the Bureau 
International) gave results the mean of which agreed closely 
with Chappuis' formula, in which the expansion of platinum 
iridium was also assumed. It would appear either that 
different specimens of silica differed in expansion or that the 
discrepancies were due to errors in the absolute determinations, 
which were of а higher order of difficulty than the relative 
comparisons. 

The recent determinations of the relative expansion of 
mercury in silica bulbs by Harlow and Eumorfopoulos agreed 
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well with that of Chappuis obtained with a verre dur bulb, 
when Chappuis’ values of the expansion of silica and verre dur 
were assumed, but gave somewhat lower values for the expan- 
sion of silica and verre dur when the values of Callendar and 
Moss for the absolute expansion of mercury were assumed 
and the cubical coefficient was taken as three times the linear. 
This introduced the fiffther question as to whether the expan: 
sion of silica or verre dur could be assumed to be isotropic, since 
neither could be perfectly annealed. In order to elucidate this 
peint he had designed an arrangement for observing by the 
Fizeau method the differential expansion between a tripod and 
a ring cut from the same tube. The finished apparatus was 
promised in a day or two, aud might be expected to afford some 
positive evidence on the subject. It was proposed to examine 
different specimens of glass as well as silica to see if алу rela- 
tion could be traced between the residual strains and the 
expansion, апа whether differences could be eliminated by 
annealing. If his own observations of the expansion of silica 
and mercury were correct, the difference between the radial 
and axial expansion of a silica tube should be small in absolute 
magnitude, but well within the limits of sensitiveness and 
accuracy of the differentia] method. Тһе absolute measure- 
ment of a linear coefficient was a difficult and delicate opera- 
tion, and any errors were increased threefo'd in deducing the 
cubical coefficient ; but in the case of a material like silica, 
where the expansion was so small as to minimise the Importance 
of exact measurement of temperature, the weight thermometer 
method afforded a most valuable check on the accuracy of the 
hydrostatic method, provided that the isotropy of the bulb 
employed were independently verified. It might even prove 
to be more accurate than the hydrostatic method at low tem- 
peratures, where the latter suffered from increased viscosity 
lag and other difficulties of manipulation. 


Note added by Prof. Callendar.—With the assistance of Mr. 
A. Eagle, he had made some observations on the difference 
between the radial and axial expansion of a silica tube similar 
to that from which the bulbs of the mercury weight thermo- 
meters emploved by Harlow and Eumorfopoulos had been 
constructcd. The tube had been supplied by the Silica 
Syndicate, and the tripod and ring had been optically worked 
by Messrs. Hilger. Several independent determinations had 
been made by Mr. Eagle on different days with closely con- 
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cordant results. The mean of these showed that the axial 
coefficient of expansion of the specimen tested exceded the 
radial coefficient by 0-20х 10-6 over the range 18°C. to 90°C. 
The axial coefficient of the tripod had also been measured, and 
found to be 0-46 х 10-6 when reduced to correspond with the 
range 0°C. to 100°C. This would make the cubical coefficient 
of a bulb constructed from the same tube approximately 
0:98 х 10-6, which agreed as closely as could be expected with 
the results of Harlow and Eumorfopoulos. The exact reduc- 
tion of the observations had not yet been completed, owing to 
pressure of other work, but it appeared that the difference 
between the axial and radial coefficients increased, while the 
axial coefficient diminished more rapidly at lower temperatures. 
Thus, the cubical coefficient of a drawn silica bulb would vanish 
somewhere between 0°С. and 15°C., as had been found by 
Eumorfopoulos to be the case. 

The investigation had so far proved to be a confirmation 
of the accuracy of the work of Callendar and Moss on the 
absolute expansion of mercury at low temperatures, and would 
appear to indicate that the values generally assumed for the 
expansion of water and mercury were appreciably too 
high. Having regard to the direct experimental proof of the 
anisotropy of a drawn silica tube, and the possibility of errors 
in the “ accepted ” values of the linear coefficient, it did not 
appear profitable to discuss further the speculations on the 
expansion of mercury at higher temperatures, which Donaldson 
and others had based on the assumption of the isotropic 
expansion of silica. 


DISCUSSION ON THE TWO PRECEDING PAPERS. 


Mr. Е. J. HARLOW quoted some observations on the apparent expansion 
of mercury and silica from 0°С. to 44°C. that he had recently made. 
These gave a still lower value for the expansion of silica. 

Dr. G. W. С. KAYE congratulated Mr. Donaldson on drawing from 
Prof. Callendar such an intcresting account as they had just listened to. 
He was glad Prof. Callendar was taking up such an important subject, as 
the question of the expansion of silica was now an international one. 

Dr. J. А. HARKER stated that Prof. Callendar suggested that Donald- 
son's coefficient for the expansion of silica ultimately depended upon the 
coefficient found for a small specimen of platinum-iridium found by tho 
Fizeau method. The metre rods against which Mr. Donaldson had com- 
pared his silica meter had had thcir coefficients determined at the Bureau 
International relatively to their standard platinium-iridium metre, but 
this had had its cocfticient determined absolutely, as well as by the Fizeau 
method. 

Мг. Н. Donaupson, in reply, said that Prof. Callendar had raised 
several questions to which it was difticult to giveany answer at the pre- 
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sent time. He suggested that different specimens of silica might behave 
differently. Their standard metre bars had been compared against the 
standard platinum iridium bar at the Bureau International, but this had 
had its coefficient of expansion determined absolutely and not relatively. 
Mr. Sears and himself had also designed a method of tinding the difference 
between the longitudinal and{transverse coefficients of drawn silica by 
means of an optical lever method. He valued Prof. Callendar's remarks 
on the difficulty of annealing silica. 


— 
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XXX. The Solution of Network Problems by Determinants. By 
Колго APPLEYARD, M.Inst.C.E. 
ВЕСНЕ Marcu 7, 1912. READ APRIL 96, 1912. 


MAXWELL’s method of solving problems relating to the dis- 
tribution of electric currents in networks of conductors, by 
means of mesh equations and determinants, is of great service 
when the currents in a network are of sine form. This method 
was fully explained in à Paper read by Dr. J. A. Fleming to 
the Physical Society іп 1885, апа he also added a method for 
calculating the resistance of a network, which had not been 
given by Maxwell.* By a familiar device, capacities, induc- 
tances and leakances in networks containing such currents 
can all be expressed as resistances, and Maxwell’s method is 
consequently applicable to the general case. It is proposed 
here to consider how mutual inductance can best be dealt with 
in forming the equations and the determinants, and to suggest 
some simplifications. 


The Sign of Mutual Inductance.—As mutual inductance in а 
network may have a plus or a minus sign it 18 convenient to 
adopt a convention, and to represent the mutual inductance 
by two parallel coils or conductors, as shown in Fig. 1. Тһе 
directions of the cyclic currents may be indicated in the usual 
way by bent arrows. It is desirable to retain capital letters 
for currents and small letters for resistances. Consider what 
happens in an adjacent mesh when a cyclic current in any given 
mesh, linked to the first by mutual inductance, is momentarily 
increased. Ifthe current induced by this means in the adjacent 
mesh is in the same direction as the cyclic current of that mesh, 
the mutual inductance, as a convention, may be given a plus 
sign ; and it may be given a minus sign if the induced current 
is opposed to the cyclic current in that adjacent mesh. For 
example, in Fig. 1, à momentary merease in the cyclic current 
А would induce in mesh B a momentarv current opposed to А, 
and consequently in the same direction as the cyclic current В. 
The mutual inductance may therefore be given a plus sign. 
Again, in Fig. 2, à momentary increase of the cylic current X 
would induce in the adjacent mesh а momentary current op- 
posed to the cylic current. Y, and consequently the mutual 
inductance may be given а minus sign. 


* Sec “ Problems on the Distribution of Electric Currents in Networks of 
Conductors, treated by the Method of Maxwell.” (Dr. J. А. Fleming, 
“ Proc." Physical Soc., Vol. VIL, 1885-1886.) 
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Retention or Rejection of an M-term.—In writing down the 
mesh equations there is sometimes a doubt whether for a given 
mesh a mutual inductance term should be included or not in 
the expression for the sum of the E.M.F.s round it, when it is 
linked to an adjacent mesh by mutual inductance. Іп such а 
mesh there is, of course, an E.M.F. due to mutual inductance 
only when the current in an adjacent mesh fluctuates ; and 
fluctuation of its own cyclic current produces within the mesh 
itself no Е.М.Е. of mutual inductance, and consequently no 
M-term. It will presently be shown that in forming the deter- 
minant the M-terms can be made to take their proper places 
in this respect automatically. 


Fic. 1. Fia. 2. — 


Numerical Order of Meshes.—It is the custom in forming the 
determinant to write down the terms of the leading diagonal 
by inspection, by considering the meshes one at a time, in any 
order—the sums of the resistances in each mesh, taken sepa- 
rately, are the successive terms of the leading diagonal. But 
it never seems to have been explained how the determinant 
can best be completed by inspection after this operation. 
There is a very simple means of doing this, and incidentally it 
removes all doubt regarding what terms should, and what 
terms should not, contain an M. It depends upon numbering 
the meshes in any consecutive order. И the cyclic currents are 
denoted by letters in alphabetical order the letters will be 
sufficient indication of the numerical order. There is some 
advantage in beginning to count from the mesh containing the 
generator. The sum of the resistances in mesh (1) then forms 
the top left-hand term of the determinant. The sum of the 
resistances in mesh (2) takes the next place along the leading 
diagonal, and similarly for the other meshes, in the numerical 
order, forming the remainder of that diagonal. Now as the 
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influence of adjacent meshes is left out of account in forming 
every constituent of this diagonal, there 18 never an M-term in 
the leading diagonal. Constituents outside the leading diagonal, 
however, are all formed from considering the E.M.F.s arising 
from meshes adjacent to each mesh of the network, in succes- 
sion. Hence, there is always ап M-term in a constituent outside 
the leading diagonal, provided that the constituent corresponds to 
а mesh linked by mutual inductance to a mesh in which there 18 a 
varying current. The effect of retaining the numerical order 
in the leading diagonal is that the number of each column of 
the determinant agrees with the number of a given mesh, and 
each row can now be filled in by inspection. For example, 
beginning at the first mesh, write down the sum of the resist- 
ances in the branch that separates it from the second mesh. 
This is found to be the proper constituent for the second place 
of the top row. Similarly, the sum of the resistances in the 
branch that separates the first from the third mesh is the proper 
constituent for the third place of the top row, and so on for all 
the remaining constituents of that row. Next proceed to the 
second mesh, and observe that the second place in the second 
row is already filled by the constituent there of the leading 
diagonal. To fill up the first place of the second row write 
down the sum of the resistances in the branch that separates 
the second mesh from the first. To fill up the third place of 
the second row write down the sum of the resistances in the 
branch that separates the second mesh from the third, and so 
on for all the remaining constituents of that row. Then pro- 
ceed to the third mesh, and find all the constituents of the third 
line, beginning at the diagonal constituent in that line, and 
observing in succession the sums of the resistances of the 
branches that separate it from the other meshes. This result 
can be generalised by stating that the magnitude of the con- 
stituent of any given row and given column in a network deter- 
minant 13 represented by the sum of the resistances in the branch 
separating the mesh bearing the number of the given column from 
the mesh bearing the number of the given row. All constituents 
of the leading diagonal are to be given a plus sign, and all con- 
stituents outside that diagonal are to be given a minus sign. 

Null Condition.—In ascertaining the conditions that 
correspond to no current in a particular branch, Maxwell’s 
device* of denoting the cyclic current in the mesh on one 


* See “ Handbook for the Electrical Laboratory and Testing Room,” 
Dr. J. A. Fleming, Vol. L, p. 202. 
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side of the branch by, say, X, and the cyclic current in 
the mesh on the other side of it by X+Y, requires a sub- 
sequent sorting out of the terms in X and Y, and the 
formation of a second determinant. This work can be sim- 
plified by adding the constituents of the X+Y column to those 
of the X column to form a new X column, and by retaining the 
constituents of the Х--Ү column of the first determinant as the 
constituents of the Y column in the new determinant. To illus- 
trate this, consider the case of a Wheatstone bridge, Fig. 3. 


Taking the meshes in the order А, B (B+C), and writing down | 


the sum of the resistances in each, the leading diagonal is found. 
In passing from A to B, branch r is crossed. Hence r is the 
constituent of the second place of the top row. In passing 
from A to (В--С), branch a is crossed. Hence а is the con- 
stituent of the third place of the top row. Similarly, in passing 


Fra. 3. 


from B to A, branch r is crossed. Hence r is the constituent 
of the first place of the second row. By this simple means the 
determinant can be written down very quickly by inspection, 
from the foregoing rules, thus— 


(A) (B) (B+C) 
a+r-+s —7 —@ | 
х= чч g- rq —y 
-4 —9 а--0--4 


For clearness the corresponding cyclic currents have been 
placed at the head of each column. Now add the constituents 
under (B--C) to those under (В) to form a new (B) column, 
and retain the (B+C) column to form the new (C) column, of 
the required. second. determinant. for A, B and C, and the 
result is— 


(А) (В) (С) 

a+r+s —r—a —а 

A= =p r--q —9 
—а a+b a4-54-g 


——— M ee "A —M— — —. 
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To find C we replace the third column by E, 0, 0, so that 
Mcr 
(EAE —a афф | gu 
which is the required solution. In general, by this method, 
it would suffice to write down the first determinant, and from 
it to write down the A. о the second determinant, also by 
inspection. If the cyclic currents on either side of a branch 
are represented by (B+C) and (B) respectively, it will be found 
that there is alwavs advantage in placing the (В--С) column 
last, however complicated or extensive the network may be. 
Also, the (B) column should be placed next to the last. lf this 
is done, /\„_ сап the more easily be written down by inspection 
from the first A, and the current С is determined by replacing 
the last column of A by Е, 0,0,0,. . . . as in this example. 
Linked Circuits.—The same method is applicable to an ar- 
rangement of circuits linked by mutual inductance, and con- 


з 


к, 
Fic. 4. 


taining resistances, capacities and self-inductance, as in Fig. 4. 
For example, if it 13 required to find the current S in the secon- 
дату corresponding to а current P in the primary, the deter- 
minant is formed as before, beginning with the leading diagonal. 
Each capacity 18 converted into a resistance by dividing its 
reciprocal by ip, where p=2r~; and each inductance is 
converted into a resistance by multiplying it by ip. The 
determinant corresponding to Fig. 4 is consequently 
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It is seen that the leading diagonal again contains no term in 
М; each of the terms outside that diagonal, however, contains 
ап M term, because the assumption is that S as well as P is 
other than zero. Тіс E.M.F. in the P mesh is V, but there 13 
no generator in the S8 mesh. Replacing therefore the second 
column, t.e., the S column, ! y V, О, the current in the secon- 
dary is seen +o be 


1 Ф 
ee ; № 
Бан «ташы; 
—Mip O _ УМ 


А А 


which is the required solution. 


S= 


Hughes Induction Bridge.—'To illustrate the advantage of 
operating in the manner here suggested the case of the Hughes 


Fic, 5. 


induction bridge may be considered. In Fig. 5 the meshes 
have been numbered, and small straight arrows have been 
added near M to accentuate the directions of the cyclic currents 
at the points where the arrows appear. To form the deter- 
minant the numerical order is retained, and the leading dia- 
gonal is written down by inspection. The need for a conven- 
tion in regard to the sign of M is apparent in this case, because 
two of the constituents contain —M and two contain +M, and 
if the signs are disregarded the result is worthless. It is in- 
structive to consider these four constituents. In passing from 
mesh (1) to mesh (2), the resistance s and the mutual induc- 
tance M are crossed. Now, following the convention, a mo- 
mentary increase in Z will set up in the g branch a current in 
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the reverse direction to Z, t.e., in the same direction as Y, and 
hence as regards mesh (2) the sign of M is plus, and thus the 
proper constituent for the second place of the first row 18, in 
magnitude (s+-Mzp). Now consider mesh (3). А momentary 
increase in Z will set up in the g branch a current opposed to the 
cyclic current (Х--Ү); hence as regards mesh (3) the sign of 
M is minus, and thus the proper constituent for the third place 
of the first row is, in magnitude (ғ--Мір). Similarly the first - 
constituent of the second row is, in magnitude (8-- Мр) be- 
cause a momentary increase in Y produces in mesh (1) a current 
in the same direction as Z. Тһе first constituent of the third 
row, however, is, in magnitude (ғ--Мір), because а momentary 
increase іп Z produces in mesh (2) а current opposed to its 
cyclic current (X-- Y). Each term outside the leading dia- 
gonal is finally to be given a minus sign, and the determinant 
is written, by inspection, 


(Z) (Y) (X+Y) 
(64+ Lyip-+-r+s) --(8--Мір) —(r— Мір) | 
№= | —(s+Mip) (q+st+g+Lyip) —— (91р) 


| —(r—Mip) —(g+Lyp) (r4t+L,tp+g+L,ip) 


To find the required 4,1, add the third column to the 
second, to obtain a new second, and write down the resulting 
Ал Of the new determinant. Hence, replacing the new third 
column by Ё, 0, 0, 


| — (8 Мұр) (+s) — 
X-E^e-D»ag | —(r—Mip) (7+t+L,ip) | 


А А 


Equate the numerator to zero, and separate real from imagi- 
nary terms. The two equations corresponding to balance are 
thus found to be 

ML,p?—st--rq—0 
sL,— Mir4- 84-144) 50. 

The above formula for the Hughes induction balance was 
originally given by Lord Ravleigh. It was also dedueed by Max- 
well’s method by Dr. Fleming and given by him in his 
“ Handbook for the Electrical Laboratory,” Vol. I., p. 235. 

Аз a matter of history, it may be observed that Maxwell 
used cyclic currents and determinants for the solution of net- 
work problems in 1873. At p. 399 of Vol. I. of his “Treatise . 
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on Electricity and Magnetism,” which was published in that 
year, he applied this method to find the degree of accuracy 
attainable with a Wheatstone bridge. H's diagram, with its 
straight arrows, does not make it clear that the three mesh 
currents are cyclic, but the text leaves no doubt about it, for 
he savs : “Ву considering the system as made up of three 
circuits OBC, OCA and OAB, in which the currents are х, 
y, 2 respectively, and applying Kirchhoff's rule to each cycle, 
we eliminate the values of the potentials . . .,” and in forming 
his e uations he proceeds to regard the meshes as independent 
circuits. The introduction of the curved arrows, all having 
the same direction of rotation, to represent the cyclic currents, 
appears to have been introduced later. 


CONCLUSIONS AND SUMMARY. 


Let it be supposed that сусНе currents have been assigned to all 
the meshes of г given network, and that all capacities (К, in farads), 
inductances (L, in henries) and leskances (5, in mhos) have been 


. А | 1 . 1 
converted into resistances т ohms ice Lip, < where ж 


Тһе general network problem then is to find the current, in amperes, 
in any given branch, corresponding to the application of an E.M.F. of 
sine form, between any two fixed points in the network. Тһе рго- 
cedure for solving such a problem may be summarised as follows :— 

1. Denote the cyclic current in the mesh on one side of the given 
branch by, say, (X +Y), and the cyclie eurrent in the mesh on the 
other side of it by, say, У, so that X is the magnitude of the real 
current through the given branch. 

2. Number the meshes in consecutive order, beginning at the 
generator mesh and ending at the (X + Y) mesh. Let the Y mesh be 
next to the last. 

3. Write down successively the total resistance of each mesh in the 
order of their numbers—including capacities, inductances and leak- 
ances, converted into resistances ss above—and make these values the 
successive terms of the leading diagonal of a determinant, beginning 
at the top. Observe that the order of the columns of the deter- 
minant is now the same as the order of the meshes. So also is the 
order of the rows. 

4. To fill up any given row (or column), sey, the ath, observe what 
are the resistances of the branches crosscd in passing from the nth 
mesh successively to the Ist, 2nd, Зга.... mesh, and make these 
values the respective constituents of the Ist, 2nd, 3rd . . places in 
the ath row. The nth constituent of the nth row w ill always be in the 
leading diagonal, and it is to be given a plus sign. All constituents 
outside the leading diagonal are to be given a minus sign. 

5. Now replace the (X 4- Y) and (Y) columns of the determinant 
so formed by columns corresponding only to X and Y. То do this, 
add the (Х + Y) column to the У column to form a new У column, 
and retain the (X + Y) column for a new X column. This is equiva- 


— 
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lent to multiplying out the fundamental mesh equations, and bring- 
ing all terms іп X inside one bracket and all terms in У inside another 
bracket. Тһе final column now corresponds with X, and the 
penultimate column with У. The determinant А» із thus completed. 

6. Replace the final column by E, 0, 0,0,0...., putting Е at the 
head of the column. Expand the determinant so formed, in terms of 
Е, 0, 0, 0, 0....,and it becomes EA, |. In general this operation 
may be omitted, since А, can at once be written down when opera- 
tion 5 is completed. 


7. Then, by the well-known property of determinants, X= Eo, 
» 
and the resistance r, between the two points of the network to which 
frr An 
E is applied, is ке,» 
л-і 

8. If the network contains mutual inductances, & convention must 
be adopted in respect to signs. Regard each mutual inductance as a 
pair of parallel straight conductors ; then à sudden increase of current 
in one conductor will induce in the other a momentary current in a 
direction opposcd to that in the first. If this induced current is in 
the same direction as the cyclic current of the mesh to which the 
second conductor belongs, then the mutual inductance term Mip is 
tu be regarded as plus, and if the induced current is in the opposite 
direction to that cyclic current, Мір is to be regarded as minus. 

9. Observe that there can never be an M-term in the leading 
diagonal. There is, however, always an M-term in a constituent 
outside the leading diagonal, provided that the constituent corre- 
sponds to а mesh linked by mutual inductance to a mesh in which 
there is а varying current. 

10. This method of solution is based upon the assumption of a sine- 
form E.M.F. of definite frequency, and consequently all the con- 
stants of the meshes are effective values corresponding to the 
selected frequency. If the conditions of equilibrium in any par- 
ticular case do not explicitly contain a frequency term, the current 
wave may be of any shape ; and under these circumstances the 
method applies to a current. impulse of any form whatever. 


DISCUSSION. 


Мг. Е. E. SMITH stated that current іп one arm of a network due to an 
E.M.F. in another was the same as the current in the second arm caused 
by the same Е. М.Е. in the first arm. 

The CHAIRMAN (Mr. А. Campbell) stated that Heaviside had investigated 
almost every possible bridge, with mutual and self-inductances in every 
arm. Тһе method of determinants was undoubtedly very powerful, 
but he preferred the simple method of denoting the current in the various 
arms by unknown variables and then writing down equations for the 
potentials of the different points in the network. А mutual induc- 
tance could always have a plus or a minus sign. Thus for every bridge 
another could be obtained by connecting the mutual inductance up the 
other way. Frequently, however, this rendered it impossible to find a 
point of balance. , 
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ХХХІ. А Method of Measuring Small Indctances. By 
S. BUTTERWORTH, M.Sc. (. Manchester). Assistant Lecturer 
in Physics, School of Technology, Manchester. 


Receivep Maren 28, 1912. Reap May 10, 1012. 


Тне Paper describes a method of measuring inductance іп 
which a single condenser may be used for all values of the 


self-induction. 
Results are given showing the accuracy that may be ex- 


pected in the case of ое а of the order of a few micro- 
henries. 
1.— Development of Method. 


A self-induction may be measured in terms of a capacity by 
the method of Maxwell. The inductance is placed in the fourth 
arm of a balanced Wheatstone bridge (Fig. 1) and a condenser 


Fic. l.—MaAxwzrr's BRIDGE. 


„ of capacity К is placed in parallel with the conjugate arm 0. 
The bridge will be balanced for variable currents, provided that 
- =RQ=SP, 
iV 


where L is the self-induction of the arm R. 
Unless the condenser can be varied continuously, this 
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method is tedious in operation. The following modifications 
have, therefore, been proposed :— 

(a) ие > ВО, move the contact а along the battery arm. 
If V is the resistance intercepted between а and А, balance 
is attained when 


gQ-8(V(P4-Q)4-PQJ. 


This modification is due to Anderson.* 


(b) If е БО, quoverthie contact В ово tho анан ТЕ 


із the resistance intercepted between b ‘and В, balance is 
attained when 


L 
Ke=P(Q+U) (S—U). 


The former method is the more uscful because the adjust- 
ment of V can be made without disturbing the steady current 


Fia. 2.--Могіғікр BRIDGE. 


balance. Method (b) requires а slide wire in the arm S for 
rapid working. Іп order to avoid this the author has em- 
ployed a combination of both methods. This is shown in 
Fig. 2. 


+ Anderson, '' Phil. Mag.” (5) 31, p. 329, 1891. 
f Butterworth, “ Proc." Phys. Soc., XXIV. (Part 2), p. 83, 1912. 
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With the notation of this figure the conditions for balance 
are 


RQ—P(U4-S), 
&Q-SIV(P--Q)-P(Q--UJ). 


Ву a proper choice of В any inductance may be measured with 
а single condenser. Also, by adjusting V, the inductive balance 
тау be made independently of the resistance balance. 


2.—Sensibility. 


Since the sensibility is always proportional to the inductance 
to be measured, it is important, especially in the case of low 
inductances, to use that arrangement which gives the maxi- 
mum sensibility. It may be shown that the sensibility when 
using a vibration galvanometer as detector is increased by 
diminishing the frequency. With frequencies of the order of 
100 per second and a capacity of 0-1 microfarad, the condenser 
has practically no effect on the sensibility. 

The source of E.M.F. may be treated as a battery of definite 
resistance (W) and the galvanometer as of definite resistance 
(g). Тһе reactance of both these arms may also be made 
negligible. 

The conditions for maximum sensibility therefore become 
those for the Wheatstone bridge. 

Hence with a given battery and galvanometer we must make* 


i 5 R+g 
= y Wy, P= Ув ‚ 0+8= VALERE 


Тһе resistance V is here included in W. 
The value of U is immaterial, but V must be as low as 
possible. 
3.—Experimental Results. 


The following results show what accuracy may be expected 
if the ordinary precautions are taken. 

The coil measured consisted of 10 turns of silk-covered copper 
wire wound on a rectangular wooden block 13-5 cm. by 7-5 cm. 
Its resistance was about 0-2 ohm. Іп obtaining the results of 
Tables П., ПТ. and TV. non-inductive resistances were placed 
in series with this coil. 


* Heaviside, “ Phil. Mag.," July, 1875; or Kempe, * Handbook of Elec- 
trical Testing," p. 176. 
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The source was a small induction coil whose primary was 
excited by a 10-volt battery, and the equivalent resistance of 
the secondary was found to be about 2,000 ohms. 

The detector was a Duddell vibration galvanometer of about 
200 ohms effective resistance. 

A silvered mica condenser was used, its capacity being 
0-1 mfd. 

The values of Q and U-+S were so chosen as to satisfy ap- 
proximately the conditions of maximum sensibility and the 
steady current balance was obtained by adjusting P. 

The resistances are all expressed in ohms and the inductances 
in microhenries. 


TABLE I. 

P—20:3 | Q=600 | R=0-203 U--S—6-0 
оо | 1 | 2 3 4 5 
в В 5 4 3 2 1 
V 17-5 25 | 36 54-5 92 200 
5 23-03 | 2309 | 2303 | 2302 | 23-11 | 2272 

- Mean self-induction= 23:00:-0-09 microhenries. 
TABLE IT. 
P=474 | 0-60 | R-1185 | (48-150 
U 11 | 12 13 14 
8 4 | э 1 2 І 
V 10 285 | 05 170 
| L | 2362 | 23-73 23-71 23-19 


Mean self-induction=23-56+0-19 microhenries. 


TABLE IIT. 
| P=651 | @=6 | R=217 U--8—20 
U | 17 | 18 19 
S 3 2 1 
| у 9 4 | 150 
ie. 5 23-07 | 23-17 23:34 


.. 
i ! 


Se 


Mean self-induction= 23-19 microhenries. 


TABLE IV. 
5 | | 23 24 
5 | x і 
ы 33:5 135 
А 25-27 23-08 
vo Emu d Cmm 
VOL XXIV. қ 
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The high value obtained in Table II. was traced to the 
residual inductance of the added resistance coil. Otherwise 
the differences are well within the experimental errors. 


4.—Conclusion. 


The results show that it is easily possible to compare an 
inductance of the order of a few microhenries with a capacity 
of 0-1 mfd. and obtain an accuracy of at least 1 per cent. 

Much greater precision could no doubt be attained with 
additional precautions, viz., elimination of or correction for the 
residua] inductances of the remaining arms, and for the leakage 
or absorption of the condenser; the use of a galvanometer of 
proper effective resistance and low ohmic resistance.* 

Flemingf has used Anderson's method to measure small 
inductances by means of very low capacities, so that by com- 
bining the present method with that of Fleming it is possible 
to compare a low capacity (say, a Leyden jar) with the usual 
Standard condensers. 

I wish to thank Prof. Gee for the interest he has taken in the 
work, and the Principal and Committee of the School of Tech- 
nology for the facilities placed at my disposal. 


ABSTRACT. 

The author shows how Anderson's method шау be modified so that, 
while still retaining the usual standards of capacity, very small 
inductances may be measured. 

Аз in Anderson's method, balance is attained by a simple resistance 
adjustment. 

The conditions of maximum sensibility are indicated and experi- 
mental results are quoted in which an inductance of 20 microhenries 
is compared with a capacity of 0-1 mfd. 

The method may also be employed to compare a very low capacity 
with the usual mica standards of capacity. 


DISCUSSION. 

Dr. А. RussELL took it that the author had assumed no iron in the 
cireuit in obtaining his formula. 

Мг. А. CAMPBELL pointed out that the author obtained his balance by 
means of a vibration galvanometer, во the method would correctly give 
the apparent self-induction at that particular frequency. 

Dr. W. H. ÉccLES pointed out that the method would be rarely used 
for coils with iron cores since it was for small inductances. Since the 
periodicity of the alternating current did not occur in the equations for 
equilibrium the method could, if all the resistances were independent of 
the frequency, be used with an interrupted current and a telephone. 

The PRESIDENT remarked that all who had had occasion to try it knew 
how difficult it was to measure a small self-induction, and would there- 
fore welcome Mr. Butterworth’s Paper. 


_ * Butterworth (loc. cit.). 
+ “РЫІ. Mag.,” (6), 7, p. 586, 1904. 
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XXXII. Demonstration of the Generation of Electricity by 
Carbon at High Temperatures. By J. A. Harker, D.Sc., 
F.R.S., and G. W. C. Kaye, B.A., D.Sc. 


Ехнівітір May :0. 1912. 


THE experiments described owe their origin to some con- 
tamination phenomena which were encountered when tubes 
of refractory rare earths were baked in carbon-tube resistance 
furnaces at temperatures from 1,500?C. upwards. It was 
found that the tubes often had their outer surfaces carbonised 
to an appreciable depth, while the inner surfaces, though freely 
exposed, were much less attacked. Тһе blackening was pre- 
sumably caused by particles shot from the carbon walls of the 
furnace with velocity high enough to penetrate the refractory 
material after crossing а few millimetres of air at atmospheric 
pressure. 

The preliminary experiments on the nature of these particles 
were carried out by the use of two insulated exploring elec- 
trodes of carbon inserted into an alternating-current furnace. 
They were connected externally to a battery of cells and the 
potential-current curves were determined for the electrode 
gap in the furnace at a number of temperatures. No appreci- 
able current could be detected at temperatures below about 
1,400?C., but as the temperature rose it was found that quite 
small E.M.F.s gave rise to steady currents of relatively enor- 
mous magnitude. 

For example, with 8 volts, currents up to 10 amperes have 
been obtained at a temperature of about 2,500?C. 

The relation between current and temperature was found to 
be of an exponential character. 

The magnitude of the currents made it evident that the 
atmosphere of the furnace was ionised to an ususual degree at 
high temperatures, and the authors were led to try the effect 
of temperature alone in the absence of any applied potential. 
Accordingly the battery was cut out, and while one of the 
electrodes remained stationary within the furnace the other 
could be suddenly displaced to а colder or hotter part of the 
furnace. Тһе resulting difference of temperature manifested 
itself as a transient current in the circuit, which 1n some cases 
amounted to 2 amperes. Тһе current died away when the 
two electrodes attained the same temperature. 

In the apparatus shown the movable electrode was moved 
in and out of the hot region of the furnace by means of a clock- 

R2 


216 ON GENERATION OF ELECTRICITY. 


work mechanism. The pulsating electric current thus pro- 
duced was large enough at high furnace temperatures to light 
up a nest of small glow lamps, the illumination waxing and 
waning as the movable electrode moved in and out. The 
experiment has been modified in later work by keeping both 
electrodes stationary and water cooling one of them. The cold 
electrode was made up of a brass tube, which in some cases 
was provided with a carbon sleeve. A continuous current can 
thus be generated. Its direction is such as would be produced 
by a discharge of negative particles from the hot electrode. 
As before, no potential is applied. At the lower temperatures 
small positive currents have also been detected ; at high tem- 
peratures negative currents up to nearly an ampere have been 
measured. The whole of the experiments were conducted 
at atmospheric pressure and almost entirely with low-voltage 
alternating-current furnaces. 


DISCUSSION. 

Mr. С. D. Wes? thought that it seemed from the above experiments 
that in a carbon filament lamp, if run at a high enough temperature, more 
current might be carried by the ionised gas than by the filament. 

Prof. С. H. Lers remarked that the authors declined to give any theory 
of the effect they had observed. Was the emission one of electrons or 
was some chemical action taking place? Some Papers before the German 
Physikalische Gesellschaft had recently cast doubt on the emission of 
electrons from heated bodies observed by H. A. Wilson and O. W. 
Richardson, and it had been pointed out that a chemical reaction would 
follow Richardson’s formula, which afforded, therefore, no proof that the 
effect was due to electrons. 

Dr. EuskiNE Murray asked if the authors had found the emission to 
remain steady for several hours. The phenomenon was similar to that 
of the valves used in wireless telegraphy. 

The PRESIDENT said he had listened with considerable interest. Тһе 
authors had done on a large scale what had been done on а small scale а 
few years ago. He doubted the emission being clectrons, and thought 
that some clectrochemical effect should be sought for. 

Dr. HARKER, in reply, stated that the effect was not chiefly a chemical 
effect as it was the same whetherthe gas in the furnace was Ha or N,, nor 
did it matter what the carbons were made of. Specially pure carbons 
gave phenomena of just the same order of magnitude. 

Dr. Kaye, in reply, stated that the feature which differentiated their 
experiments from others was that the cffect occurred at atmospheric 
pressure and not in vacuo. 1t was hardly likely at this pressure that the 
effect could be contined to electrons, as the mean free path of such would 
be very small. Тһе effect might be due to the transference of carbon 
itself, probably in ultra- microscopic particles and not molecules. When a 
cold tube was used for one of the electrodes it was found in half an hour 
to be coated with a deposit of carbon. There was no likelihood that 
the effect would decay with the time, as it had been kept constant for 
over three hours. It was also not necessary to use electric heating in tho 
furnace. Heating by thermit and МеКег gas furnaces both gave the 
same results. 
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XXXIII. The Conversion of Starch into Deztrin by X-Rays. Ву 
Н. A. СотмЕш, M.B. and S. Russ., D. Sc., Bett Memorial 
Research Fellow. 


RECEIVED APRIL 4, 1912. Reap May 10, 1912. 


As the result of an attempt to detect any permanent physical 
or chemical changes in complex organic fluids after irradiation 
by X-rays it has been found that, among the numerous fluids 
experimented upon, solutions of starch give evidence of these 
changes to such a marked degree that it has been possible to 
show that starch under the influence of X-rays is gradually 
converted into dextrin and to establish this in a quantitative 
manner. 


EXPERIMENTAL METHODS. 


Solutions of starch were made in the usual manner and con- 
tained 4 grammes т 250 c.cm. of distilled water. About 50 c.cm. 
of the solution were placed in a Petri dish, sealed with a very 
thin sheet of mica to prevent evaporation and placed about 
2 cm. below an X-ray bulb, which was run under conditions 
giving a moderately soft type of radiation (about 8 ст. spark- 
gap). А thermo-electric junction placed on the mica and con- 
nected to a low-resistance moving-coil galvanometer measured 
the small rise of temperature occasioned by the gradual 
warming of the bulb. This was never allowed to exceed a few 


degrees. 
PHYSICAL CHANGES. 


After periods of irradiation, ranging in various experiments 
from 2 to 81 hours, two changes in the fluid were manifest, 
namely, а marked diminution in its viscosity and a decrease in 
its opacity when compared with a portion of the original 
solution. 

The viscosities of the experimental and control solutions 
were compared by means of an apparatus consisting of a hori- 
zontal capillary tube sealed to a vertical glass cylinder. The 
time taken for the liquid to fall between two fixed marks on the 
cylinder was measured. 

After prolonged irradiation it was found that the viscosity of 
the starch solution was so much diminished that the rate of 
flow through the system was more than doubled, as may be 
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seen from the data in Table 1.,which represents а typical series 
of observations. 


TABLE I. 
Comparison of Viscositics. 
Control. Experimental. 
Time of flow. Time of flow. 
DOD РТ ТКТ ЕТТЕ 208” 
Тетр. | ӘСЕТ че e e RR E TEMERE т Тетр. 
19:220. o TE." ыдан ала гаа 17°57” | 1& 8C. 
ОСИЕТ ОРЕ РА ТРЕЕ 1:58” 


A calibration of the instrument with three liquids of known 
viscosities showed that the reduction in time (about one-half) 
observed for the irradiated starch corresponded to a rather 
larger diminution in the viscosity than this number indicates. 
The change in viscosity and opacity suggested the possible 
conversion of the starch into some of its cleavage products and 
accordingly experiments were undertaken to determine what, 
if any, chemical changes had occurred as a result of the 
irradiation. 

CHEMICAL CHANGES. 
The Iodine Reaction.—The control and irradiated solutions 


. both gave a deep-blue colour with iodine. 


No reduction was obtained on boiling with Fehling’s solution 
or with alkaline safranin in the case of either the control or 
experimental fluid, showing that no conversion into reducing 
sugar had taken place. 


Precipitation by Electrolytes.—It has been shown by Young* 
that starch and some of its early cleavage products are pre- 
cipitable by certain electrolytes, among which are sodium 
sulphate and ammonium sulphate. 

1. When a saturated solution of sodium sulphate is added 
to a solution of starch and left standing for some hours it 
precipitates the ordinary starch, but not soluble starch or 
dextrin. 

Accordingly samples of the control and irradiated solutions 
were saturated with sodium sulphate and allowed to stand for 
some hours. A marked difference was observed in the two 
cases. 

The control showed a well-marked precipitate while the 
irradiated solution gave only a small precipitate and remained 
turbid. 

After centrifugalisation, the supernatant fluids were pipetted 


* Yomg, “ Journal of Physiology, XXII., p. 401 (1898). 
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off. That from the control solution gave no coloration with 
iodine, the irradiated giving а deep-bluecolour. This showed 
that a portion of the starch had been converted into soluble 
starch which is not precipitated by sodium sulphate. 

2. A saturated solution of ammonium sulphate, when added 
to an equal volume of starch solution (?.e., half-saturation) and 
left for а few days, precipitates all the starch and any soluble 
starch present, but has not this action on dextrin. 

To see whether this substance has been formed in the irra- 
diated fluid, samples of the control and irradiated fluids were 
taken and to each was added its own volume of a saturated 
solution of ammonium sulphate. After being allowed to 
stand for two days the filtrates were examined. In the control 
no coloration was obtained on the addition of iodine, while 
the irradiated portion gave а port-wine colour indicating the 
presence of erythrodextrins. 


QUANTITATIVE ESTIMATION OF THE DEXTRIN FORMED. 


The procedure just detailed for the detection of dextrin in 
the irradiated starch solution was carried a stage further in 
order to obtain some idea of the percentage change occurring 
in the starch. 

After irradiation for 84 hours the dextrin formed in the 
solution was separated from the starch and the soluble starch 
in the manner indicated. The ammonium sulphate remaining 
in the filtrate was got rid of by dialysis. This was continued 
for several days until no precipitate was obtained with barium 
chloride, thus showing the complete absence of ammonium 
sulphate. The pure dextrin left was evaporated down and 
weighed. Starting with 15 c.cm. of starch solution (4 grammes 
in 250 c.cm. of distilled water), which contained 0:24 gramme of 
starch, the dextrin obtained after irradiation weighed 0:0108 
gramme. Hence nearly 5 per cent. of the starch had been 
converted into dextrin. Owing to the intermediate formation 
of soluble starch, this indicates that a considerably larger 
percentage of the starch had been altered. 


THE ACTION OF X-RAYS ом DEXTRIN. 


Having shown the conversion of starch into soluble starch 
and then to dextrin it was decided to see whether the sequence 
of changes was continued and could be detected at any further 
stage, possibly to the achro odextrins. А 5 per cent. solution 
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of commercial dextrin was obtained and irradiated for 84 hours 
in the manner already described. 

Subsequent to the irradiation no change in the appearance 
or in the viscosity of the fluid was observed. 

Two Nessler glasses were taken and in each were put 15 с.ст. 
of water and 0-1 c.cm. of iodine solution. To one was added 
0:1 c.cm. of the control and to the other 0:1 c.c:n.of the irradiated 
dextrin. Мо difference т tint was observed. On varying 
the quantities of iodine and dextrin the agreement of tint in 
the two cases was maintained. 

Further. on saturating equal volumes of the control and 
irradiated dextrin with crystals of ammonium sulphate a small 
precipitate of erythrodextrin was obtained in each case, 
apparently equal in bulk on centrifugalisation. 

The filtrates gave a red colour with iodine, of equal intensity 
when the comparison was made under similar conditions. 
No evidence was obtained therefore of any conversion of the 
erythrodextrins to the achro odextrins. 

It is interesting in this connection to find that M. Massol* 
was able to convert starch into glucose by exposing it to ultra- 
violet light for long periods. 


THE NATURE OF THE ÁCTION UPON STARCH. 


It is well known that solutions of starch may gradually 
be converted into the erythrodextrins and achro odextrins by 
hydrolysis and à simple explanation of the recorded results 
of irradiation might be put forward on these lines if hydrogen 
and hydroxyl ions were liberated from distilled water when 
irradiated by X-rays, but from the work of Kernbaum,t who 
exposed flasks of distilled water to the action of X-rays for 
100 hours without any trace of gas being liberated, it seems 
clear that the part played by the water in the changes occurring 
in the starch solution must be a very small one and insufficient 
to account for them. The alternative is that the effect is due 
to a direct action upon the molecules of the starch caused by 
the X-rays or by the secondary rays (corpuscular or secondary 
X-rays) which may be produced by the primary X-rays in 
their passage through the solution. 

The conversion of starch into dextrin is generally held to 
correspond to the change of a complex molecule into one of a 


* M. Massol, “ Comptes Rendus,” 152, p. 902. 
f Kernbaum, “ Comptes Rendus,” Congrès International de Radiologie eb 
d'Electricité, Tome I., p. 135. 
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more simple type (though still complex). Whether this actually 
corresponds to a more stable type, as the experiments upon 
dextrin seem to show, cannot be decided without more numerous 
agents being brought to bear upon the case and quantitative 
comparisons made of the effects observed. It is hoped that 
observations with different kinds of radiation may serve in this 
connection. 


CANCER КЕЗЕАВСН LABORATORIES, THE MIDDLESEX HOSPITAL. 


ABSTRACT. 


When solutions of starch are irradiated for several hours by 
X-rays of moderate penetrating power, the opacity and viscosity of 
the solutions are markedly diminished. These physical changes are 
attended by chemical changes ; there is а partial conversion of the 
starch into soluble starch and dextrin. A quantitative estimation 
of the amount of dextrin formed after the starch solution had been 
irradiated for 81 hours showed that it corresponded to about 5 рег 
cent. of the amount of starch initially present. 

When solutions of dextrin were subjected to a similar exposure of 
X-rays, no conversion of this substance into glucose was obtained. 
From the fact that starch may be converted into dextrin by hydro- 
lysis, а simple explanation of the effect would be afforded if water 
were decomposed by X-rays. From the negative results obtained 
by Kernbaum on these lines, however, it seems as if the effect were 
more likely attributable to a direct action upon the starch molecules, 
either by the X-rays or the secondary rays which they produce. 


DISCUSSION. 


The PRESIDENT thought the Paper one of considerable importance as 
definitely proving the chemical effect of X-rays. 
Dr. A. D. WALLER also expressed his interest in the Paper. 
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XXXIV. The Equi-Density Temperatures of Water and Other 
Liquids. By CHARLES ROBERT DARLING. 


КескІуЕр May 3, 1912. 


AT the meeting of the Society held at the Finsbury Technical 
College in March, 1911, the author called attention to the fact 
that aniline if dropped into water below 64 deg. would sink, 
whereas if the temperature exceeded 64 deg. the aniline would 
rise. This was accounted for by the coefficient of expansion 
of aniline being greater than that of water; hence its density 
diminishes more rapidly when heated, becoming equal to that 
of water at 64 deg. The present communication contains the 
results of experiments with a number of liquids which, like 
aniline, are either denser or less dense than water, according to 
temperature. 

Equi-density Temperatures for Water and Severa! Liquids.—For 
the purposes of the experiments to be described, liquids in- 
soluble or slightly soluble in water were chosen. The densities 
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of each were determined at different temperatures with a 
pyknometer, and recorded graphically as shown in Fig. 1. A 
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temperature-density curve for water was drawn on the same 
sheet, and the equi-density temperature for each liquid ob- 
tained from the intersections. The results were as under.:— 


| Equi-density Density 
Number Liquid. temperature when 
with water. equal. 
1 Aceto-acetic ether............ | 54? 0.9865 
2 Aniline ЖОЛ Т | 64? |. 0:9815 
3 Iso-butyl benzoate .......... 50? 0.9380 
4 Orthotoluidine ............... | 24° 0-9973 
5 0-990 


Anio] И te vecta ss 15? 


The following points are noteworthy : (1) All the liquids 
examined expand practically uniformly between 0 deg. and 
80 deg.; (2) the curve for aceto-acetic ether cuts that of 
aniline at 31 deg., and that of butyl benzoate at 62 deg., which 
represent equi-density temperatures for the liquids named. 
It is necessary to mention that the liquids employed were pur- 
chased as “ refined,” and were probably in no case perfectly 
pure. 


EXPERIMENTS WITH LIQUIDS AT OR NEAR THE TEMPERATURE 
ОЕ EQUAL DENSITY WITH WATER. 


1. To Demonstrate the Existence of an Equi-density Temperature. 
A reservoir containing the liquid under trial is made to com- 
municate with two glass tubes, each furnished with a tap. One 
tube terminates near the surface of cold water contained in a 
beaker whilst the other passes to the bottom of a beaker con- 
taining hot water, the end of the tube being bent so as to dis- 
charge upwards. On opening the taps the Наша will be 
observed to fall through the cold water, and to rise through the 
hot. For a lecture experiment a mixture of equal volumes of 
aniline and orthotoluidine answers well, the hot water being at 
70 deg. or more. 


2. The Automatic Formation of Drops of Liquids in Water. EU 
а sufficient quantity of aniline be added to à mass of water in a 
beaker, and the temperature be maintained at 70 deg. or more, 
it 13 noticed that the aniline, which at first rises to the surface, 
parts with a large drop which falls to the bottom of the beaker, 
but which, after а short time, rises to the surface and joins on 
to the residual aniline ; after which а second drop is detached 
and rises as before, and so on indefinitely. А beaker 15 cm. 


994 МВ. С. В. DARLING 


long and 7-5 cm. in diameter is suitable, filled to $ of its height 
with distilled water, and 40 сс. of aniline added. The same 
results may be obtained with aceto-acetic ether, which, how- 
ever, is more soluble in hot water than aniline, and therefore 
not so satisfactory. 

Reference to Fig. 1 will show that if the temperature of the 
water be 81 deg. that of the aniline on the surface must fall 
below 75 deg. in order that it may sink; and, similarly, for 
water at 75 deg. the temperature of aceto-acetic ether must be 
below 65 deg. for a drop to fall. The existence of such tem- 
perature differences has been verified by the aid of thermal 
junctions ; and it is evident that these liquids when floating 
on hot water cool more rapidly than the adjacent water. This 
may be due to a lower specific heat, but it is doubtful whether 
this entirely explains the sudden cooling observed after the 
drop has risen to the surface. 

This experiment is well adapted to show the formation of 
drops, the long neck which forms before partition in the case 
of aniline frequently giving rise to three or more secondary 
drops of varying size. 


3. The Formation, Under Control, of Drops of Liquid т ater.— 
For this purpose orthotoluidine is the best liquid to employ. 
If discharged into water from a funnel possessing a stem of lcm. 
diameter at 23 deg., spheres of any desired size may be formed, 
and may be prevented from falling to the bottom of the vessel 
by placing a 3 per cent. salt solution beneath the water. To 
produce large falling drops the apparatus shown in Fig. 2 is 
suitable, the orthotoluidine being allowed to run gradually from 
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a funnel, the stem of which is widened to a diameter of 3 cm. 
ог 4 ст. at the end, which is placed in contact with the surface 
of water. The temperature of the water should be about 4 deg. 


Fio. ЗА. 


below that of equi-density. Ascending drops may be formed 
by attaching to a funnel the bent tube shown to the right in 


П 
Fic. Зв. 
Fig. 2, and discharging the liquid into water at about 35 deg. 


By controlling the tap of the funnel the shapes assumed by the 
drops durring formation may be examined at leisure. Figs. 3a 
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and 3B show a large drop of orthotoluidine in two stages: ЗА 
just before breaking, and 3B immediately after rupture has 
occurred ; the secondary drop formed from the constricted 
neck being cylindrical in shape. 

Similar effects may be obtained with the other liquids men- 
tioned, which at the equi-density temperature will form spheres, 
at lower temperatures falling drops, and rising drops at higher 
temperatures. 

4. The Formation of Supported Drops, or Liquid Columns, in 
Water.—When а falling drop is formed in a shallow layer of 


Ето. 44. 


water it may reach the bottom of the vessel before rupture 
takes place, in which case a stable liquid column may form. A 
simple method of producing such columns is to pour butyl 
benzoate into a test-tube of 3 cm. diameter, a small quantity of 
water having previously been placed in the hemispherical end. 


Fic. 4B. 


The liquid is added until the pendant drop reaches the bottom 
of the tube, at which stage the appearance presented is as 
shown in Fig. 44. Ifa small quantity of water be now allowed | 
to run down the side of the tube, the column of liquid is elon- 
gated, the constricted part being narrowed, asin Fig. 4в. А 
further addition of water causes the drop to break, the appear- 
ance of the narrow part of the column immediately before 
rupture being asshown by the dotted lines in Fig. 4c. Similar 
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effects may be obtained with aceto-acetic ether and aniline, 
each liquid, however, giving columns of different shape, de- 


paq 
Fic. 4c. 


pending upon the area of the surface of the water covered by 
the liquid. 
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ХХХҮ. Demonstration of the Movements of Semi-oily Liquids 
ona Water Surface. By CHARLES ROBERT DARLING. 


THE effect produced when a drop of liquid is placed upon a 
clean water surface is considerably modified if the liquid be 
slightly soluble. Whereas a drop of oil spreads and forms а 
permanent film, slightly-soluble liquids form films which after- 
wards break into globules, which, if а certain minimum size 
be exceeded, break up into smaller globules, until a state of 
equilibrium is reached. Тһе division of the films or globules 
is produced by indentations which spread until partition has 
taken place. This indentation gives to globules a reniform 
shape; and in certain cases the distorted globules are pro- 
jected violently across the surface of the water. The effects 
differ in intensity with different liquids, and phenomena 
peculiar to a given liquid may also be noted. Тһе following 
are typical examples :— 


1. Aniline, after spreading into a film, collects into one or 
more large globules, which become indented round the edges, 
after which the gloubles recover their shape; the recovery, 
however, being accompanied by the partition of small globules. 
This continues until the globule is reduced to a very small size, 
after which no further movements are observed. 


2. Dimethylaniline forms a film which breaks up into small 
globules with great rapidity. Тһе indentations, commencing 
at the edges, bifurcate and spread through the film, dividing 
it into small parts which become globular in shape. Тһе par- 
tition 18 assisted by the formation of holes in the film, from 
which indentations spread and meet those which commence 
at the edges. 


3. Quinoline behaves similarly to (2), but the action is 
slower, enabling the breaking-up process to be followed easily 
by the eye. The small globules which are formed finally 
become rings, а hole appearing at the centre of each, causing 
the globule to spread on all sides. These rings are quite per- 
manent, and do not appear with the other liquids mentioned. 


4. Xylidine, 1 : 2 : 4, forms globules which become indented 
on one side, and,then move rapidly across the surface, and then 
recover their shape; after which indentation and projection 
are repeated until the globules are broken up into smaller ones, 
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when the action ceases. The behaviour of xylidine is similar 
to that of orthotoluidine, to which the author has previously 
called attention. 

In explanation of these actions it is suggested that the surface 
tension of the water, which causes the drop to spread into a 
film, is weakened by the solution of the liquid. The opposing 
tensions (air-liquid and water-liquid) then overcome that of 
the water, with the result that the film is drawn back and 
indented. The strength of the air-water tension is afterwards 
partially restored by the sinking or diffusing of the dissolved 
part, so that the drawn-up mass again tends to spread. Inden- 
tations in a film or globule would, therefore, occur at the point 
at which the air-water tension had become most weakened, 
and if the opposing tensions were strong, the globule would be 
drawn across the surface. Equilibrium would then be produced 
when the air-water tension had become uniformly weakened, 
and the opposing tensions (now acting on small globules of 
greater curvature than the larger masses, and therefore at а 
larger angle to the water surface) possessed a resultant tension 
equal to that of the soiled water. 
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XXXVI. The Maximum Sensibility of а Duddell Vibration 
Galvanometer. By Н. Е. Haworru, Ph.D. M.Sc, 
B.Eng., А.М.І.Е.Е. 

Recetven May 21, 1012. Reap сук 14, 1512. 


In order to try and improve the sensibility of а Duddell 
vibration galvanometer,* particularly at high frequencies, 
the permanent magnets were removed and replaced by a field- 
magnet system after the manner of the Duddell oscillograph. 
Some experiments were made to determine how the sensibility 
of the instrument, as an ammeter and as a voltmeter, varied 
with the strength of the flux in the gap. 

The connections to the galvanometer were as follows :— 
ab, Fig. 1, is a double-pole change-over mercury switch; with 
this switch to the left, ауа, 0,6, and K, closed, current from the 
alternator AC passes through the high resistance R, (from 104 
to 106 ohms) and through the galvanometer. А low-reading 
Ayrton-Mather electrostatic voltmeter, EV (max. 8 volts), is 
shunted across R, and so the galvanometer current is measured, 
the galvanometer deflection is noted, and from these data the 
current sensibility 1s determined. 

On moving the double-pole switch over, closing contacts 
aa, and bb,, the current flows through a resistance, R,, of about 
100 ohms and through the low resistance Rs (from 0-1 to 1 ohm) 
across which the galvanometer is now shunted. The electro- 
static voltmeter is now shunted across R,, thus determining 
the current through Rs and so the voltage across the galvano- 
meter. Hence, the galvanometer deflection being noted, its 
sensibility as a voltmeter may be determined. 

The field coils of the instrument were connected through a 
potential divider to the 200-volt mains. The total flux was 
measured by means of a search coil of one turn wound on the 
ficld magnet near the gap, comparison being made with a 
Hibbert standard. 

The direct-current sensibility was measured by putting the 
double-pole switch to the left, opening the key K,and closing 
K, 

The current through the strips was adjusted by means of a 
resistance, R,, and measured with a sensitive milliammeter, А. 
In most of the experiments the maximum flux had the same 


* '! Proc. Phys. Soc.," Vol. XXL, pp. 774-787. 
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value—namely, 93,600 lines, the gap flux density for this 
maximum flux being 14,000 lines per square centimetre—and 
the direct current through the galvanometer was adjusted until 
a steady deflection of 70 divisions on the scale was produced 
with this lux. Readings of volts and deflection, amperes and 
deflection were then taken with this value of the flux. The 
field current was then varied, and the flux was measured by 
pressing the key K,, K, being open with the double-pole switch 
to the left, the flux being practically proportional to the deflec- 
tion as the control was strong compared with any magnetio 
control which might be set up due to magnetic particles in the 
phosphor bronze strip. 

Knowing the direct-current sensibility the magnification 
with alternating currents, due to the synchronous motion, 


| 200 Volts | 


к; ІІ R, K, 


Fic. 1. 


may be calculated. The following results (Table I. and Figs 2, 
3, 4 and 5) show the effect of flux alterations on the sensibility 
of the galvanometer. -" ` 

As would be expected, the sensibility of the instrument when 
used as an ammeter increases as the flux increases, and the 
limitation of sensibility is simply the limitation of the flux 
due to saturation of the iron. 

On turning to the curves of sensibility as a voltmeter we 
have a different state of affairs. 

Up to frequencies of 500 or 600, depending on the length of 
the wire, the sensibility increases from zero as the flux in- 
creases, until it reaches a well defined maximum, after which 
any increase of flux decreases the sensibility of the instrument. 

S2 


Apparent Ohms, 


У 


e 
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If the apparent resistance V/A of the galvanometer be calcu- 
lated from the voltmeter and ammeter flux curves, it is found 
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that the maximum sensibility of the galvanometer used as а 
voltmeter is reached when the apparent resistance is equal to 
twice the ohmic resistance of the instrument. 


Мт. [microamp./metre. 


Mm.[microamp.[metre. 


Mm.millicoltf metre. 
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Treating the galvanometer as a motor of resistance R, and 
neo a back E.M.F., E,, if a forward E.M.F., E, is Шын we 


produce the greatest transference of electrical into mechanica] 


energy when E,— 5 —ie., when half the input is transformed 
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into mechanical work and the other half into heat; then 
Е 
C=. 

2R 
The back E.M.F. of the galvanometer is approximately 
180 deg. out of phase with the current and corresponds to the 
back E. M.F. ofthe motor above ; as such it may be treated as an 
additional resistance to the galvanometer, and so we obtain the 
greatest transference of electrical energy into mechanical 
energy, or motion, in the galvanometer, when the apparent 
resistance of the instrument is twice its ohmic resistance, or, in 
other words, when the back E.M.F. of the galvanometer 18 
equal to its ohmic resistance drop. In this case the current and 
applied E. M.F. are in phase. 

Mr. Butterworth (‘ Proc. Phys. Soc.," XXIV., p. 83, 1912) 
has shown mathematically that if a vibration galvanometer is 
placed in a circuit of self-induction L and resistance R, and if 
the various constants of the circuit are adjusted, а шахі- 
mum deflection is obtained under certain conditions, and 
the current when this absolute maximum has been obtained is 
2 and it is in phase with the applied E.M.F. 

À very convenient way of altering the constants of the circuit 
so as to obtain maximum sensibility is to vary the flux through 
the gap of the instrument until, for a certam want of balance in 
the bridge, if used for bridge work, а maximum deflection 1s 
obtained. Тһе back E.M.F. of the galvanometer 18 then equal 
to its ohmic resistance drop and is in phase with it. 

If the length of the strings is kept constant the flux for 
maximum sensibility increases as the tension increases. 

For high values of the frequency obtained by using short 
strings the flux can be increased to saturation without reaching 
а maximum sensibility, so it is advantageous to use an electro- 
magnet system with a vibration galvanometer, because (1) for 
low frequencies and long strings a weak flux can be employed, 
as this is the condition for maximum sensibility, and (2) for 
high frequencies with short strings a very much stronger flux 
can be used than could be obtained with a permanent magnet, 
thus giving greater sensibility both as an ammeter and as a 
voltmeter. The sensibilities at high frequencies were only 
limited by the saturation of the magnet, and the back Е.М.Е. 
of the instrument was always less than its CR drop. 

The sensibility of a Duddell vibration galvanometer through- 
out its scale would be much more uniform if some flux-squeezing 
device could be arranged, so that as the strings were shortened 


given by I= 
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the total flux could be concentrated on the parts of the strings 
between the bridges. 

In the table three sets of readings are given, each taken with 
a different length of string, and for each length of string three 
tensions are used, (1) with the string nearly slack, called the 
low tension; (2) a medium tension, somewhere about 10 
grammes weight; (3) a full tension, about 20 grammes weight. 
It will be noticed that as the tension increases the flux for 
maximum sensibility increases and the magnification (з.е., the 
ratio of the alternating-current sensibility to the direct-current 
sensibility) also increases. 

When the strings have been shortened to a certain length the 
sensibility as a voltmeter does not pass through any maximum 
value even up to the greatest flux possible, so, with these and 
shorter string lengths, it is advantageous to work with the 
maximum magnetic field. In Fig. 2 it will be noticed that the 
maximum sensibility is obtained with the 9-5 cm. string with 
only one-third of the maximum flux, and that the maximum is 
sharply defined ; with the higher frequency and shorter string 
length of Fig. 3, the maximum sensibility is reached with about 
two-thirds of the maximum flux, but it is much less sharply 
defined than in Fig. 2; in Fig. 4, with a very short string, the 
sensibility does not pass through any maximum value, and so 
the full excitation may be used. 

The experiment of running the galvanometer in a vacuum 
was tried, but the results obtained were not very encouraging 
considering the trouble involved. The results of this experi- 
ment are shown in Fig. 5. At 194 ^» and maximum flux the 
current sensibility was increased from about 65 mm. per micro- 
ampere at a metre to about 85 m./m./m., apparently showing 
that the greater part of the mechanical work produced was 
used in overcoming the molecular friction of the system, and 
that а much smaller part was used to overcome the air damp- 
ing. The voltmeter sensibility reaches its maximum value in a 
vacuum for a smaller value of the flux than required in air. 

At a 1,000 a the increase of sensibility on running the instru- 
ment in а vacuum was somewhat greater than at 200~ (as 
might be expected), being about 40 per cent., as against a 30 
per cent. increase at 200°... 

Conclusion.—In a moving coil vibration galvanometer the 
maximum sensibility as a voltage detector will be obtained if 
the flux through the coil 13 so adjusted that at any time the 
back E.M.F. of the coil is equal to and in phase with its ohmic 
resistance drop (CR). 
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ABSTRACT. 


The maximum sensibility of a moving coil vibration galvanometer 
as a voltage detector is obtained when the flux through it is so ad- 
justed that the back E.M.F. of the coil is equal to its CR drop; then 
the back E.M.F. is equal to half the applied voltage, and the current 
is equal to V/2R and is in phase with the applied voltage. 

Increases of current sensibility of about 30 per cent. at 200% апа 
40 per cent. at 1,000 со were obtained on running the instrument in a 
vacuum, thus showing that a large part of the mechanical work pro- 
duced was used in overcoming the molecular friction of the system. 
Tables and curves are given showing the variations of voltage and 
current sensibility with alteration of flux, &c. 


DISCUSSION. 

Mr. A. CAMPBELL remarked that he had convinced himself that the chiof 
energy loss in his vibration galvanometer was in the elastic hysteresis 
of the wires. In Duddell’s galvanometer the moving wires are so light 
that he thought it might be otherwise, but Dr. Haworth’s Paper showed 
that the damping was still chiefly due to the same cause. 
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XXXVII.—4n Accurate Examination of the Steinmetz Index 
for Transformer Iron, Stalloy and Cast Iron. By F. 
STROUDE, B.Sc. 


COMMUNICATED BY Рвоег. C. H. Lees. Recrivep May 24, 1912. 
Пкар JuNE 14, 1912. 


Synopsis. 
A CAREFUL series of determinations of hysteresis loss on these 
materials are described. The method employed was the method 
of “uniformly varying flux." А set of hysteresis measure- 
ments by a ballistic method is also included, the results 
obtained being compared with those from the “ slow cyclic ” 
tests. The figures for the loss are reduced to the form of the 
Steinmetz law Шел and it is shown that for each material 
the index “ =”? is sensibly constant over a fairly wide range of | 
B, but that its value differs considerably for different materials 
(cast i iron e=1-8. Transformer iron e=1-7. Stalloy e=1-66). 
For the purpose of comparison, results of previous experi- 
menters are included and discussed. 


The testing of iron for magnetic hysteresis by the ordinary 
ballistic methods is open to the objection that the magnetic 
treatment given to the specimen differs widely from that which 
it will receive in practice. Wattmeter tests, though free from 
the above objection, are liable to considerable inaccuracies, 
due to the small amount of power to be measured, and the 
necessity of correcting, by methods which are only approxi- 
mate, for that portion of the power which represents the energy 
lost in eddy currents. The uncertainty concerning the 
maximum values of the magnetising force and the flux density, 
due to an imperfect knowledge of the wave forms, also tends to 
reduce the accuracy of the results obtained. 

The “ uniformly varying flux," or "slow cyclic " method 
of testing iron,* appears to be particularly suited to this work, 
since it applies to the iron a cyclical treatment, throughout 
which the induction is steadily varying at а constant rate, thus 
oflering conditions which do not differ from those usually 
prevailing in practical work except in the speed (and also to & 


* D. К. Morris and G. A. Lister, ТЕЕ, Vol. XXXVIIL, pp. 282-204. 
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slight extent in the wave form) of the variation. This method 
is also capable of a degree of accuracy which is practically 
unattainable by other methods, whilst the apparatus is capable 
of rapid manipulation. 

The experiments described below were undertaken with a 
view to determining what differences, if any, exist between the 
hysteresis loss of a specimen of iron as measured by one of the 
usual ballistic methods and the loss measured by the method of 
“uniformly varying flux." They are also intended to form 
the first of a series of accurate experimental figures, suitable 
for mathematical analysis with a view to the discovery, И. 
possible, of some relation between magnetic hysteresis and 


To Potentiometer 


^T 
Secondary c Primary 
маф 


к Чү 


Fic. 1 — CONNECTIONS FOR том Сүслс METHOD. 


induction density which will better accord with practical 
results than the universally adopted empirical law due to 
Steinmetz. For purposes of comparison the work of other 
experimenters has been consulted, and their results are in- 
cluded in the Paper. 

The diagram of connections for the “ slow cyclic” test is 
shown in Fig. 1, where A represents a special form of adjust- 
able rheostat described іп a previous Paper.* Тһе current 
through the primary winding on the specimen was varied at 
such a rate as to keep the voltage induced in the secondary 
winding constant at a predetermined value, and the rate of 


ce 


* 7. T. Mogris, В. M. Ellis and Е. Stroude, Tue Execrnician, LXI., p. 40. 
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variation of the current was recorded by means of а potentio- 
meter working in conjunction with a pendulum operating a 
Morse recorder. By plotting current and time values the 
hysteresis loops were obtained, and their areas measured by 
means of a planimeter. 

For each value of the primary current at least four determina- 
tions were made, the mean of these results being used for 
computing the area of the loop. The agreement obtained 
was very good, being well within 1 per cent. of the total time 
taken on the loop. Specimens figures are given in Table 1. 


TABLE I. 
0-5а loop. 


Time from start. 


КЕЛТІ ХА et i ee 
| d | Em | 3 | IV. | Mean. 


(a) Stalloy Ring А 
0 


| 
0-8 0 0 0 0 
0-5 3-5 3-4 3-5 3-4 35 
0:3 7-4 6-8 7-1 7-3 7-2 
0-1 13-0 12.7 12.9 12.3 12.7 
| 0-0 17-5 17-5 17-4 17.7 17-5 
0-1 26-6 26-6 26-3 26-7 96-6 
0-2 57-4 57-9, 57-1 57-3 57-3 
0-3 714 71:3 70-9 71-7 71-3 
0-4 79-0 79-0 78:5 79-5 79-0 
0-5 83-9. 83-2 83-6 84-3 83-8 
0-6 87-1 87-1 87-6 88-0 87-6 
0-8 93-4 93-1 93-3 93-7 93-4 
|(›) Cast Iron Ring Q. 
1-830 0 0. 0 0 0 
1-098 5:3 5-2 5-4 5-3 5-3 
0-732 8-6 8-2 8-4 83 8-4 
0-56 | 124 19-2 12.3 12.0 19-2 
0:0 ‚ 159 16-0 15:9 15-7 15-9 
0-366 24.2 24-0 24-0 23-6 24-0 
0-549 29.9 28-8 98.7 98-6 28-8 
0-732 37-3 36-8 37-0 36-8 37-0 
| 0-915 47-3 47-9 47-0 46-8 474 
| 1-098 57-4 57-0 57-1 50-8 57-1 
1-280 65-5 65-3 65-4 65-2 65-3 
1468 720 71-7 71-9 71-6 71-8 
1:640 16-5 76-5 76-4 76-3 76-4 
| 1-830 80-6 80-7 80-5 80-4 80-5 


Before each set of experiments the specimens were carefully 
demagnetised. For this purpose the primary current was 
increased to a high value, and then gradually reduced to zero, 
being continually and rapidly reversed all the time. 

The specimens were given a uniform treatment of 100 
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current reversals, and 12 continuous reversals at each current 
value to ensure that the iron had attained a cyclical state 
before observations were made. 

Three specimens of iron were tested, viz. :— 

I.—Sankey’s best (1900) transformer iron. 
II.—Stalloy (3 per cent. silicon iron). 
ПІ.-Сазб iron. 

All the specimens tested were in the form of rings. 6 in. 
external diameter and 5in. internal diameter. In the case of 
materials І. and П. these rings were built up of stampings. 
Two rings of each material were tested. Particulars of these 
rings are given in Table ПІ. The magnetisation curves 


TABLE II.—Particulars of Rings. 
| Sectional Mean length 
f 


Material. Ring letter. | area о 
(вч. ст.). | path (cms.). 
a ———————————————————————-- ee ee eee дас аа-а 

‘9 T 

Transformerlron( 19004 : b. г 

А 1:648 43-88 

Stalloy woes i2 $0909 6 05 Ve 1 B 1:775 43-89 

Q 1-59. 43:89 

Сазї ІТОй 545534546 { А 1:593 43-98 


——————————————— 


obtained by joining the summits of the hysteresis loops are 
given in Fig. 2. 


16,000 


7 . Transformer Iron. 
Г. Stalloy. 
ШІ Cast Iron. 


12,000 


4,000 


H. 
Fia. 2.—MAGNETISATION CURVES. 
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RESULTS. 


I. Transformer Iron (1900).--Тһе first set of experiments 
were made on Ring A in 1907 by the author working in con- 
junction with Mr. R. M. Ellis, the slow cyclic method being 
used. 

To corroborate the results obtained, a further set of experi- 
ments were made on Ring B in 1908-9 by the author, and Mr. 
T. H. Langford, hysteresis loops being taken both by 
the slow cyclic method and by the ballistic “ step-by-step ” 


method. The results of these experiments are tabulated below 
(Table III.). 


Tare IIL— Tra nsformer Iron — Res “44. 


Ring^A, Ring В. 

Slow сусе method, Slow eyclie method, | Ballistic method. 
H B Wa H B Wa H Wa 
0-0286| 13-19 0-00068 | 0-4205 182-2] 1.47. 0-4203 3.22 
0-07151 36-82 | 0-034] 0-843 708 | 49-03 0-84] 39-4 
0-1430| 73.20 0-238 1-264 2,702 36] | 1.27 476 
0.28611 136-9 | 0.060 L685 | 4.395| 8601146 982 
0-4005 | 242.7 2-03 2-10] 5.9101 1,588 | 2.09 1.560 
0-5722 | 356-7 8-80 2-524 6.580 | 1:042 2-53 1,900 
0-715 | 545-4 22.4 2.1457 | 7.500 2.312 | 2-05 2,240 

0-858 | 880.2 59-4 3-365°| 8.290 


2.700 | 3-35 


1-001 1.362 | 190.9 3700 8.960 | 3.176 3-0 3,080 
1-245 2.415 338 | 4.205" | 9960 3,340 | 4.99 3.440 
1-660 4,306 #56 | 5-0207| 10,190 3.950 | 5-05 3.870 
2-074 5.018 1,193 | 5-000. | 10.40 4,420 15-00 4,430 
2-904 6,820 2.027 | 6-74 | 11.800 2,040 | 6-74 4,900 
4:15 8,017 2.160 | 7-568 11,920 | 4,030 | 7.55 5.120 
5-81 9,128 3.595 |84316 | 12.270 | 5.160 "5.40 5.510 
8-20 11.155 5,110 | 0-25? | 12.550 5,6201 0-29 


5,860: 
1079 | 12.127 | 2650 10-003 | 13.060. 5,860 | КЕ 


14-0] 13.362 6.200 40-9] 7 13.2501 6.060 
25-31 14,920 8,510. 11-774 13,€00 | 6.540 
38.19 15.980 | 11.170 6593 | 14.200] 6,360 
41-48 16,485 | 10.120 16.687 | 14,5001 6.700 
58-07 


10,735 | 10,420 2081 15.136 | 7.070, 
бы e 25-00" | 15,510) 8310! 
3839 | 15.960 | 9.120’ 


It will be scen that the results obtained by the two methods 
are in fair agreement, the values of W, obtained by the ballistic 
method exhibiting a slight tendency to be higher than the 
values given by the slow cyclic method, more particularly 
at the higher values of В. Comparative loops by the two 
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methods will be found in Fig. 3. It will be seen that, for a 
given value of H, the ballistic loops, in general, give a lower 
value of B than do the slow cyclic tests. 


From these figures the curves connecting Log W, and Log B 
were drawn (Fig. 4), and the.values of the “ Steinmetz 
index " гіп the equation W,=7B* deduced therefrom. 


The index was found to have an almost constant value of 
approximately 1-7 between the limits B—1,000 and B—17,000, 
the three distinct tests agreeing remarkably well. 


= 
ГГ 
ШЕР АЕН 


Log Wy. 


Fia. 5.—LoGAaRITUMIC CURVE—STALLOY. 


II. Stalloy—With this material a complete series of loops 
was carried out on Ring A, and a few corroborative loops on 
Ring B, the slow cyclic method being employed throughout. 
The results are summarised in Table IV., and the logarithmic 
curve is shown in Fig. 5. 


For this material the index is approximately 1-66 for values 
of B between 4,000 and 12,000 having somewhat higher values 
for lower values of B. 
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Ring A. | Ring B. 

H в | Wa из. 4 Wa 

e e cs -z ез — 
0:372 688 19-7 0-762 | 2,892 250-6 
0-521 1,500 821 | 1-93 5,560 797 
0-744 9.880 256 2-665 7,740 1,402 
1-117 4,520 | 555 5:330 | 10,120 | 2,183 
1489 | 5,600 777 7-66 11,000 2,410 
1861 | 6,470 | 992 9:75 11,670 2,672 
2.233 7,290 1,193 bes ® a 
2.605 | 7,820 | 1,354 M» 
2.977 8,270 | 1,523 
3.350 8,630 1,695 
3-722 9,150 1,751 
4-466 | 9,900 2,036 
4-760 | 9,760 2,018 
5-440 10,130 2,120 à 
6-130 10,390 2,160 i 
6-810 10,700 2,297 
7-48 10,950 2,395 
817 ! 11,200 | 2,408 i 
8-86 11,400 2.460 | 25 
9.53 11.080 | 2,660 | P e 


III. Cast Iron.—The same procedure was adopted, а 
complete series of loops being taken for Ring Q, and a few 
corroborative loops for Ring A. 

The tabulated results will be found in Table V., and the 
logarithmic curve in Fig. 6. 


TABLE V.—Cast Iron—Results, 


Ring Q. Ring A | 
ac oc rS Pc IN, 
H B Wa H B | Wa | 
--|-------1-- | € 
4592 | 1,145 424 5-51 1,550 838 | 
5-54 1,765 1,140 | 8-72 | 3,220 | 2,602 
6-429 1,990 1,262 15-12 4,520 | 3,700 
6-72 2,120 1,429 17.25 4,900 6,340 
7:55 2,460 1,888 | 25:85 5,900 | 8,930 
8-40 | 3,000 2,590 Le Ee d i 
9-22 3,360 3,210 йе 4 We Y s 
10-06 3,566 3,574 ie. 4 : 
10-9 3,630 | 3,760 | ... | 2 
11:74 3,770 | 4,335 à " 
16-06 4,710 6,080 | " 
18-25 5,040 6,940 
22.8 5,560 8.390 zb. ‘Ai чу 5M uil 
27.3 | 5,960 9,240 | ci TA | T | 


The index will be seen to be practically constant at 1-82 for 
values of B between 2,000 and 6,000, rising for lower values of B. 
VOL. XXIV. ji 
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In Table VI. will be found the value of = at different flux 
densities deduced from the above results. Similar figures 
obtained from Papers by other experimenters are also given, 
the method employed for the determination being given in 
each case. The figures given for soft iron wire under “ Stein- 
metz ” are of peculiar interest, since it was from these figures 
that Steinmetz in the year 1890 evolved his so-called “ law ” 
of hysteresis. The experimental data for these figures were 
obtained by Ewing. 


Log WA. 


3%9 3:2 34 3-6 38 
Log В, 
Fic. 6.—LocaRITHMIC CURVE—Cast Iron. 


Steinmetz, in his Papers before the American І.Е.Е., gives 
a large number of tests on various materials. The indices 
obtained vary from 1-59 to 1-7. Unfortunately many of the 
materials were only tested at three flux densities, and the index 
values derived from them are consequently of doubtful value. 
In many cases, also, hysteresis tests were made with unsym- 
metrical flux changes, and used for computing the “ index,” 
Steinmetz claiming to have proved that “ the energy dissipated 
by hysteresis depends only upon the difference of the limiting 
values of the magnetic induction . . . . but not upon 
the absolute values.” M. Rosenbaum has recently shown 
this to be untrue (“ Jour." LE.E., XLVIII., p. 534), the 
hysteresis loss in one case being nearly doubled by unsym- 
metrical flux variation. 
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In connection with Ring IV. (Ewing and Klaassen) Ewing 
states: “ The changes in the index indeed correspond to the 
passage from one to another of the familiar successive stages 
in the process of magnetisation." In no other of the results 
included in Table VI. is any interconnection of this nature 
indicated. 

In Fig. 7 are shown a few of the “ index "—B curves plotted 
from the results in Table VI. It will be seen that Ewing's 
results on rings V. and УП. both show constant “ indices " 


0 3,000 6,000 9,060 19,00 15,000 18,000 
В 
Fig. 7.—INDEX—B CURVES. 


over a considerable range of B, and agree in that respect with 
the author's figures on Transformer Iron and Stalloy. 

А rather interesting point in connection with the author's 
figures is the fact that the material with the highest maximum 
permeability has the lowest index, and vice versa. 

Further experimental data are, of course, necessary before 
it will be possible to arrive at any general conclusion regarding 
the laws relating to magnetic hysteresis, and the author hopes 
before long to publish measurements of the hysteresis losses in 
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iron at the lower and upper extremes of magnetisation. In 
view of the long time during which the research has been in 
progress, it was thought, however, preferable to publish the 
existing results relating to the practical range of magnetic 
induction rather than to wait for the completion of the other 
portions of the work which have scientific rather than practical 
value. 

The above experiments were carried out in the electrical 
engineering department of the East London College (University 
of London). Іп conclusion, the author would like to record his 
best thanks for assistance received from the Research Fund 
established by the Governors of the College. He has also much 
pleasure in acknowledging the invaluable assistance given him 
by Mr. C. R. Turner during the latter part of the work, and 
finally would like to express his deep sense of indebtedness to 
Prof. J. T. Morris for much kindly advice and encouragement. 


ADSTRACT. 


These experiments жете undertaken to provide а sound experi- 
mental basis, suitable for mathematieal analysis, with а view to dis- 
covering, if possible, some relation connecting hysteresis loss and flux 
density which will accord with results obtained practically to a 
greater extent than the empirical law due to Steinmetz. 

The method of uniformly varying Нах was used for the determina- 
tions. The magnetic treatment given to the specimen by this 
method approximates to that received by iron employed in alter- 

nating-eurrent work, whilst the method admits of а very high degree 
of accuracy. 

Experiments were made with transformer iron stalloy (3 per cent. 
silicon iron) and cast-iron, two rings of cach material being tested. 

The rings were carefully demagnetised before testing and even 
reduced to a cyclical state for each current value before making 
observations. 

А set of comparative tests on one of the transformer iron rings was 
made by the ballistic method, and these tests show that, in general, 
for a given value of В the hysteresis loss and the value of H for the 
ballistic tests are higher than the corresponding values for the slow 
cyclie tests. 

The results were expressed in the form of the Steinmetz equation 
W,—nb'. 

For transformer iron є has the value 1-7 between the limits B= 
1,000 and В=17,000. Stalloy gives a value of e=1-66 between 
B— 4.000 and B=12,000, having somewhat higher values for lower 
values of B. In the case of cast iron е is equal to 1:82 between the 
limits В 2.000 and B= 6,000, rising for lower flux densities. It will 
be seen that the material with the highest maximum permeability has 
the lowest constant * index " and vice versa. 

The work of previous experimenters has been consulted, and 
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values of 5,” at different flux densities deduced from their experi- 


menta] results. 
It is hoped before long to publish results obtained at the lower and 


upper extremes of magnetisation. 


DISCUSSION. 


Dr. RussELL thought the results in this paper would be most useful. 

Mr. A. CAMPBELL suggested that the author should try the effect of 
annealing the transformer iron, which will then sometimes give an index of 
nearly 2. The losses at low values of B were very im portant, and the 
results so far were very discordant. It is of importance to know the energy 
loss in telephone cables that are loaded by winding iron strip round them. 
Here the value of B would be very small, probably 50 or 100. 

Prof. С. Н. LEES remarked that there were interesting scientific prob- 
lems raised by the constancy of the index over so wide a range. 

Prof. G. W. О. Hows remarked that the index seemed to go off to infinity 
for very low values of B, indicating that the hysteresis fell very rapidly. 

Prof. J. T. Morris drew attention to the accuracy of the present work. 
He pointed out that in order to find explanations for the losses experi- 
ments should be made at high temperatures, above 700°C., or as where 
the B and H curves are of simple character. The hysteresis loss is then 
zero for values of B less than a certain amount, and constant for all 
values greater than another fixed value, and a linear function of B between 
these two ranges. 
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XXXVIII. The Calibration of Wave-Meters for Radio-Tele- 
graphy. By Prof. G. W. О. Howe. 
Reap May 31, 1912. 


THE most common form of wave-meter or frequency meter 
for use in radio-telegraphy is a simple oscillatory circuit con- 
sisting of a variable air-condenser connected across the terminals 
of an inductive coil. The latter is loosely coupled with the 
aerial or other circuit under examination, and the capacity 
of the variable condenser is altered until resonance is obtained, 
t.e., until the natural frequency of the wave-meter corresponds 
to the frequency of the oscillatory current in the aerial. The 
attainment of resonance is indicated either by an ammeter in 
series with the wave meter or by a vacuum tube placed across 
the condenser terminals ; the vacuum tube can sometimes be 
advantageously replaced by a low-reading electrostatic volt- 
meter. From the calibration curve of the variable condenser 
and the known inductance of the wave-meter coil the approxi- 
mate frequency can be easily calculated. To cover a large 
range of wave-lengths a set of coils will be necessary, the 


Кто. 1. 


number depending on the range and on the ratio of the maxi- 
mum capacity of the variable condenser. 

The dielectric being air, the capacity is the same for high- 
frequency alternating as for static pressures. If fine wire 
or specially stranded wire be employed in winding the coil the 
inductance will also be independent of frequency. The main 
source of error or uncertainty in the calculation of the fre- 
quency is the capacity between neighbouring portions of the 
со]. Even when the variable condenser is removed the coil 
itself has a definite natural frequency, the ends acting as the 
plates of a condenser and the central portion as an inductance, 
the two functions being distributed, however, over the whole 
coil and gradually merging into one another. The distribution 
of potential P and the current 7 throughout the coil will be 
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somewhat as shown in Fig. 1, the width of the diagrams repre- 
senting the amplitude at each point. When a condenser is 
connected across the coil as shown in Fig. 2 the distribution 
of the potential will be modified, owing to the smaller variation 
of the current amplitude throughout the coil. 

The natutal frequency of a cylindrical single-layer coil 
oscillating freely can be calculated by means of empirical 
formule and curves established by Drude from a large number 
of experiments.* It can, of course, be determined experi- 
mentally by bringing the coil near a circuit in which high- 


Fic. 2. 


frequency currents are maintained, the frequency of which 
can be adjusted until a vacuum tube near the coil indicates that 
resonance is produced. Тһе frequency of the oscillatory 
current can then be found by means of a calibrated wave-meter. 
This was essentially the method employed by Drude. 

Fig. З represents an imaginary oscillatory circuit of the same | 
frequency as the coil, but with concentrated capacity and 


inductance. The current would have the same amplitude at 
the ends as at the middle. An infinite number of such imagi- 
nary circuits could be made with different values of K and L, 
but with the same product KL and, therefore, of the same fre- 
quency. Can anyone of these imaginary circuits, as represented 
in Fig. 3, be said to represent or be equivalent to the actual 
freely oscillating coil? If so, we should be justified in calling 


* Annalen der Physik, 1902. Vol. IX., p. 322. 
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the value of the inductance in Fig. 3 the effective inductance 
of the actual coil, and the capacity between the rings in Fig. 3, 
the effective or self-capacity of the actual coil. Drude * 
implies the existence of such an equivalent arrangement, and, 
because of the current distribution shown in Fig. 1, assumes 


that the effective inductance may be taken as 2 of the total 


inductance of the actual coil. Knowing the effective induct- 
ance and the natural frequency, the effective or self-capacity 
of the coil is easily calculated. When a coil is used in con- 
junction with a variable condenser to form a wave-meter the 
question which arises 18: How must the calculation of frequency 
be modified in order to allow for the effect of this self-capacity 
of the coil? No attempt is here made to give a rigorous 
answer to this question, but it is shown that for practical 
purposes -the effective inductance of the imaginary circuit in 
Fig. 3 can be taken as equal to the total inductance of the coil, 
and that if the self-capacity, calculated from the natural 
fréquency on this assumption, be added to the capacity of the 
variable condenser when calculating the frequency the error 
in the resulting calibration curve will be very small. 

Experiments were made on a coil of 169 turns on a glass 
cylinder 14-5 cms. diameter and 21-3 cms. long. Its induct- 
ance was 2-16 millihenries and its natural wave-length when 
freely oscillating in space was 185.5 metres. Its terminal 
capacity was increased by small amounts by means of brass 
spheres various distances apart, and the resonant frequency 
was determined in each case. Whether we plot the wave- 
length against the root of the added capacity as in Fig. 4, 
or the square of the wave-length against the added capacity, 
as in Fig. 5, the dotted straight line through the origin would 
be obtained were it not for the self-capacity of the coil. The 
experimental resclts are plotted as crosses in Figs. 4 ала 5. 
The latter figure shows clearly that for practical purposes 
the effect of the sclf-capacity of the coil is to add & constant 
capacity of 45 micro-microfarads to that of the variable 
condenser. This 4-5 15 the self-capacity obtained from the 
natural frequency of the coil on the assumption that the full 
inductance is effective. 

When the wave-meter has a set of coils, the ranges of which 
slightly overlap, another method can be used to determine 
experimentally the self-capacity of the coils. This may be 


* Loc. cif. 
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illustrated by means of an actual example. The wave-meter | 
consisted of an air-condenser in a glass vessel lined with tin- 
foil, the latter being connected to one terminal and preferably 


Ware-lengths in Metres. 
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earthed, and a set of four coils of silk-covered copper wire on 
wooden drums. From the calibration curve, Fig. 6, it will be seen 
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that the condenser has a minimum capacity of 76 and a maxi- 
mum capacity of 1,042 micro-microfarads. The inductances 


Reading on Wate-meter Condenser, 


Capacity in Willi-microrarada, 


90 100 


Reading on Scale. 


Fic. 6. —CaLinRATION СсвуЕ оғ VARIABLE AIR CONDENSER. 


100 


ЖЫР, 


10 


c 


71-7117 


10 11 12 13 14 
Turns cut out of Гтітағу Circuit. 


Fia. 7. 


ма 
eS 
© 
№ 
л 
о 
-4 
со 
© 


256 PROF. С. W. О. HOWE ON THE CALIBRATION 


of the four coils, as determined at low frequencies were as 
follows :—L,=23-7; L,=51-9; L,=194-9; and L,=1,673 
microhenries. The wave-meter was loosely coupled with an 
oscillatory circuit containing a spark-gap. The frequency of 
the oscillatory currents could be varied by cutting out the 
inductance one turn at atime. The variable condenser of the 
wave-meter was always adjusted until the helium tube placed 
across its terminals indicated resonance. Over certain ranges 
it was possible to obtain readings with two different coils, and 
this was always done when possible. The results are plotted 
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à means that tlieordinates are the readings obtained with Coil No. fl, nul the 
abseisae those obtained with Coil No. 3 for the same frequency. 
in Fig. 7, as А), А», &c., the numbers referring to the coils used. 
A, B and C refer to different series of readings, using different 
capacities in the spark-gap circuit, and are therefore not com- 
parable, but all curves with the same letter are comparable. 
Thus with 10 turns cut out of the primary circuit Аҙ--12 and 
A,=67, that is, for the same frequency, the wave-meter con- 
denser reads 12 when using coil No. 3, and 67 when using coil 
No.2. The results are plotted in another way in Fig. 8, where 
each curve shows the corresponding readings obtained for 
the same frequency on the two wave-meter coils. Each curve 
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in Fig. 8 contains points taken promiscuously from series A, 
B and C and their close agreement shows the accuracy of the 
wave-meter setting. It is seen that for a reading near the 
zero end of the condenser, where a knowledge of the self- 
capacity of the coil is essential, there is always a corresponding 
reading, obtained with a smaller inductance, with the variable 
condenser at the other end of the scale, where the effect of the 
self-capacity of the coil is almost negligible. From two such 
readings the self-capacity in the first case can be determined 
with sufficient accuracy for all practical purposes, as a large 
error in its assumed value when its effect is small causes a small 
error in the calculated value when its effect 1з large. This 
can best be shown by an actual example : Let K, be the added 
capacity as read off the calibration curve of the variable con- 
denser, K, the self-capacity of the coil, and K, the total 
effective capacity K,+ K,. 

All capacities are in micro-microfarads. 

Now from Fig. 8, а wave-length which gave a reading 0 with 
L,, gave a reading of 72:5 with L}. Calling the capacities of the 
condenser for these readings К, and К.,, we see from Fig. 6 
that K,,=76 and K,,—810. It is known that the self-capacity 
of coil No. 3 is about 15, but let us assume firstly that it is 10, 
and secondly that it is 20, and see how this affects the cal- 
culated value of K 4, the self capacity of coil No. 4. 

We have 

Ks L, 1,673 
Ka L, 1949 

(a) If K,,=10, K,,—8104-10—820, K.,=95-5 and К,-ңК, 
—K н=95:5—76=19.5. 

(b) If K,,=20, K,,—810--20—830, K,,—96-6 and K „=K, 
—K,,—96-6—706 — 20-6. 

Hence it may be safely assumed that the self-capacity of 
coil No. 4 is about 20. Similarly it was found that K,4 was 14 
and K,, about 18 micro-microfarads. 

The natural frequency of coil No. 4 when oscillating freely, 
but with the earthed termmal still connected to the condenser, 
was found to be 347 metres. Taking the whole inductance 
of the coil, viz., 1,673 microhenries, this gives a self-capacity of 
20-3 micro-microfarads, which agrees substantial with the 
value found above. 

In the case here considered the error introduced by neglecting 
the effect of self-capacity reaches about 12 per cent. ; by allow- 
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ing for the self-capacity of the coil in the way indicated the error 
can easily be reduced to less than 1 per cent. 

By suitably designing the coils of wave-meters the effect of 
self-capacitv may be greatly minimised. It will have been 
noticed that whereas coil No. 4, with an inductance of 1-673 
millihenries, has a self capacity of 20 micro-microfarads, the 
coil on the glass evlinder, with an inductance of 2-16 milli- 
henries has а self-capacity of only 4-5 micro-microfarads. This 
difference is due to the fact that coil No. 4 has a diameter 7-6 
times its axial length, whereas the diameter of the other coil 
is only 0-7 of its axial length. 

As an example of the effect of shape on the self-capacity, 
in the following table are given four different designs for a coil 
of 2 millihenries, wound with wire of such a diameter that there 
are 20 turns per centimetre. The inductances are calculated 
from the formule of Rayleigh and Niven, and Lorenz, and the 


natural frequencies from Drude's curves for single-layer coils 
on ebonite tubes. 


| | Axial | Natural wave- Self-capacity in 
Hinmeter length. | length. | micro-microfarads 
5 cms, | 22.5 ems. 102 metres 1-46 
10 ,, S0 , 145 , 3-08 
| 15 4” oly » 194 Т 5.3 
20 ,. $8 ,, 209 | 7:38 


The effect of the self-capacity of the coils being to reduce 
the range of wave-length covered by each coil, it is necessary 
when calculating the inductances required for the various coils 
of a set, to allow considerable overlap, if self-capacity be 
neglected in the preliminary caleulations, as otherwise there 


тау be gaps between the ranges of the various coils when 
actually tested. 


ABSTRACT. 


Wave-meters consisting of a variable air-condenser and a set of 
coils сап be calibrated approximately by calculation from the known 
capacity of the condenser and the inductance of the coils. The most 
probable source of error is that due to the capacity from turn to turn 
of the coil. This can be allowed for, with sufficient accuracy for all 
practical purposes, by finding the natural frequency of the coil alone 
and calculating its effective or sclf-capacity on the assumption that 
the whole steady current inductance of the coil is effective even when 
it 13 oscillating freely. This capacity is then added to the capacity 
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of the air-condenser. Another method of finding the required cor- 
rection by comparison of the results obtained on the overlapping 
portion of the ranges of two coils is also described. 

The correction can be made small by suitably designing the coils. 


DISCUSSION. 


Dr. W. Е. SUMPNER remarked that it could not be considered satis- 
factory to find the self-capacity of a coil from its free period, taking the 
whole of Из s-lf-induction as effective, until this had been shown to give 
the same result as that deduced experimentally with a large number of 
different coils. 

Мг. W. DU DDELL remarked that Prof. Howe's experiment showed that 
for practical purposes the self-ca pacity of a coil could be considered quite 
constant, for he had used much smaller external capacities than usual, 
and still could detect no difference. It was very important for а wave- 
meter to have a very definite free period of its own, and therefore L/R 
must be large. Its coefficient of damping should be less than that of the 
antenna circuit, as the usual method of finding this latter really gives the 
sum of the two. It was thus more important to keep the high frequency 
resistance of a coil small than its self-capacity. Dielectric losses were 
an important item in the high-frequency resistance, hence the voltage 
from one turn to the next should be kept down. 

Prof. T. MATHER pointed out, with reference to a table Prof. Howe 
had put on the board, giving dimensions of different coils having the 
same self-induction but different self-capacitics, that the length of wire 
necessary was almost the same in cach case. 

Dr. W. H. Eccirs pointed out that theoretically the self-capacity 
could not be constant when the external capacity was small, and cited the 
somewhat analogous case of a weight vibrating from a heavy spring when 
one-third of the weight of the spring was added to the weight provided the 
weight was relatively large. "There might be some compensating in- 
fluence at work such as the variation of the self-induction with frequency. 

Mr. A. CAMPBELL stated that the method of obtaining the working 
value of a wave-meter coil by finding the frequency giving resonance оп 
Open circuit was used by Dieselhorst some years ago. At the National 
Physical Laboratory it is customary to plot A? against the condenser 
capacity ; over the working range the line obtained is straight, and from 
its slope the high frequency value of the inductance of the coil can be 
immediately deduced by dividing by 472, It was interesting to learn that 
Prof. Howe found by experiment that such a line passes through the point 
given by Dieselhorst's method. The capacity of a coil could be diminished 
by winding it in slices like the secondary of an induction coil. 

Dr. ERSKINE-MuRRAY pointed out that at high frequencies the current 
would go straight up through the coil, and not round it, if it were wound as 
Mr. Campbell suggesta. 

The AUTHOR, in reply to Dr. Sumpner, stated that he had only experi- 
mented on three or four coils, but he had purposely used specially small 
added capacities in order to detect any variation of the self-capacity, so for 
practical purposes it could wcll be assumed to be constant. 
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XXXIX. Application of Heaviside's Resistance Operators to 
the Theory of the Air-core Transformer and Coupled 
Circuits in General. Ву W. H. Ессгез, D.Sc., А.В.С. 8с. 


ReaD Max 31, 1912. 


THE purpose of this Paper is to lav down a simple scheme of 
calculation whereby the solutions of very many of the mathe- 
matical problems arising in the theory of low and high fre- 
quency transformers may be written down from reference to a 
few tabulated special integrals. The work constitutes а develop- 
ment of the examples given by Heaviside of the utihty of 
his “ expansion theorem " on page 127 and the following 
pages of his “ Electromagnetic Theory," Volume II. 

In ordinary electrical parlance the term transformer is 
used to indicate a pair of circuits which are so arranged that 
the magnetic flux due to a current in either circuit passes 
wholly or partially through the other. The differential 
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equations for the currents and voltages in such a system possess- 
ing invariable electrical dimensions are linear with constant 
coefficients. The solution of these equations when the primary 
E.M.F. is harmonic may be found in every text-book dealing 
with the ordinary transformer. In the present discussion the 
term transformer will be enlarged to include every apparatus 
in which the current in one circuit of the pair acts upon, and 
is reacted upon, by the other circuit. 

The linkage between the circuits is commonly called the 
“ coupling " between them. When the coupling is effected 
without material conducting connection it is said to be “ in- 
direct," but when effected otherwise it is called “ direct.” 
Thus indirect coupling includes two very distinct varieties: 
magnetic coupling (Fig. 1А) and electric coupling (Fig. 15); 
direct-coupling includes cases in which part or all of the 
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inductance, the capacity, or the resistance, is common to both 
circuits. Fig. 24 shows the case of resistance coupling. Figs. 
1c, 28 show mixed coupling. 

In order to avoid too early complication, two speciallv 
interesting examples, the two indirect couplings, will be dealt 
with separately before proceeding to the general case. 

The reader mav be reminded that the resistance operator of 
a condenser is 1 CD, and of an inductance coil is LD. And 
since the symbol D. which stands for d dt, obevs formally the 
fundamental laws of combination of algehraic symbols * the 
resistance operators шау be used for the formation of the 
differential equations of an electrical problem just as if they 
were resistances, 


Magnetic Coupling. 


Let the circuit be as in Fig. ІА, and let L,, R,, C, refer to the 
primary, L,, R,, C, tothe secondary. | Let ?,, г. be the currents, 
е, €, the applied electromotive forces. The E.M.F. actually 
acting on the primary ise, — MDz,, on the secondary is e, — MDi, 
when M is the mutual inductance between the circuits, and may 
be positive or negative according to the relative directions 
of the winding and the relative positions of the coils. Let 
the resistance. operator of the primary, namely, L,D+R, 
J-(CD)'! be called Q,. that of the secondary Q.. Then 


e —MDi, . e,4—MDi, 
| c 


Bl] 


Therefore, on solving for /, and /,, 


e ODDO, 
"t Qua: D: 
—(MD Qj), 
m à EDO, 


Thus the effective appled E.M.F. in the primary is 

—(MD;O,)e,; which shows that the secondary applied 
E.M.F. as " reduced to the primary” is — (MD; СО „)е„ and, 
similarly, the primary applied E. M.F. reduced to the secondary 
is —(MD/£2,)e,. Moreover, the primary resistance operator 
is changed by the neighbourhood of the secondary into 
Q,—WM?D?/O,, and the secondary into (9,—M?D?/Q,. 


* Bocle's “ Differential Equations," Chap. XVI. 
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Usually there is not any applied E.M.F. in the secondary ; 
that is, e,=0, and then 


{= ео, —'10, 
1 ]—M?D?/O,.O, > 

where 7,, 1s the “‘ open circuit " current—that is, the current т 
the primary when the secondary circuit has no current in it 
or is removed—and X is an operator which may be called, 
from analogy with the well-known coefficient of magnetic 
leakage, the leakage operator. The term M?D?/Q,0Q, may 
then be called the coupling operator. 


;. |. МЮ, , MD, 
"= ом,“ 0, ^ 


in the present case. 


Further, 


The equations jc. 5 roi = 11 

e 2 

thus comprise the whole theory of the relations between the 
currents—transient or alternating—in the ordinary trans- 
former. 

When sine wave alternating current of frequency w/2z 18 
being supplied to the primary, we integrate the equations 
by substituting tw for D wherever it appears in the symbolic 
operators, where t= 4/—1. And when the primary is traversed 
by a long-continued slowly-damped train of oscillatory current 
of the form e^"' cos wt, where b=w/2z times the logarithmic 
decrement per period, the integration is effected by substi- 
tuting —6-Н1 for D in the operator. In this way we get 


1 5 
= (Tiii) С (о) 
=ltw+r,, say, 
and 2,29,=r,r,—l,l,07?+(r,l,+7r,l,)smo=é&+'y, where the 
symbols /,, l», r,, 7. explain themselves. 


1_ $t". 
Thus SCEEMÉa? b) (o) 2M) 
which is of the form et 


Бар В) 
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An important theorem arises out of the elimination of R, 
between | 


£—r,r—ll,o?, 
3j —(r,l, + r4 w. 
Неге К, is contained only in r} Eliminating r,, we get 
116—7 — (roble), 
which is linear in ё and у. Now putting 
Say 
= Vo Н 
et arr p) 


and, for generalitv, writing the linear relation as 


1+ 


Em+7n=1, 


we have, separating the parts independent of г from those 
including г in the former equation, 


(0—1) — —у+ ax — py =0, 
& — +n(e—1) +24 ау=0, 
Em +? —1 =0. 
120—1 —y ax— By | 
Hence EU, r—l fxrtay; =0, 
т т —l ` 


ог, 


( ат-Е Вп-- 2 ) +( an— Вт ); 


79 am-- Вп+1 I~ (ат. Вп+1)/ 


_ (a?+ В*)(т?- n?) 
gs 4(ат Е fn 4-1)? 


The interpretation of this result is that if the instantaneous 
values of the primary currents 7, and čin, when the secondary 
is in operation and when it is not, are represented bv the vectors 
OP and OA, shown in Fig. 3, then the locus of P as R,, the load 
on the secondary, is varied, is the circle whose equation is 
given above. Тһе centre of the circle may have any position 
according to the values of a, f, m, n. The theorem, which is 
well known for the case of the transformer used with simple 
alternating current*, is thus established for the quasi-steady 
conditions of a slowly damped train of oscillations. 

Moreover, it is clear from the equations for & and 7 that a 
linear relation beteeen & and 7 is obtained not only by the 


* Russell, “ Alternating Curicnts,” Vol. II., p. 229. 
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elimination of ғ, but also by the elimination of r,, of 1,, ог of 
ly separately. That is to say, a circle diagram similar to the 
above is available for expressing the relative magnitude and 
phases of ?, and či, when ту, l or [, are separately varied. 


i; | 


The equation, i=; $45; 

b M?D? 
may be written 4 — > 
y ра. 17% 


and using 


we have 


Fic. 5. 


In the case of a damped oscillation the coefficient of t, 
becomes 


г («со — 0 TAE orb ( т-іап 1 12 ши 

от М n. 
жеті ! Зо 

Therefore, іп Fig. 3, the length PA which completes the 


triangle POA, is M Yi l, ky ELLA times the instantaneous mag- 
ET ЕСІ Ж, 
nitude of the secondary y current, and is л —tan ! , —tan !! 


7 
ahead of that current in phase. This is an extension of a well- 


known result. | ! 
Let v,, v be the P.D.’s at the terminals of the primary and 


secondary condensers, so that 


v, —(C,D) 7, and v, —(C,D)! i, 
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and let v,, be the primary Р.О. when the current 1, 18 running. 
so that v,,=(C,D)"} $10 


Then, Фі-у бу, n=- . а 9, 
and nte Е Vo Uy. 
1 1 


That is to say, since v,, v, апа v,, аге connected by equations 
similar to those connecting 2,, $, and 2,5, the instantaneous 
relative values of the condenser P.D.’s may be represented by 
circle diagrams. 

Returning to the equation 

= 


жа l 
Q,—M?D?/O, 
and putting D— —5-4-(c, we get 


M?D? M? 
Qi "D "M (c — b? )-$ | 


uL ы ЖЕЗ rrr ator | 


вау =l twtr. 


Thus, if e, = Е“ cos wt, 


7 
= , ез 2g cos ( осів" С) 
VU 1204" у 71 

The effect of the secondary is therefore (unless 5 is very 
large) to increase the apparent resistance and decrease the 
apparent inductance of the primary. The above formule 
for these alterations are extensions of Maxwell’s formule 
for the simple alternating-current transformer. The voltages 
at the condenser terminals may be similarly expressed, and the 
ratio v,/v, is given by 


LM cu tL (.- —tan7 ig - tanc 124 
l „20024-7, 2" 


Inthe particular case of a resonance transformer with primary 
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condenser, operating on a sine wave current from an alternator, 
we һауе 5—0, and therefore, 
v, С 


1 Mo 2 
v, C, 1 , 
1 Va J С) чв 


when the secondary із not tuned to the alternator. But 
when the transformer is tuned by varying L, or C, we have 
1,=0, that is, 
1 

“Ca 
v €, Mw ag 
v; С, В, 
that is, the voltage ratio attained at the condensers іп the 
steady state is а maximum and the secondary voltage is 
leading the primary by a right angle. 

The ratio of secondary condenser P.D. to applied E.M.F. in 
the primary is in this case 

0, М 


— ——— — @ 


е, 7 С,(#+Е‹]) 


For resonance ¿=R R, 7=R,!,w; therefore 


and 


? 


U2 _ = M 1 =: —t tance 
e СЕВ, у Во? | 
in the steady state. 


Electric Coupling. 


The connections for pure electric coupling are represented in 
Fig. 1B. This scheme of circuits is sufficiently general to 
include every case likely to arise in practice. 

Taking the cyclic currents as marked and supposing Е.М.Е.з 
€,, е; to be applied independently in the primary and secondary 
circuits, we obtain from the closed circuits taken in turn 


| b. 
(L;D4- R4) atg ратУ-е 


З | ЖОШ 
(L,D+R,) tet o plt). 


1,1 114. 1. 1. 
(c to s o) -apop 
VOL. XXIV, x 
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1111 


y 
| 22476 o pf: 
п- y 2 
0,9: (cp 
Ое сре 
ta = 


If, аз is common, e,=0, 


e,/Q, _ tr 
"m4 
He (ар) 1202 


_7/C,C,D y/C,C,D 


ооо О, E 


and 


It will be seen that the equations connecting 1), ta, tio differ 
from the magnetic coupling equations by the replacement of 
—MD by y/C,C,D. Thus when П---0--о the term 
—M(‘w—4) in the former magnetic problem must be replaced 

E NE an. 
by a term ved erus 


no damping, М:о by C ^ x Since the ternis are of the same 


in the electric problem ; or, if there is 


form the broad theory of the electric transformer is precisely 
the same, for damped or uniform alternating current, as that 
of the magnetic transformer. 


Mixed Magnetic and Electric Coupling. 


In order to examine this case we may suppose that in Fig. 1c 
the coils L,, L, possess mutual inductance, and then rewrite 
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the equations. Using the notation of the last paragraph we 
obtain 
i= Qe, - (y/0,0,D —MD)e, 
Q ,Q,—(y/C,C,D—MD) 
in general, with a similar equation for t}. In the particular 
case €,=0, these equations become 


where 7, is the current in the primary when the secondary 
circuit is cut outside the coupling. 

Whether the electric coupling acts with or against the mag- 
netic coupling depends on the sign of М. But in any event the 
theory for the transformer with magnetic coupling and damped 
oscillations holds good for the transformer with electric and 
magnetic coupling. 


Direct. Coupling. 

We turn now to apply the same methods to auto-trans- 
formers, in which there is complete conducting connection 
between the circuits. Since there occur practical cases where 
indirect magnetic coupling is utilised along with direct coupling, 
this rather wider case will be treated at once to save space. 
Let the circuits be as defined by Fig. 2в. Let L,, R,, С, be 
the resultant inductance, resistance and capacity of the 
primary circuit when the secondary is cut, and L,, R., C, 
relate to the secondary. Let Г, В, C be the portions of the 
above quantities that are common to the circuits. Thus, from 
the diagram, 


E X. E. IN. 
(LD+Rit¢'p i (т-м . D+R+ p Visen 


1 YN. -—u 41“. 
(ръка) (zw D+R+ icen 
Write these as 
Q d — Qi, e, 
Q 4/4 — Qi =e, 
where О, the coupling operator, refers to the portion common 


to the two circuits, and О ;, О» are the operators of the sepa- 
rate circuits when the other is cut outside the coupling. 


Х 5 
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Solving for 31, 25, 
1-(О,е,--06,) (0,0 4— Q?), 
45 — (Qe О ,0)/(0,Q,— Q?). 
If, as is common, е,=0, these results become 
4Q—e6/0,2, $-(0,/0)1, 
where T= 1—-02/0,,0,,. 


Thus we again find that when D= —b-+ a, the theory of the 
case of simple magnetic coupling applies also to this more 
general case. 

Ав a rule there is no coupling condenser C, and there is 
insignificant coupling resistance R in a practical transformer, 
and in this event Q—(L—M)D. If the windings are side by 
side and in the same sense M is positive and opposes L. 

It is often convenient to work problems involving mutual 
inductance by imagining the M replaced by equivalent 
common self-inductance, and using the familiar formula for 
currents in branched circuits to get the operational equation. 


Normal Vibrations. 


When the applied E.M.F. is transient or sudden a system 
possessing two degrees of freedom 1s, in general, started into 
a vibration compounded of its two normal modes. These 
normal modes can be found in any of the problems on hand, by 
factorising the denominator of the fractional operator in the 


equation for т, or $, after arranging in powers of D. Thus in 
the equation 


4 (Qe 1 0,6)/(0,0,— 02) 
the denominator multiplied by Р? is 

({L,L,—(L—M)*} ов, L;R, — 2(L-— М)В} Р, 

+{L,/C,+L,/C,—2(L—M) /C+R,R,—R?}D? 
+{R,/C.+R,/C,—2R/C}D 
+(1/C,C,—1/C! =0. 

Now we may take it as well known that a single circuit 
L,, R, C, if started into oscillation, vibrates with “ angular 
velocity " p,= J Бета» and with damping 7è", where 
6,=R,/2L, Thus 26,=R,/L,, 1/L,Cj=p,°+b,2=g, say. 
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Using this more concise and appropriate system of symbols, we 
obtain after division by L,L,, 


ыы, ур» 


2(L— M)/C-- В? 
orb. cs L OTR ps 


R 
Нео 


1 
+9193 1/L,L,C?=0, 


where k =,/(L—M)?/L,L, is the coefficient of inductance 
coupling, V R?/L,L, is the coefficient of resistance coupling, 
and 4/l/L,L,C? is the coefficient of condenser coupling. 
1 — k? is often written о. 

The equation being of the fourth degree must have two 
quadratic factors, and therefore, in the oscillatory case, two 
normal periods. Тһе coefficients, which are functions of the 
electrical constants of the circuits, are not connected by any 
mathematical relations, and the biquadratic is therefore general. 
Its accurate solution must be approached through a reducing 
cubic. 

The biquadratic 


c D*--a,D?4-a,D?-- a,D--a, —0, 
is equivalent to 
o(D?4+-2BD+ G)(D?2+ 2B’D+ G^) «0, 


if B—(a,—4/2;)/c, B'—(a,-- Уз), 
G={(a,— V/23)* (ууз), 
and бү ={(a,+- V/23)* (у у) [a?, 


where 2, £a, 2з are the roots of Euler's reducing cubic 
z3--3Hz?-- (3H? —1o?1)—16G,? —0, 
and where H=ca,—a,’, Il=ca,—4a,a;+3a,’, 
С, =о?аз— 30a ,a,+ 24,3. 
It will be found that this method of solving leads to grea 


arithmetical labour. Various approximations have been 
devised therefore, by Wien * and by Drude f and others, 


* Wien, © Annalen d. Phy. and Chimie.” Band 61, p. 151. 
t Drude, " Annalen d. Phy." Band 13, p. 512. 


В,В 
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appropriate to the numerical values likely to arise in practice. 
The following method of approximation is easy :— 
Write the equation 


a D*4-2(b,-- 5, — k,?)D?-E (yigt 15,5, — ka?) DS, 
+2619. 659, — k) +919: E? —0. | 
If this is equivalent to (D?+2BD-+G)(D?+42B’D+G’)=0, 
we have, by equating coefficients of powers of D, 
o(B+ B’)=6,+6,—h,’, 
o(G+ G'4-4BB/) 29,4- g,4- 15,5, — Ё,?, 
o(BG’+ B'G) —5,9,4-5,3, — К, 
c G,G'—9g,4,— 2. 
Now b,, b,, B, B' are in fact usually small compared with 


91, 9», G, G’. Thus, the second and fourth equations may be 
taken, in a first approximation, as 


v (G4-G')-9,7-g2— k>, 
оС” m 


Hence G, =, „(91+9:— 2+8), 


where =! nun (9,95 — АЗ). 
The first and third equations now give 
В, B’=1(G, G')(b 4-b, — k,?) — (bg, 5,5, — өт 


1 1 
TT +В, te (gat ga— К2)(6,+-5,— k?) 
2u +8 
—3s(b,g 3-59, 43) |. 

In arithmetical work а second approximation may be pro- 
ceeded to by using these values of B, B' in the second and fourth 
equations and solving again for G, С”. 

When the frequencies fulfil the condition g,=g,=g, the 
so-called resonance condition, - 

s=2/k*g?—k, ук, : 
and therefore 
"Eae лаа —lE£,t МЕ, 9-ой; 2) с, 


апа 


a 9-52) — 96-6, g— k) 
=, [^ lx ted Ego? 1 


It is unusual to meet а problem in which all the А appear. 
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The most frequent case is that in which only Ё? appears. Then 
for any but extreme values of Ё?, we have approximately, in 
the case of resonance, 


8=264, 
and therefore G=g/(1—k), G'—g/(14-X), 
and B=(b,+5,)/(1—k), B’=H(b,+b,)/(1-+8) 


as first approximations. 
For the second approximations for G and G’ we proceed : 


46 ,b,—4BB’=— (b,—6,)? ; 
inserting in the G equations and solving as before 
G, G'— 12g — (b, —b,) d 
where s' —((2g —b,— b,2? —4og* Y. 
When a circuit containing inductance, resistance and capacity 
is coupled to one without capacity or without inductance, a 


cubic equation has to be solved. The approximate formula 
for yielding the factors D+ В”, D?--2BD-4-G, are 


G =(9,—k*b,")/c, 
B'—b,-- 653/91, 
В —4(E£5,-2b,)/o — }ЛЛЬ.3/,. 


Currents and Voltages produced by Sudden Changes of E.M.F. 
or by Electromotive Impulses. 


Under this heading come most of the important problems 
of wireless telegraphy—in particular, those problems arising 
out of the breaking down of the spark-gap in the primary of 
a sending transformer. 

The fundamental type of sudden change of E.M.F. is that 
in which the force is zero during all negative time and 18 unity 
during all positive time, as happens when a cell of one volt is 
switched into a circuit at the time ¢=0, This function of t, 
which might, of course, be expressed as a Fourier integral, 
we may call Y. Fig. 4a is its graph. Оп the other hand, 
1— Y represents the sudden removal of a unit E.M.F. from a 
circuit, and has the graph 4B. 

It is necessary to examine the effect of various symbolic 
operators on this function. First DY is plainly an impulsive 
function which is zero during all negative time, infinite and 
positive at ¢=0, and zero during all positive time. From 
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physical considerations, as well as from more rigorous con- 
siderations, it may be shown that DY is an infinity of lower 
order than Lt t^) In all our work we һауе to take Lt tDY —0, 


with the УЕ that, therefore, ¢. DY is zero {ог all values 
of t. With this understanding 
DYt=t. DY+Y. Dt=Y, 
DY(1—&**—(1—e*)DY-4-be"Y—b гҮ, 


and во on. | 


Again рҮ ТҮ, and рҮ Y Yt?/2, 
as is obvious on considering the areas of the graphs, and, 
generally D-"Y=Yt"/m. 

From above D(1—e*)Y =be*Y ; add b(1— ғ”) to both 
sides then (D+5)(1—e-") Y=bY, 
or (D--5)1Y «- Y(1— ғ"). 


This important formula may also be obtained by expanding 


Fia. 44. 


Fic. 4B. 


(D+6)"' in inverse powers of D, or by solving the corre- 
sponding differential equation under the conditions here 
implied by Y. 
By differentiating with respect to b we get 
tD/(D4-5)?) Y tY e". 
To find (D4-5)! Ye", note that the exponential function 
can be passed to the left of the operator if D—a be written for 
D throughout the operator (Boole, loc. cit.). 


Thus (D4-5)1Ye*'— e *'(D—a--b) 1Y —Y(e-*!— e"')/(b-- a). 
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By putting a=b’—+w, separating real and imaginary parts, 
we get the results for (D4-5)Y = 2" cos wt and (D--5)Y e7?" sin 
wt, as tabulated later. 

Operators of the form (D+ 0)! arise from circuits con- 
tainmg inductance and resistance. In circuits containing 
inductance, resistance and capacity the denominator of the 
operator is of second degree in D when cleared of fractions. 
To provide for this case fractional operators of the form 

(AD-+B)/(D24-28D+9) 
must be examined. This may be split into two partial fractions 
of forms A’/(D+a), B’/(D+ ), а and В being in general 
complex. The integrals of these latter operators have already 
been found, and, therefore, the integral corresponding to the 
general quadratic fraction can be written down. They are given 
in the tables on the next page. 

In the general case of the transformers discussed in this 
Paper, fractional operators with quartic denominators arise. 
These fractions may be split into partial fractions which are 
integrable separately ; in all practical сазез these are two 
irreducible quadratic fractions. In such cases the following 
formule are useful : 


Let 
aD?-- BD?4-yD-4- ó — МО-ь + О и 
(D?+2BD+ G)(D?+2B’D+G’) D*4-2BD4-G D?+2B’D+G’: 
Then 
а (4B(B'G— ВС”) —G(G—G’): —2p(B'G — BG’)+7(G—G’) —26(B— В’) 
4(B—B^)(B'G—BG)—(G—G'? . | 


апа 
а. 2G(B’G— BG’)— B . G(G—G^4-y. 2G(B—B’)—6 {4B(B— (4B(B—B’)—(G— E 
4B—B^)(B'G—BG)—(G—G)? 


and м’, v’ are obtained by interchanging B and В’, G and G' in 
the formule for u and v. 
Approximately, under resonance conditions with inductive 


coupling, Ж” bns 
Жз Же 1279 
Ме 11“ k TTO Ны, 


= TF урне быны 2» ua) 


and и”, v' are obtained from д and v by — the sign of K. 
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TABLES OF INTEGRALS, 
Operator (D +b)? 


Acting on Integrals. 
ет 1-." 
| = == 
Ы 5 
Те-ті є"; -bt 
b—m 
Же ТЕ 


1 соз cos | 
= cos ecce -mt у t == -ht hs —@ 
dem sin (ші + $) Vw + (б-т)? t sin rre € sin (Ф n 


where tan 0 = e[(b — m) 


1 
ana ыы Е ———— 
= 


= -t C908 
Nore.—D et 7. (zt 4- 0) 


=y pU еме (pt + 0—tan p/m) 


in 
1 -òt СОЗ 
and D !.e sin (Ptt 8) 
е” соз 
= — Vp Bi sin ( pt - 8 + tan^! p/m) + const. 


Operator (D+6'2+ p?)*! 


ТЕ е0. 
03 — 0? + р?, tan 0 = p[b 
Tom et. | | 
- | uM ш 40 
fe- mt 9,16; Б віп (о } 


0,2 = (b - т)? + р?, tan 0=p/(b-— m) 


Қ t "t cos (ut $—0)- Natt fs cos $ cos $— бу 0) 
6, р | 
‚ TE . Jute sin $ sin ф- 0 -bt 1-4) 
Те ™ sin (oL * $) | 9 |е mt gin (+  —0) йыш OR e~ 4! cos (р 
9 
6,7 = (b —m? + р? — а?) + 4(b — т )?ш? 

tan 0=2( —m)w/(b — т? + p3 — ш?) 

бап y=(wtan $ - 0 -b+m)/p 

tan y'= (е cot p—0+b-—m)/p 


е тё cos (wt + ф) 


Т - . . . 
Те cos (pt + $) F bt [pt sin (pt + $)— sin ¢ sin pt! 
T сы 
2p* 


—— RÀ 
= — —— ———- — — — ——— —MM — ——— —M——M——M—— MÀ — 


Acting on Integrals. 


~ віп (pt + ф) {—p! cos (pL + ф) + cos ¢ sin pt) 
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When the fractional operator reduces to third degree in the 
denominator we put 


aD?+ ВО-- у ШӘ--» 


(Ф-ЕВ”)(Р#--2ВЮ-Еб)— Bip m БОТ 
_ aB*—pb-ry 
where А= все” 


and и=а— А, v==(y—GA)/B’. 


Applications. 
As a first illustration take two circuits L,, В, and L}, В, 
without condensers, and suppose a cell switched into the 
primary at /—0. We have 


$,—(3Q,)!Y, 4--MDO,1.Y, 
per volt. 
Then, putting R,/L,—5,, R;/L,—b,, 


1 рь sy 
L c D?4- (0,+4-0,)0--0,6, | 
The quadratic denominator, if equated to zero, must have 
real roots, a, В say. Divide the operator into partial fractions : 


| 1 b, b, 
poa S AD e D ш 


This equation indicates, by the way, that the transformer is 
equivalent to two circuits in parallel. This may be at once 
integrated by the tables, and then reduces to 


Y В(а— 6.) =“ —a(B—b,)e # || 
puc | 

The Т is et in the solution merely to indicate that the 
solution applies to values of t after £—0, not to preceding time. 
The deduction of the secondary current will be left to the 
reader. 

As а further illustration, the particular case of the high- 
frequency circuits of an experimental wireless telegraph station 
will now be worked out. . The primary and secondary currents 
are to be produced by charging the primary condenser nega- 
tively till the spark-gap in the circuit breaks down. Тһе mea- 
sured constants of the circuits were kindly supplied to me Бу 
Mr. H. J. Round (by permission of the Marconi Company). 
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They were, for the primary L,=6-0x 10-6 henry, C, =10-8 farad, 
and 5,--0-98х 10°; for the secondary L,=6-0x 10-5 henry, 
C, —10^? farad and b,=3-27x 10°. Hence the angular velocity 

of both circuits was p—4-08x 109. Тһе currents are given by 
L, D?-4-2b,D?--gD 
пүү — wo (Y — 1), 
,L,L,—M?_,, 2 Жу. 21 29 g? 
0*+- (6,1 62)D°+ (926,6) 0" (Ыр 


Мо М o 
ет, М? same denominator 


(Y—1) 


per volt at the spark-gap. 
Let the operator of т, be resolved into 


AD+F | ADF _ 
D?--2BD--G ' D24-2B/D4-G^ 
and that of 2, into fractions with aD--f and a^/D--// as nume- 


rators. 
Then 
A. «B— b, ( BG' — B’G)+(G—9)(G—G’) "ҮГӨ" 
4B—B)Be—B'Gg(a-G * ^70 
and F= BB ЕВ F'— —FG'/G. 


10/6 


The values of a, а’, f, Г, may be obtained by putting b,=g=0 
in the last equations. 
Using the approximations 


B’=}(b,+,)/(1+4), 

we have approximately, 

А--4(1--0), A’=}(1—k), a=(1+-k)/2k, a’ =—(1—k)/2k 

F=}(b,—6,)(1+4)/k, F’=}(b,—6,)(1—k)/k, f=0, f’=0. 

If the P.D. at the spark-gap when it breaks down is —V, 
then e,=—(1—Y)V,, ог YV,—V,. The part due to ГУ, may 
be written down at once from the tables, and that due to 
— V, is got by putting D=0 in the operators. 

There is no need to write these down here ; nor need the 
voltages at the condenser terminals be dealt with further than 


to state that 
v9,—(C,D)y UV,  v,—(C,D) 5, 


oS 
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The curves showing primary and secondary currents and 
voltages are given in Figs.6to8. In Fig. 513 seen the method 
of building up the secondary voltage curve of the 30 per cent. 
coupling case. Тһе damped sine curves seen here are integrals 
arising from the quadratic partial fractions of the biquadratic 
operator in v,. 

Ав a final example we may take the problem of the currents 
produced in a magnetically coupled tuned receiving set, when 
an impulsive E.M.F., such as that due to a natural electric 


| | ІШІ A aA д 
(AP vov 
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discharge or “stray,” acts on the antenna. The stray may 
be represented by DY. Then 


L, 25 D?-F-2b. ,D*?--gD 
L ila — M? ' same denominator as before ' 


(ЕГЕТ 


M 

L, 
im 1-12 2 (bs 
— :+b,)D— ES (same Заоа ] T 


The fraction splits into two partial fractions, 


AD--F ADE - 
D?--2BD4-G ' D?--2B/D4-G^ 
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М 


where, approximately, 
1--Е| bitb) 
A— a ihi > 


k 
rot "m “hy 2] 


and А”, F’ are got from А and Е by changing the sign of К. 
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secondary current 1з given by 


. DY, 


D3 


—M 
L,L,—M? same denominator 


, 
$5—4 


Тре 


” 


2 c5 
Sd 
> 

E AR 
Е "ir 
2 А 
= 4 
8 E 
= F 
PENIS 
© 
РАЯ 
з ejt 
= з 
ЕЯ 

ы 

шш 

© 

eo 

bé 

ғә 

ci 
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1+k 
е (0,4-0), 
Ew 


and а’, 6’ are obtained by changing the sign of k. 
Thus the primary current is 


where 


ge Be 


L,Y 
"ED oe ны p~ % sin (Pt+0—9)}, 
F =“ OT 
ty. Ip is ф' віп (P't--0' — ө} | 


where 0, —B?--P?—G, tan 0—P/B, 


AP 
tan 9— AB FP’ 


and similar definitions hold for 9%, etc. ; while 


qo? — A2 — 2A B-- F?, 


-Bt 


. —МҮ 1(ј = 
$ == LL, TL m| tut op - vein (Pt+6—y)! 


= 
EN? 1% + р ро sin (210—0) |, 
2420 2 c LE 
where 27--а(1--2аВ--/?, tan в etc. 


The author desires to thank his colleague, Mr. J. Lister, for 
kind help in checking many of the formule given in this 
Paper. 


ABSTRACT. 


In circuits possessing constant inductance, resistance and capacity 
the differential equations for the currents and the voltages аге linear 
with constant co-efficients, and may therefore be solved by aid of the 
known simple properties of symbolic operators. The symbolic 
operator method proves to be very compendious in problems concern- 
ing the determination of the primary and secondary currents and 
voltages of transformers whenever the applied E.M.F. can be ex- 
pressed as an exponential function of the time, or when it consists of a 
sudden application of а constant or an exponential function, and 
also when it is impulsive. 

Іп the Paper the ше са is first applicd to a pair of “ indirectly ” 
coupled circuits—t.e., circuits that are insulated from each other. 
The cases of pure magnetic coupling, pure electric coupling and of 
mixed magnetic and electric coupling are treated in turn and shown 
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to be operationally all of the same form. Then general operational 
equations are obtained for direct coupling and for mixed direct and 
indirect coupling—this latter, of course, includes all types of auto- 
transformers, both high and low frequency. Here again the opera- 
tional equations are of the same form as in the case of magnetic 
coupling. The equations readily show that if the primary applied 
voltage be a pure sine or cosine alternating E.M.F. the well-known 
circle diagram for determining the instantancous magnitudes and 
phases of the primary and secondary currents in an ordinary trans- 
former is applicable to the most general type of transformer, and is 
capable of certain extensions. It is then shown that a similar circle 
diagram can be used for obtaining the primary and secondary currents 
in any general transformer under the application of the quasi-steady 
conditions of a slowly-damped alternating voltage. A further new 
theorem arises here, which affirms that a similar graphical method of 
computation can be used for deducing the voltages at the terminals 
of the primary and secondary condensers in a high-frequency trans- 
former under steady or quasi-steady alternating current. 

In the second section of the Paper it is shown how to calculate 
accurately the free periods and the damping factors of a coupled 
system with two degrees of frecdom, and approximate formula are 
also deduced. The third section passes to the investigation of the 
currents and voltages produced in the circuits by sudden application 
or removal of a constant, a harmonic, or a damped harmonic E.M.F., 
and of those produced by the application of electromotive impulses. 
For this purpose formulx expressing the effect of the various types 
of symbolic operator occuring in the Paper, on impulsive E.M.F.s and 
on “ sudden applications," are deduccd and tabulated. Using these 
tables of integrals it is very easy to write down quickly the solutions 
appropriate to any given transformer under the action of any of the 
types of E.M.F. specified. These tables include all the cases likely 
to arise in wireless telegraphy and in ordinary transformers. 

As an example of the application of the methods the problem of a 
primary spark-circuit and its antenna is worked out under resonance 
conditions, and for various couplings and time graphs are made of the 
primary and secondary currents and voltages. А further example is 
the solution for the incidence of a natural electric wave (a “ stray ”) 
on a receiving antenna and its resonant secondary. 


DISCUSSION. 


Dr. А. RUSSELL said that it was not quite clear how much was Heavi- 
side’s and how much was Eccles’ in the first part of the Paper. The 
latter part he considered an important piece of work. 

Мг. В. APPLEYARD drew attention to a general method for the calcula- 
tion of all transient phenomena, which had Һееп worked out by Dr. Н. 
Malcolm, described in “Тһе Electrician" of May, 10, 1912. His method 
is there applied to the particular ease of a submarine cable, but the same 
general method is directly applicable to the case treated by Dr. Eccles. 
In the case of the telegraph cable the"constants are distributed. In the 
case of a transformer or of any network of conductors, such. аз the 
Wheatstone bridge, the constants are localised, and the problem is easier 
to solve. Brictly, Dr. Maleolm’s method consists in converting by a formal 
transformation the periodic solution of the network—which is obtained in 
the usual manner by determinants or otherwisc—into the solution for the 
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sudden application of a constant E.M.F. Mr. Oliver Heaviside’s theoretical 
conclusions are of enormous importance, but he himself realised how great is 
the difficulty of reducing them to arithmetical conclusions in specific cases. 
Dr. Malcolm’s method is so direct and powerful in its application that it 
renders possible the discovery of new theoretical facts, and it so far sim- 
plifies the mechanical and mental labour of obtaining numerical results that 
it seems to justify the hope entertained by Mr. Oliver Heaviside that means 
would be found to combat the laboriousness of calculating the shapes of these 
wave-forms for transient currents. 


Y2 
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XL. Surface Leakage, with Alternating and Continuous Electric 
Pressures. By G. L. ADDENBROOKE. 


RECEIVED May 11, 1912. Reap May 31, 1912. 


In the course of experiments on dielectrics at different tem- 
peratures, and using a wide range of periodicity, it was found 
that the results were in some cases complicated by surface 
leakage. 

Further precautions were taken, and the results with leakage 
and without were compared. 

From these it was manifest that the effects of surface leakage 
were sometimes considerable, and that the differences could 
not be accounted for by assuming that the surface leakage 
obeyed the ordinary laws of metallic conduction. 

Ап attempt was, therefore, made to measure the leakage 
effects by themselves. 

Tn the first place a sheet of crown glass was taken, the elec- 
trical properties of which had been carefully investigated 
beforehand. 

On this sheet of glass two strips of tinfoil were pasted, each 
25 ст. long and 2:5 cm. apart. The tinfoil strips were con- 
nected to the measuring arrangements which were electro- 
static, and а current at 130 volts, first continuous and then 
alternating (R.M.S.), was turned on. 

The resistance of the film of moisture at 15°C., and with 2° 
difference between the wet and dry bulb thermometers, worked 
out at 300 megohms, or the equivalent of 3,000 megohms 
across a surface of 1 sq. cm. ; this is the mean of two final 
deflections with reversed poles, the initial deflections being 
larger, as described by Trouton and Searle (‘‘ Phil. Mag.,” 
1906). 

The effects with continuous pressures were very similar to 
those described by the above authors, but as I experimented 
with only about one-tenth the potential slope used by them the 
variations found seemed to be within a smaller range. "Taking 
the average continuous pressure loss as unity, after the deflec- 
tion had become fairly steady, on turning on the alternating 
pressure at 42 periods the losses were found to be rather over 
three times as great. Тһе deflection was quite steady if the 
film was protected from draughts. 
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The losses were next measured at several other perio- 
dicities, and the results are plotted in the curve below, 
where the ordinates represent relative loss and the abscissæ 
periodicities. 


0 3 4 6 8 10 12 14 16 18 30 22 24 26 28 39 32 34 30 38 40 42% 
Periodicity. 


Next similar measurements were made to ascertain the 
effects of variations in the amount of moisture in the film. 
These are given below. 


ЕЕ ЕЕ ee зш шыш сы 
Continuous Aclative losses. | 


State of film current 
on crown glass. resistance. "m Alternating. 
Megohms. | Continuous. | 42 periods, 
As above experiment ............. 300 l 3 
On a drier day. ..................... 570 1 4 
Film dried first in вип and 
СООО IM 770 1 5 


With another sheet of glass of much higher surface resistance 
I got a ratio of 1 : 15. 

The power factor was very high in all cases. 

The relative losses at 75 volts and at 150 volts were also 
measured and the square law was practically found to hold 
good. 

Ebonite.—Grils made of thin strips of tinfoil connected 
together alternatively were used, pasted on a thin sheet, and 
also on а thick one. The film resistance per square centi- 
metre was about 50 times that of the first glass tested. The 
ratios obtained were about 1:50 for the first specimen and 
1:40 for the second. 


Porcelain Insulators.—Two specimens were tested on account 
of the practical interest. Both gave ratios on a dry day of 
1: 60 approximately. As I was not sure how far this leakage 
might be through the body, I pasted two tinfoil rings round 
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the outer shed of one of the insulators 15 шт. apart. Опа 
rather damp day the relative leakages were as 1:14, but on a 
drier and warmer day the ratio rose to nearly the same as 
before. The continuous current resistance of these insu- 
lators was about the figures ordinarily quoted. If it is a fact 
that most of the resistance in ordinary porcelain insulators lies 
in the glaze, it is still possible that even in this last test part of 
the current went through the porcelain, when such a ratio in 
the losses might be expected, since through crown glass the 
relative losses under the above conditions of pressure and 
currents would give a ratio of about 1 : 150. 


Effect of Thickness of Water Film. 


A film of tap water about 1 mil thick between two glass 
plates showed no divergence from the ratio 1:1. Nor did а 
similar film of glycerine. Two pieces of plate glass were then 
taken and chemically cleaned. Two gold leaves were laid 
on one, 10 mm. apart, and a little distilled water put in 
the centre, and the top plate brought down. The two plates 
were then clamped together, with the water film between the 
gold aka Under these circumstances I seemed to get a 
difference of about 1 : 1-5, but I cannot put it forward with 
confidence. I have, through the good offices of Mr. С. W. 8. 
Crawley, also been able to make some experiments on soap 
bubbles. Here, again, when the bubbles were thin I seemed to 
get evidence of some such a difference as in the last case, but 
again I cannot speak with confidence. For these latter tests 
it was necessary to reduce the pressure to 40 volts to avoid 
heating. 

The thickness of even a fine soap bubble—viz., about 
<a, cm.—is, however, very great when compared with the 
thickness of the film of oil which can be got on water, and 
which is about „сш. It is a film more of this class 
which I imagine must exist on glass surfaces under ordinary 
conditions, 

Further Experiments. 


The following also bear on this subject : A young lime tree 
leaf, which is very thin, showed no divergence from the ratio 
1:1, but a last year’s dry leaf showed a ratio of 1:2. The 
same ratio was also shown across a few inches of pine lath. 
An ordinary porous earthenware pot, tested as it was, showed no 
recognisable difference, but on drying this by heat and allow- 
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ing it to cool a ratio of 1: 2 was shown, the ordinary resistance 
having increased 900 times. 

A set of experiments were next made by pasting two strips 
of tinfoil 12-5 ст. apart оп a sheet of ordinary thin paper at 
room dryness. The ratio of losses for continuous current to 
alternating current 42 periods was аз 1 : 2-7, and a curve over a 
long range of periodicities was the same as would have been 
got by testing through a number of shee‘s. Наа this paper 
been artificially dried the losses would have been very much 
smaller, but the ratio of the continuous to the alternating 
loss would have been very much greater. 

It may be interesting to note that measurements between 
the primaries and secondaries of a small induction coil and a 
small transformer gave ratios respectively of 1 : 4-5 and 1: 8. 
In these cases part of the leakage was doubtless through the 
insulation. 


Method of Measurement. 


The losses, both continuous and alternating, were measured 
by a special form of electrostatic wattmeter. Under the con- 
ditions above it gives about 2 mm. deflection at 2 metres for 
1 microwatt. Гаю in the habit of frequently testing its cap- 
abilities of measuring low power factors correctly by connecting 
it to а highly insulated air condenser, when no loss 1s shown 
beyond that due to half the resistance between the 
quadrants and in series with the circuit, the needle being con- 
nected directly across the circuit. Much care has also been 
used, in constructing the resistances, to reduce the capacity to 
а figure which will not influence the results. While, however, 
all these precautions have been taken, all the power factors 
met with in these experiments are high, so that no strain 
is thrown on the wattmeter, except in the point of sensitive- 
ness. Expressed in the usual way, and with unity power 
factor, the instrument gives 250 mm. with 1% volt between the 
quadrants and 200 volts on the needle. 


Causes of the Effects Found. 


That the losses in highly attenuated films of moisture with 
alternating currents should be higher than with continuous 
currents, which have been applied for any length of time, 
seems to follow directly from the observations on the latter of 
Trouton and Searle, and also that, to & large extent at any 
rate, the causes must be fundamentally the same. Now, in 


990 МВ. С. Г. ADDENBROOKE ON SURFACE 


their Paper above quoted, Trouton and Searle give three 
suggestions as to the possible origin of the effects found. 

Firstly, that they may be due to a highly insulating oxide of 
tin formed with time on one of the electrodes. 

Secondly, that there may be an action tending to alter the 
thickness of the film near the electrodes, of somewhat the same 
character as occurs with the capillary electrometer. 

Thirdly, that there may be a real departure from the simple 
form of Ohm’s law. 

From an interview I have had with Prof. Trouton I do not 
think he lays great stress now on the two former alternatives, 
and the probability of their being the true reasons seems less 
since in my experiments the potential slopes employed were in 
some cases not more than one-tenth, while the character of the 
effects seemed little altered. 

I cannot avoid the impression that the third suggestion is 
the most likely, particularly when the effects as obtained 
above are compared with the effects found in making similar 
measurements through dielectrics over similar ranges of 
periodicity to that in the curve given above. These were 
described by me in outline in “Тһе Electrician " for March Ist 
last. When testing through dielectries the variations found 
in the losses are often of much greater magnitude than those 
given above, but the characteristics of the curves are strikinglv 
the same. I have there pointed out the great differences made 
by very minute alterations in the amount of moisture present 
especially in the mineral oils, where it can be varied at will over 
a considerable range. 


Note.—From further experiments since this Paper was 
read, I find that the above phenomena are connected with 
capacity effects, or effects which closely simulate capacity 
effects, and which cannot be accounted for by any calculations 
of the air capacity or capacity through the dielectric between 
the two conductors employed, as explained. 

I hope to isolate this action more Ё Пу. It is not a constant 
per period, but is greater per period as the period is longer. 

As a working hypothesis, it looks as if it might be due to 
comparatively free electrons moving backwards and forwards 
in the dielectric under the alternating field, as contrasted with 
the electrons intimately associated with the atoms, which 
latter, though far more resilient, are only very slightly dis- 
placed and without recognisable dissipation of energy. 
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DISCUSSION. 


Prof. С. Н. Lees point«d out that when alt:rnating current was used 
there would be a capacity current flowing in the circuit as well as the 
surface leakage current. 

Mr. А. CAMPBELL thought th» results were interesting. The study of 
surface losses was a very difficult subject and well deserved attention. 

Мг. С. W. S. CRAWLEY communicated the following remarks: Mr. Adden- 
brooke, I think, hardly emphasises the point sufliciently that the leakage 
curve he gets at different periodicities resembles во very closely the absorp- 
tion curve in an ordinary condenser—so closely that I cannot help feeling 
that we are quite possibly dealing with one and the same phenomenon, the 
film in this case behaving as а condenser with negligible capacity but great 
absorption. І must congratulate him on being the first, as far as I know, to 
investigate these matters with very low frequencies. А% ordinary com- 
mercial ones this present effect, like most of his results in absorption, would 
be masked, and they have, consequently, been overlooked. 
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XLI. Demonstration of the Use of Specific Gravity Balls for 
determining very Small Differences of Density. By T. H. 
BLAKESLEY. | 


EXHIBITED JUNE 14, 1912. 


THE present communication was made for the purpose of 
pointing out that the sensibility of specific gravity balls was, 
as a matter of fact, vastly under-rated by scientific men, and 
the author quoted passages from Prof. Balfour Stewart and 
Mr. Fownes which would tend to produce the behef that 
beyond the third decimal place specific gravity balls are not 
trustworthy. A variety of experiments was quoted which 
would indicate a sensibility 100 times as great as this; and, 
indeed, that the error which might be expected in a properly 
conducted experiment would be of the order 5 in the sixth 
decimal place. The author has been in the habit for the last 
quarter of a century of employing specific gravity balls for the 
purpose of discriminating between the qualities of potable 
waters in respect of density, and, therefore, of hardness, of 
testing the efficacy of softening processes, &c., for all of which 
the specific gravity ball is admirably suited. His process of 
observation differs from the ordinary rough-and-ready use in 
the fact that a thermometer of fairly open scale is employed to 
give the temperature at which a specific gravity ball is in 
equilibrium with а Паша which is being slowly warmed or 
cooled through that point of temperature. The error in such a 
temperature observation should not amount to more than 
three or four hundredths of 1°C. 

If such a determination is made in distilled water at ordinary 
atmospheric temperatures it fixes the specific gravity of the 
ball at the temperature of equilibrium within four or five units 
in the sixth place of decimals. If a second observation with 
the same ball is made in a slightly heavier liquid, say common 
tap water, the temperature of equilibrium will be considerably 
higher, perhaps 2 deg. or more, than in distilled water. By 
applying the coefficient of cubical expansion the density of the 
ball at the higher temperature can be obtained, and this is the 
density of the second specimen of water at the second tem- 
perature. Reference to a table of densities of distilled water 
will furnish its density at the higher temperature, and the 
difference between the two numbers will give what the author 
calls the density excess of the second liquid over distilled water 


SPECIFIC GRAVITY BALLS FOR DETERMINING DENSITY. 293 


at the higher of the two temperatures. This density excess is 
best quoted in parts in one million. For example, the density 
excess for a specimen of London water was found to be 290 
at 17°C. 

For a few degrees on either side of this value this number 1з 
sensibly constant, a fact of some value, as it enables one to 
employ four or five balls at the same time in one experiment. 

One noteworthy result of experiments made through a long 
course of years is that simple glass balls tend to expand, 
especially in the years immediately succeeding their manu- 
facture. The rise of the zero point of thermometers has led 
to the belief that glass contracts with age. 

Mr. Blakesley then proceeded to explain the sort of apparatus 
which he thought might make the extreme sensibility of the 
specific gravity ball available for quickly detecting the infusion 
of fresh water in the ocean due to the presence of icebergs in 
the neighbourhood. This problem is one which cannot be 
decided without definite experiments made upon water 
specimens taken from the sea at various noted distances from 
icebergs, observing direction of wind and current at the times 
of taking the specimens. These could be quietly submitted 
to examination, and the results would be of the first importance 
in settling some of the details of the apparatus for quick 
practical determination of fresh water infusion. 


DISCUSSION. 

Dr. CHREE remarked that there was also a similar gradual change in the 
density of hydromcters with time. He questioned whether the density of 
sea water was uniform cnough, especially near land, in order to apply Mr. 
Blakesley’s test for icebergs. 

Мг. A. CAMPBELL asked how far dissolved gases affected the density of 
water. He asked whether the secular change іп the balls might not be due 
to a change of weight on wearing. 

Prof. C. Н. Lers inquired whether the degree of accuracy obtained was 
greater than Dr. Warrington obtained with the same method seven or eight 
years ago. 

Mr. F. Е. SMITH pointed out that the secular change іп the balls might 
be due to the solubility of glass. If the balls were made of soft soda glass and 
the water were alkaline such a loss of weight could be scen in 10 minutes. 

The PRESIDENT pointed out that the secular change in these bulbs was 
quite a different phenomenon from the secular change in thermometers. 
With respect to the application of the method to the detection of icebergs, 
he did not think it would be much help. What was wanted was not to 
detect the presence of a field of ice which was generally known, but some 
particular iceberg that was dangerously near. 

The AUTHOR, in reply, remarked that a couple of balls which had irno 
wire inside them did not show the secular change of density. He had not 
tested the balls for loss of weight. A slight solubility of the glass was not 
detrimental, since the balls could be standardised in distilled water as often 
as desired. Unlike hydrometers, the balls eliminated all surface action. 
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XLII. On Hysteresis Loss as affected by Prevous Magnetic 
History at Liquid Air Temperature. By Prof. ERNEST 
Wuson, В. С. CLAYTON and А. Е. Power. 


RECEIVED May 14,1912. READ JuNE 28, 1912. 


ONE object of this Paper is to examine the effect of previous 
magnetic history upon the dissipation of energy by magnetic 
hysteresis at the temperature of liquid air. This effect at 
atmospheric temperature* and the effect of previous magnetic 
history upon permeability at liquid air temperature] have been 
already studied. 

It is well known that if а piece of iron be subjected to a con- 
siderable magnetising (previous history) force, and then be 
tested for hysteresis loss and permeability, the results differ 
widely from what would have been obtained had the material 
been previously demagnetised. Тһе hysteresis loss corre- 
sponding to а given maximum value of the magnetic induction 
B is increased, and the permeability corresponding to a given 
value of the magnetic force H is diminished, by the application 
of the previous history force. In Fig. 1, loop 1 1s symmetrical 
about the origin and is obtained after the material has been 
carefully demagnetised. Loop 2 is obtained for the same 
value of the reversal force H after the application of a large 
previous history force, H,, and after many reversals of the 
reversal force H. Loop 3 is in connection with a further effect. 
Suppose that the specimen is carefully demagnetised and that 
a magnetising force (H,—H) supplied by an independent 
source is very gradually increased to its proper value, which 
is such that the change of magnetic induction corresponding 
to а reversal of the force Н is exactly equal to the change ob- 
served with loop 2 for the same change of H. Тһе change from 
loop 1 to loop 2 has been brought about by inter-molecular 
force, whereas the change from loop 1 to loop З has been brought 
about by the application of an externally applied constant 
force H,—H. If the effect of inter-molecular force were 
capable of being exactly equivalent to the externally applied 
constant force (H,—H), one would expect to find that the 
energy required to perform a complete cycle would be the same 


* See “ Proc." Roy. Soc., А., Vol. 83, 1909, p. 1. 
T See“ Jour." Phys. Soc., Vol. XXIII., Part IV., June 15, 1911. 
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in each case—that is, the area of loop 2 would be equal to the 
area of loop 3. 

The ring experimented upon is built up of stampings of 
Stalloy and is the same as was used in the previous experiments 
upon permeability at liquid air temperature." The method 
of test employs the ballistic galvanometer. 

Referring to Fig. 2, the dissipation of energy is plotted in 
terms of the maximum value of the magnetic induction B, and 
curve A has been obtained by plotting the areas of a series of 
hysteresis loops (No. 1, Fig. 1) given by a carefully demag- 
netised specimen at atmospheric temperature. Curve B gives 
the corresponding areas at the temperature of liquid air. 
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Curve С gives the areas of а series of loops (No. 2, Fig. 1) ob- 
tained at liquid air temperature after the application of a large 
previous history force (91) of about 26 C.G.S. units. Curve D 
gives the areas of a series of loops (No. 3, Fig. 1) obtained as 
above described with a carefully demagnetised specimen and 
during the application of a constant force H,—H. Curves А 
and B show that the loss is increased by the application of 
liquid air. Curves B and C show that previous history at 
liquid air temperature gives rise to an increased value in the 
dissipation of energy for a given value of the maximum 
magnetic induction B, and this is the effect аб atmospheric 


* See “ Jour." Phys. Soc., Vol. XXIII., Part IV., June 15, 1911... 
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temperature also. Curves C and D show that the energy required 
to effect a reversal of the same value of the magnetic induction, 
the one after the application of a given previous history force 
of about 26 C.G.S. units, and the other under the application 
of a given constantly applied force (H,—H) is greater in the 
former than in the latter case. 

In Fig. 3 the curve А is given again, and contrasted with it 
are the curves E and F as given respectively by loops 2 and 3, 


Ergs per Cubic Cm, per Cycle. 


Maximum Magnetic Induction B. 
Ето. 2. 


all at atmospheric temperature. Тһе percentage increase in 
the dissipation of energy by magnetic hysteresis due to the 
application of a previous history force of about 26 C.G.S. units 
has been found by taking the difference between curves B and 
C and A and E respectively, and expressing it as a percentage 
of the corresponding ordinates of curves B and A. 
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As regards loop 3 (Fig. 1) it is interesting to plot the per- 
centage increase of the area of loop 3 over that of loop 2, 
against reversal H for a given value of the previous history 
force. This is done in Fig. 4, the previous history force being 
26 C.G.S. units. In Fig. 4, curve G gives the results obtained 
in the present experiments at atmospheric temperature, and 
curve H the results obtained at liquid air temperature. Curve 


Ergs per Cubic Cm, per Cycle, 


Maximum Magnetic Induction В. 
Fia. 3, 


I gives the results previously obtained at atmoshperic tem- 
perature with a different Stalloy ring.* Аз regards curves G 
and H, it cannot be said that there is a very great difference. 
The difference between curves H and I may be accounted for by 
the fact that they were obtained with different specimens of 


* See “Proc.” Roy. Soc., A, Vol. 83, 1909, p. І. 
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Stalloy. In this material the effect mainly develops at a force 
H of about 0-5, and before the point of maximum permeability 
is reached. 

Fig. 4 also shows the BH curves at atmospheric and liquid 
air temperatures, the lower ones after the application of a 


— 
© 
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‘Excess Energy per cent. 


8 


previous history force of 26 C.G.S. units, and the upper ones 
after careful demagnetisation. 

A general conclusion of the experiments is :— 

1. That without previous history effect the loss due to 
magnetic hysteresis at the temperature of liquid air is larger 
than at atmospheric temperature for a given value of the 
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maximum magnetic induction ; amounting to about 7:6 and 
8:9 per cent. when B maximum has values of 1,000 and 1,500 
respectively. 

2. That the percentage increase in the dissipation of energy 
by magnetic hysteresis due to the application of a previous 
history force of 26 C.G.S. units varies from about 21 to 17 at 
atmospheric temperature and 27 to 15 at liquid air tempera- 
ture, as the value of the maximum magnetic induction varies 
from 1,000 to 1,500. Previous tests show that at atmospheric 
temperature this percentage difference rises to а maximum of 
about 45 per cent. for B maximum 500, and then diminishes 
with B maximum. 

3. That the excess energy required to reverse the magnetic 
induction for a given value of the reversal force H may be as 
high as 20 per cent. or over, according as the material has been 
polarised by the application of a previous force of 26 C.G.S. 
units, or continuously magnetised by the application of an 
independent external force, the total change in the magnetic 
induction being the same in each case. Тһе effect occurs at 
its maximum in Stalloy at about Н —0-5 апа at a point pre- 
ceding the point of maximum permeability. Тһе effect has 
about the same magnitude and occurs at about the same force 
at atmospheric and liquid air temperatures. 


NoTE.—In the Paper, “ Jour." Phys. Soc., Vol. XXIII., 
Part IV., June 15, 1911, the temperatures at which Salloy loses 
its magnetic quality on heating and regains it on cooling were 
stated to be 850°C. and 830°C. respectively. Sir В. A. Hadfield 
has pointed out that these temperatures are more nearly 765 
and 755 respectively. 


ABSTRACT. 


This Paper is concerned with hysteresis loss in iron at atmospheric 
and liquid air temperatures under three different conditions : (1) after 
the iron has been carefully demagnetised, (2) after it has been sub- 
jected to a large force (previous history) of about 26 C.G.S. units, 
and (3) whilst it is under the influence of an external constant mag- 
netising force after demagnetisation. Опе object is to discover 
(а) how the dissipation of energy varies in the above three cases 
when the maximum magnetic induction B is the same in each, (b) 
how it varies in cases (2) and (3) when not only the maximum 
magnetic induction is the same, but the value of the reversal force H 
is the same in each. This matter should concern any molecular 
theory of magnetism. 

It is shown both at atmospheric and liquid air temperatures that 
the loss for & given value of the magnetio induction B is greater in 
case (2) than in either (1) or (3) and that the loss in case (3) is greater 
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than in case (1). Moreover, the loss at liquid air temperature is for 
corresponding cases greater than at atmospheric temperature. For 
given values of the magnetic induction where the reversal force H 
and the temperature is the same for each the loss in case (2) is 
greater than in case (3), and the percentage difference between the 
losses rises to a maximum of about 20 when has H a value of about 
0-5 C.G.S. units in stalloy. This percentage difference has about 
the same maximum at about the same value of reversal force H at 
atmospheric and liquid air temperatures. 

As regards the importance of the subject to engineers, it may be 
mentioned that the watts dissipated by magnetic hysteresis may be 
increased by as much as 45 per cent., and the magnetising force by 
85 per cent. on the values these quantities nced only have when pre- 
vious history effects have been wiped out. It would secm, there- 
fore, that after severe short-circuits it might pay to demagnetise the 
cores of transformers, static-balancers, &c. 


DISCUSSION. 


Prof. С. Н. І.Е asked if the effect due to the previous history would 
not disappear after the alternating current had been applied for a little 
time. 

Mr. G. L. ADDENBROOKE asked how Prof. Wilson distinguished be- 
tween hysteresis and eddy current lossca. 

Мг. С. W. В. CRAWLEY pointed out that the curve of percentage in- 
crease in energy loss showed a minimum for low values of H in the case 
of кбаПоу, as well as the maximum, and asked if the effect was a real cn». 

Mr. A. CAMPBELL remarked that it is now being found that it is almost 
as important that the iron should be demagnetised before applying an 
alternating current to it as a direct one. 

Prof. E. WiLsow, in reply to Prof. Lees, stated that although the 
alternating current had been applied to the specimen for an hour or more 
during the tests it would not wipe out the effect of a previous history field 
that was stronger than itself. In order to demagnetise the specimen by 
an alternating current the current must be large enough to produce a . 
magnetisation greater than the previous history effect it was desired to 
wipe out, and must then be gradually reduced to zero. The ballistic 
method had been employed, which would take no account of eddy cur- 
rents. He thought the minimum shown by :talloy at low valucs of H 
was а rcal one, though the accurate measurements were very difficult to 
obtain at those low values. Lohys also showed the same minimum. 
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XLIII. Dielectric Hysteresis at Low Frequencies. Ву М. М. 
Тновхтом, D.Sc., D.Eng., Professor of Electrical Engi- 
neering in Armstrong College, Newcastle-upon-Tyne. 


COMMUNICATED BY бін OLIVER Іорсе, F.R.S. 
RECEIVED JUNE 4, 1912. READ JUNE 28, 1912. 


1. Introduction.—The polarisation of a solid insulator in a 
steady and uniform field of electric force differs from other 
polarisation, mechanical or magnetic, in the manner in which 
the final value is reached. It has been shown* that, after the 
initial displacement at the velocity of electromagnetic waves 
in а medium which occurs on starting the field, there is a slow 
increase of polarisation maintained at a uniform rate for several 
hours, and that the final value at which equilibrium is reached 
is independent of the intensity of the external field. The 
polarisation decays on stopping the latter at the same rate as 
that at which it was established, and in the end entirely 
disappears. The effect, which is common to all dielectrics, is an 
example of “ elastic afterworking " unique in range and dura- 
tion. There is, however, in every case a well-marked period 
of transition between the first polarisation and the complete 
establishment of the second stage, and it is in this that any 
electric hysteresis loss must arise, for in the first stage the 
displacement is elastic, and in the second is unaffected by the 
external field. In this paper an attempt is made, by the 
examination of wave forms of alternating current in con- 
densers built up of flat sheets of dielectric, to find the range 
and magnitude of polarisation under simple harmonic electric 
stress, at a frequency low enough to retain the features of 
hysteresis observed in steady fields and high enough to be 
examined by the oscillograph in the usual way. А summary 
of the considerable body of work upon this subject is given in 
Winkelmann's “ Handbuch der Physik." 2 Aufl, Band IV., 
p. 159, and a full bibliography in a recent paper by Mr. E. H. 
Rayner in the Journal of the Institution of Electrical 
Engineers. The effect is observed in practice by the accumu- 
lation of charge on the conductors of direct-current cables left 
insulated after use, giving rise to voltages sometimes greatly 
in excess of the working pressure. It is observed in high- 


* “On the Polarisation of Dielectrics in a Steady Field of Force." Proc. 
Phys. Soc., Lond., Vol. XXII.; also Phil. Mag. Vol. XIX., March, 1910. 
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voltage alternating-current systems by heating of the insu- 
lation of cables through the conductor of which the only current 
passing is that required to supply the dielectric polarisation. 


2. Dissipation of Energy in, and Power Factor of, Condensers. 
The general case of the loss of energy per cycle in con- 
densers may be stated briefly as follows. Consider a con- 
denser of capacity C, having a polarisable dielectric of mean 
constant K, to which a sine wave voltage V, is applied at a 
frequency n. The шй оп bs conductors at any instant is 


CV, and the current g НУ . The apparent power Vz is 


then CV AER and y mean activity, t.e., the energy 


absorbed per second, is 
f Vidt nf CVdV +n f V?4C. 


The integration being taken round a cycle the first term on 
the right is zero, and the energy absorbed is n/ V?dC. This is 
the dielectric hysteresis loss, and it depends upon the change 
of the capacity, that is, of the electric constant, during the 
cycle. Since the observed index of the loss never exceeds 
2 and appears to be in some cases less, the variation dC depends 
upon a term of the form aV~*, where z is less then unity and 
is generally small. 

The power factor of a condenser, t.e., the ratio of the watts to 
the volt-amperes, may be expressed in terms of the variation 
of capacity during the cycle. Let v and % be the root mean 
square voltage and current, and ф the angle between their 
vectors. We have then 

vi соз o—n / v*dC. 

The energy component of the current is usually so small 
that without sensible difference we may write 1=2лпСь. 
The integral may also be regarded as the product of the maxi- 
mum range of v? and the mean range ôC of the capacity. Since 
the hysteresis loop is symmetrical about zero the loss is the 
same as that produced by а double frequency change of 
amplitude v,?, and since in a sine wave v—2v? we have 

2лтСу? сов ф= 4206, 
- с. that is, the power factor of a condenser 18 
proportional to the mean relative change of the dielectric 
constant during the cycle. 


and cos ese 
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3. Early Stages of Polarisation in Steady Fields.—The currents 
in a cable charged for many hours at a steady voltage and then 
short-circuited have been observed by Ashton.* Оп inte- 
gration of the curves of charge and discharge of an okonite 
cable, the total quantity found to be absorbed during charge 
at а uniform voltage, taking the sum of several operations, 
was 29-71.10-5 coulombs; that discharged on short-circuit 
61-35. 10-5 coulombs. The quantity discharged was, there- 
fore, within the limits of experimental error, twice that received. 
In either case the quantity passing is CdV-+ VdC ; the quantity 
Q, absorbed on charge when V is constant is VdC ; at discharge 
the circuit voltage 1s that which is given to the conductors by 
the charge leaking out of the dielectric. This starts at the 
value V and falls to zero, while at the same time the coeffi- 
cient C returns to its previous value. Оп discharge, therefore, 
if there is no permanent polarisation, Q,—CdV+VdC, and 
since by symmetry these terms are equa , going through the 
same range of values in each case, Q =2Q,. The above 
experimental results show that a polarised dielectric parts 
with the whole of its charge if allowed to do so at its own rate, 
and that there is nothing of the nature of permanent polari- 
sation, as in the magnetisation of iron. The same conclusion 
was reached by the experiments in steady fields previously 
referred to, using suspended ellipsoids through which con- 
duction currents could not pass from the pole plates, and 1s 
well authenticated by many experimental records. 

The curves of change of dielectric constant with time 
recorded in the previous рарег{ on slow polarisation do not 
show the nature of the change in the first few seconds after 
the field is applied. This part of the rise of polarisation was, 
therefore, examined in the present case by suspending the 
cylinder of indiarubber which had been used in the previous 
work under alternating stress so as to lie at à small angle to 
a steady electric field. Оп starting the field the cylinder began 
to polarise ап moved slowly into line with the field, the 
torsional control being such that the first polarisation was 
only sufficient to overcome а small part of the angle of set. 
The motion was made dead beat by attaching to the under- 
side of the cylinder a fine glass tube dipping into oil, the 
viscosity of which to give correct. damping was determined 
by trial. The photographs of Fig. 1 and Fig. 2 give the rate of 


* A.W. Ashton, “On the Resistance of Diclectrics.” Phil. Mag., 1901, 
р. 517. Т Loc. cst., p. 401. 
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change of angular displacement of the cylinder, опе showing the 
change in the first few seconds from starting the field, the 
other up to the time of establishment of the linear change 
given in Fig. 2 of the previous paper, at which it proceeds 
for several hours to complete equilibrium in the field. 

The initial polarisation of indiarubber from the above- 
mentioned figure, having a value for the dielectric constant 
of 3-08, and the polarisation after 30 seconds being 4-5, the rate 
of change on the straight part of Fig. 1 of the present paper in 
the first five seconds after the start of the field is at the rate of 
0-6 per second. To explain the facts of dielectric hysteresis, 
the rate of change of K must be much greater than this. It 
became necessary, therefore, to examine in some other way the 
change which takes place in the small fraction of a second from 
the start of the field, and which is disguised by the inertia of the 
above arrangement. For this purpose several large condensers 
were made of such a size that the wave form of the current 
taken by them, with a suitable voltage gradient in the dielec- 
tric, could be observed in an oscillograph and photographically 
recorded. Wave forms of capacity currents in cable networks 
have been previously obtained, but the voltage wave forms of 
the generators employed have been so irregular that no trust- 
worthy measurements of cable power factors from oscillograms 
have been possible. There is an additional difficulty in the 
interpretation of measurements of energy loss in cables that 
the voltage gradient in the dielectric is not the same every where. 
The influence of this on cable power factors is examined in $ 8. 


4. Experimental Details.— Before constructing the condensers 
it was first necessary to obtain a pure sine wave at a frequency 
of 20 to 80 a second, and at à maximum pressure of 1,000 to 
2,000 volts. А low-pressure wave was eventually found from 
a large machine, which, when analysed, showed no signs of 
distortion. The next step was to transform the 60 volts so 
obtained to the required maximum to be used on the condensers 
without introducing harmonics in the sine wave. Іп the end а 
Westinghouse voltmeter transformer was used with air core 
choking coils in series with its primary circuit. Its normal 
step was from 100 to 5,500 volts, but by choking the primary 
current the secondary voltage was lowered to the desired 
values. This had the effect of lowering the core flux of the 
transformer and was necessary for the following reason. Тһе 
capacity current flowing in the secondary high-tension circuit 
being 90 deg. in front of the secondary voltage is in phase with 
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the primary magnetising current. The result is that unless 
the primary terminal volts were already lowered the core flux 
might be strengthened to such an extent that hysteresis would 
distort the secondary wave form. On open circuit or оп a resis- 
tance load the voltage might have a true sine wave, and on a 
capacity load show a third harmonic of iron hysteresis. So 
long as the core flux follows a sine law the generated primary 
and secondary volts must also be sinuous, but the currents will 
not be so if there is either dielectric or magnetic hysteresis in 
the system. In a condenser supplied by a transformer the 
greatest precautions have to be taken in order that the capacity 
current wave form should not show a spurious harmonic 
derived from the magnetisation of the iron. The nearness of 
the core to hysteretic distortion cannot be seen by overloading 
the secondary circuit on a non-inductive resistance, for that 
only changes the primary ampere-turns, the core flux remaining 
nearly constant. If, however, the ratio of the secondary to 
the primary ampere-turns is found when the transformer is on 
capacity load, a resistance then substituted for this load, and 
the primary voltage increased in the above ratio, the secondary 
current being kept at its normal full-load value, the distortion 
of the primary current wave will only occur when the maximum 
induction in the core is above the straight part of the curve of 
magnetisation of theiron. This final test did not in the present 
case reveal the least trace of magnetic hysteresis in the primary 
current wave. If, therefore, the capacity current shows a third 
harmonic with a true sine wave primary voltage well reduced, 
the distortion can be said with certainty to arise from the 
dielectric alone. 


5. Observations and Results —The condensers were made up 
with flat sheets of dielectric overlapping intermediate sheets 
of tin-foil by an inch at each edge. Тһе substances used were 
glass, ebonite, indiarubber, gutta-percha, paraffined paper, 
Empire cloth, Empire paper, presspahn, and a paper impreg- 
nated with а resin oil compound used in the manufacture of 
high-tension paper-insulated cables. The frequency was con- 
stant throughout at 36.5 complete periods a second, unless 
otherwise mentioned. 

The oscillograph was of the Duddell Cambridge Instrument 
Co.'s double high-frequency permanent magnet type. One 
вігір was connected through a suitable non-inductive resistance 
across the terminals of the condenser under test, the other strip 
being in series with the condenser without added resistance. 
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The wave forms were recorded on a falling photographic plate, 
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may be found by reference to the particulars of voltage and 
current given later. The power factors determined from these 
numbers could be repeated to the second significant figure. 

Where there is no distortion of either wave form it is satis- 
factory to measure the angle of phase displacement of the 
curves on the axis, and to calculate the power factor from it ; 
but where there is distortion this is quite unreliable on account 
of the phase difference introduced by the harmonic terms. 
These may easily give rise to an apparent displacement of a 
degree along the axis and change the power factor in proportion. 
For this reason, since the displacement is rarely more than a few 
degrees, all the substances whose power factors it was desired 
to obtain with fair accuracy were dealt with by measuring 
the ordinates of the voltage and current wave forms at equal 
intervals of time, and finding from them the root-mean-square 
values of current and voltage. The sum of products of corre- 
sponding ordinates in the two waves was also found for the 
complete period. The power factor of the condenser is then 
the ratio of this algebraical sum to the product of the root- 
mean-square values of voltage and current. The method will 
be clear from Table I. The condenser measurements are given 
below. Their special feature is the large volume of dielectric 
under stress. 


CONDENSERS. 


Glass.—This condenser had 66 sheets of photographic 
negative plates separated by tin-foil 13-5 ст. by 19-8 сш. The 
mean thickness of the plates was 0-135 cm., and the volume 
under stress 2,380 cubic ст. А current of 47-5 milliamperes 
was taken by the condenser on a voltage of 3,060. The wave 
forms of the voltage and current are given in Fig. 3, and the 
magnitude of the hysteresis effect can be seen by the third 
harmonic prominent in the current wave. There is evidence 
in the voltage wave—in this case only of all those examined— 
of slight distortion, not sufficient, however, to account for that 
of the current wave. Power factor 0:0205, dielectric constant 
5-85. 

Gutta-percha.—Two condensers each having 58 sheets of 
а very pure Silvertown gutta-percha, 0-028 cm. thick; tin-foil 
sheets 16-5 cm. by 17-5 em. Volts 600, current 35 milliamperes 
with two condensers in parallel. The wave forms in Fig. 4 
show very marked distortion. Power factor 0:086, mean 
dielectric constant from equivalent sine wave 2-48. Special 
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care was taken in preparing and rolling the sheets to free them 
from moisture ; the low value found for the dielectric constant 
is probably due to this cause. Several days were spent in 
testing this condenser under varying conditions, but at the same 
frequency, 36-5. Rayner obtained a power factor of 0-04 at a 
frequency of 50 from a short piece of cable. 


Indiarubber.—59 sheets of pure Silvertown rubber 0-054 cm. 
thick, tin-foil 16-7 cm. by 17:8 cm. Volts 1,060, current with 
two condensers in parallel 31 milliamperes. Wave forms in 
Fig. 5, showing marked distortion in the current wave. Power 
factor 0.0275, mean dielectric constant 2-21. 


Ebonite.—70 sheets of second-grade ebonite specially rolled, 
0-092 cm. thick, separated by tin-foil sheets 25-4 cm. square. 
Volts 1,840, current 61 milliamperes. 

The wave forms are given in Fig. 6, the current wave showing 
marked distortion, though less than glass. The power factor 
from the curves is 0-0283 and the mean dielectric constant 
8-25. 

Empire Paper.—96 sheets of paper impregnated with linseed 
oil and specially treated, 0-0065 cm. thick; tin-foil 25-4 cm. 
square. Volts 120, current 65 milliamperes. Wave forms in 
Fig. 7. Rather more distortion than in Empire cloth. Voltage 
wave here reversed. There is in this case also а high-power 
factor, 0-15. Dielectric constant 2-84. 

Presspahn.—100 sheets, 0-02 cm. thick, kindly supplied by 
Messrs. C. A. Parsons & Co. ; tin-foil 25-4 cm. square. Volts 
400, current 126 milliamperes. Wave forms in Fig. 8. Dielec- 
tric constant 4-9, power factor 0:29. This high value may 
possibly be owing to traces of moisture. Тһе material, though 
lightly varnished, is hygroscopic, and even after drying it 18 
difficult to avoid contact with the atmosphere whilst assembl- 
ing the condenser. Values as high as 0:447 have been found 
by Rayner for a similar material with about the same voltage 
gradient. On the same unidirectional voltage the current was 
3-5 milliamperes. 

Paper with Resin Oil Compound.—70 sheets of paper, 0-01cm. 
thick, heavily dressed with a resin oil compound ; tin-foil 25-4 cm. 
square. Volts 200, current 38 milliamperes. Wave forms in 
Fig. 9. Current shows very slight distortion. Voltage wave 
reversed. The dielectric constant under light mechanical pres- 
sure is 2-1. Power factor 0-0087. This power factor is much 
lower than that of finished paper-insulated cables, which 1з 


Fic. 5.—INDIARUBBER. 
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Fig. 8.—PRESSPAHN. 
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Fic. 9.—RESIN-OILED PAPER. 


Fic. 11.- Емрікек CLOTH. 
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usually 0-028. How far this result is owing to excess of insu- 
lating compound, or to inequality of voltage gradient in the 
cable case, or to difference in mechanical conditions, could not 
be determined. The present result is under light pressure, but 
sufficient to make good contact. It was, however, difficult, 
even by warming, to remove every trace of air when attach- 
ing the tin-foil. The dielectric constant is, if anything, high. 


Paraffined Paper.—190 sheets of thin paper, 0-0063 cm. thick, 
impregnated with paraffin wax; tin-foil sheets 20-5 cm. by 
25-4 cm. Volts 126, current 91-2 milliamperes. Wave forms 
in Fig. 10. There is slight distortion in the current wave. 
The voltage wave is here accidentally reversed. These con- 
densers were made by the Stanley Mfg. Co., Pittsburg, U.S.A., 
and have a very low power factor. The mean dielectric con- 
stant is 2-28, power factor 0-01 (paraffin wax 2:32, paper 
1-8 to 2:1). 

Empire Cloth.—96 sheets of cloth, 0-015 cm. thick; tin-foil 
25-4 ош. square. Volts 300, current 140 milliamperes. Wave 
forms in Fig. 11. No distortion to be seen. Power factor 
0-110. Dielectric constant 2-77. 

The substances are arranged іп order of visible distortion of 
the current curves in Table IL, in which are also given the 


TABLE П. 

Mean Volts |Ergs per | Active 

liclectric Power à: per с.с. per | volume 

Material. — |. жапы) factor. С” ст. | volt per jof dielec- 

У thickness} cycle. | tric, c.c. 
ВЯ Dravci 5:85 0-0205 | 0-032 22,700 | 0:0136 | 2,380 
iutta-percha ... 2-48 | 0-0860 | 0-135 22,000 | 0-0230 955 
Indiarubber ...... 2-21 0-0275 | 0-043 20,000 | 0-0065 | 1,890 
Ebonite .......... 3-25 0.0283 | 0-044 20,000 | 0:0104 | 4,150 
Empire paper ...| 2:34 0-153 0-240 18,500 | 0-0440 402 
Presspahn......... 4:90 | 0:290 | 0-455 20,000 | 0.1550 | 1,290 


Resin oiled paper| 2-10 | 0-0087 | 0-0136 | 20,000 | 0-0020 450 
Parafüned paper | 2:28 | 0-0103 | 0-016 20,000 | 0-0025 625 
Empire cloth ...| 2.77 0.110 0.172 |.20,000 | 0-9660 950 


voltage gradients, the relative change óC/C, calculated from 
the relation cos p=% i ut the volume under stress, and the 
specific loss of energy per cycle. To find the power factor of 
distorted waves it is always necessary to find the equivalent 
sine wave. 


Influence of Mechanical Pressure.—The condensers were all 


310 PROF. W. М. THORNTON ОМ 


made up in dried hard-wood boxes, with a plate of thick dry 
board on top pressed down by two broad distance pieces on the 
cover, which were so adjusted that when the lid was screwed 
down the pressure was equivalent to that of a 15 lb. weight. 
To examine the influence of pressure in improving contact 
between tin-foil and dielectric the lid of one of the gutta-percha 
condensers was removed. The current then taken at 585 volts 
was 15 milliamperes. With a 281. weight uniformly dis- 
tributed over the surface the current was 17-5 milliamperes, and 
no further rise was obtained on increasing the weight to 84 lb. 

The current in the presspahn condenser treated in the same 
way rose from 53-5 milliamperes with the cover removed to 
60-5 with 33 Ib., 63-2 with 61 lb., and 65-2 with 891b. The 
current from which the dielectric constant was calculated 
corresponds to a total pressure of 30 Ib. distributed over an 
active surface of 1 square ft. 

The amplitude óC of the change of capacity varies in 
the materials showing marked distortion, from 3 to 13 per 
cent. Іп this group the great amplitude of gutta-percha 
may be compared with its very rapid polarisation in steady 
fields recorded in Fig. 2 of the previous paper. It is noticeable 
that the substances in common use for cables—indiarubber 
and resin oiled paper—have very small loss in comparison with 
the others, and that presspahn, universally employed in the 
insulation of electrical machinery, absorbs a large part of the 
energy of polarisation transmitted through it. 


6. Hysteresis Loops derived [rom Pressure and. Current Wave 
Forms.—Electric hysteresis loops may be drawn in the same 
way that the magnetic hysteresis loop of iron is obtained from 
magnetising current and flux waves. Defining the capacity 
at any instant as the ratio Q/V, where Q is the quantity in the 
condenser and V the terminal voltage, there are two methods 
of finding it from the curves: (1) by integrating the current 
wave up to the point at which the voltage is measured and 
plotting the derived quantity against this voltage; (2) by 
differentiating the voltage wave and plotting current against 
rate of change of volts. Where the wave forms are much dis- 
torted the former is preferable, but for a sine wave voltage 
the fatter is quicker ; both have been used in the present case. 

The disadvantage of the falling-plate method is that the 
time base of the photographs has to be corrected for the slight 
acceleration during exposure. This can bedone with accuracy 
from the known frequency and height of fall. 
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Hysteresis loops (Fig. 12) have been drawn for all the materials 
tested. Their most characteristic feature is {hat their sides are 
straight and parallel for the simpler substances. More compo- 
site materials, like presspahn, Empire cloth and paper, show 


Q 
GLASS GUTTA-PERCHA INDIA-RUBBER 
EBONITE RESIN-OILED-PAPER PARAFFINED PAPER 
EMPIRE PAPER EMPIRE CLOTH PRESSPAHN 


Fig. 12. 


curvature, both on the rising and falling sides. Lens-shaped 
loops of this kind can be produced by simple electrical viscosity, 
causing retardation proportional to the rate of change of 
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voltage. Іп the straight-sided type the retardation occurs at 
the commencement of the fall of voltage and is therefore more 
truly defined as hysteresis. The limit of this type, the 
closing to a straight line, is approached in paraffined paper 
even at the low frequency of 36:5. The dielectrics tested 
thus contain examples showing a complete transition between 
the limiting types, ebonite being about midway between 
presspahn and paraffin at this frequency. The discussion, 
which has lasted so long, as to the viscous or other nature of 
dielectric loss is summed up in the light of these curves. 
Insulators which show distortion of the current wave, and, 
therefore, give loops of the chisel point type, have true hys- 
teresis in their polarisation at these low frequencies. Those 
with a high power factor without distortion have a viscous 
type of polarisation and'hysteresis. A low power factor in 
any case means that true elastic polarisation predominates. 
The behaviour of any dielectric under alternating stress 
is therefore a question as to which of the two kinds of polari- 
sation 18 most in evidence at the particular frequency used. 

The fact that the maximum value of the current wave is 
observed to occur at the zero of the voltage wave has been used 
by Hochstidter* as an argument against the viscous nature 
of dielectric polarisation. Since, however, ? — KdV/dt-4- VdK dt, 
it follows that when V is zero the second term vanishes, and 
the current is then à maximum 1f the rate of change of voltage 
13 а maximum, which is the case with sine waves. 

À comparison of these loops with those of graded cyclic 
magnetisation given in Figs. 50 and 52 of Ewing's “ Magnetic 
Induction," shows some points of similarity. At low magnetic 
induction densities the loops are len-shaped, and this is more 
marked in steel than in iron, the characteristic segregation in 
the former case possibly having the same effect in retarding 
polarisation as the very complex structure of the presspahn 
group. At moderate induction densities the loops are chisel- 
pointed like those of glass, gutta-percha and indiarubber. 
In magnetic polarisation the transition from one to the other 
of these loop forms depends only upon the maximum intensity 
of polarisation ; in the electric case, in which time is so im- 
portant a factor, it should be found to depend chiefly upon 
frequency. 


* '' Electrotechnische Zeitschrift," May-June, 1910. “ Science Abs." 
558, 1910, 
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7. Influence of Frequency.—It has been shown by Threlfall* 
that at frequencies of a million a second there are no hysteresis 
effects in dielectrics and, since it has been previously shown 
that all substances have hysteresis in prolonged unidirectional 
fields, it follows that the hysteresis loop of each substance must 
pass through every phase of type as the frequency is raised 
from zero. Оп account of the difficulty of obtaining a sine 
wave over a wide range of frequency, and of recording the 
curves, only a part of this could be in the present case directly 
observed. 

The particular phase, elastic or viscous, characteristic of any 
dielectric will probably be revealed most fully by investi- 
gation of the current wave forms at very low frequencies, say, 
up to 5 a second. The range of frequency used in heavy 
electrical engineering is from 15 to 80, and in the following 
examples attention has been confined to these. It has been 
shown that paraffined paper and ebonite may be regarded 
as approaching the elastic type at a frequency of 36, whilst 
presspahn is typically viscous. It might then be expected 
that the latter would be more sensitive to changes of frequency 
than the former, and this is found to be the case. 


PRESSPAHN. 
Frequency ...... 15 22 30 33 36-5 78:5 
Current ...m.a. 34 44-75 56 60-9 63.2 122-5 
POE OM eee Tere 6-3 5-7 5.2 5-1 4-9 4-3 


The increase of К. begins to be marked below a frequency of 
about 40, and is very rapid at the lower frequencies. The 
dielectric constant of paraffined paper increased 0-4 per cent. 
as the frequency was reduced from 80 to 20, and that of ebonite 
0-66 per cent. over the same range. In the latter cases no 
great rate of change might be expected until the frequency is 
reduced to about five a minute, as shown by their initial rate 
of polarisation in steady fields. 

It would be interesting to observe the loop of presspahn at 
telephonic frequencies. The behaviour of paper would lead 
one to expect that the loop would close to a straight line. 


8. Influence of Voltage Gradient on Capacity.—To observe 
the possible influence of voltage gradient on the mean dielec- 
tric constant the paraffined paper and ebonite condensers were 
tested, at constant frequency, from gradients of 3,500 volts per 


* '' Physical Review," 189, 
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cm. to 39,600 in the former and 35,400 in the latter. In both 
cases the constant had the same value at the higher as at the 
lower limit, but in each a slight increase, 4 per cent. above the 
mean, was found at an intermediate gradient. This is possibly 
owing to a combination of instrumental errors, and within this 
range it may be said that for these typical substances the 
voltage gradient has no measurable influence on the mean 
dielectric constant. 


9. Influence of Voltage Gradient and of Frequency on the Power 
Factor of Cables.—Many of the measurements of energy loss 
in dielectrics have been made on cables, the voltage gradient 
in which is not uniform over the section. It would appear to 
be generally agreed that the dielectric loss from all causes 
varies nearly as the square of the gradient. The rate of heating 
by reason of dielectric hysteresis must, therefore, be very 
unequal. Apart from differences in material the power factors 
of cables will not be the same unless the distribution and in- 
tensity of the stress is also identical. Fleming and Dyke have 
recently found a wide difference in the power factors of gutta- 
percha cables of dissimilar section. It would be interesting 
to compare the distribution in these cases by the stream line 
method. The distribution of stress in a three-core cable 
during a cycle has been worked out in this way and numerical 
values given from which the loss might be determined from 
point to point.* 

In the case of a concentric cable the voltage gradient can 
be readily calculated at all points in the dielectric, and is 
greatest at the inner conductor. The rate of heating can thus 
be estimated over the section on the assumption that it varies 
as the square of the gradient. It is found that whether the 
average gradient be taken as the potential difference divided by 
the thickness or as the mean of the extremes at the con- 
ductors, the result is that the power factor of a parallel plate 
condenser having the same mean gradient and the same 
volume of diclectric is the same as that of the concentric 
cable and equal to 2c/Kn, where c is the loss per unit volume 
at unit gradient, K the dielectric constant and n the frequency. 
It has been previously shown that the rate of loss—in so far 
as it is indicated by the form of the loop—must depend upon 
the frequency ; с must, therefore, vary with n in some manner 


* W. M. Thornton and О. J. Williams, ‘‘ The Electrician," Sept. 3 and 10, 
1909. 
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to be determined experimentally. At telephonic periods 
Fleming and Dyke have shown that the “conductivity " of a 
condenser is а linear function of the frequency. The rate of 
change of the conductivity and с is then directly proportional 
ton. At high frequencies, therefore, the power factor should 
increase only as the dielectric constant K diminishes. From 
their observations the increase of cos ф per period between 920 
and 2,760 periods per second is 1-23. 107? for pure rubber, 
1-25.107? for paraffin wax and 1.2.10-* for gutta-percha. 
The increase though small is perceptible, and the higher value 
for gutta- percha agrees with the previously observed fact | 
that the rate of change of slow polarisation is greater for this 
than for any other dielectric examined. 


ABSTRACT. 


The Paper is ап attempt to determine from dielectric hysteresis 
loops the nature of the change of polarisation which gives rise to the 
absorption of energy. Current and voltage wave-forms in large 
condensers were oscillographically recorded at а frequency of 36 а 
second. Certain substances, like glass or gutta-percha, are found to 
show a marked tripleTrequency harmonic іп the current wave, out 
of phase with the fundamental. Most of these have a low power 
factor ; others, like presspahn, show little distortion, but have a high 
power factor. The loops for the former have straight parallel sides 
and a true hysteresis retardation as the voltage begins to fall; the 
latter have lens-shaped loops corresponding to a purely viscous 
retardation. Every variety of transition is observed between these 
extreme types. 

The cause of the former would appcar to be inter-attraction be- 
tween the induced molecular charges, which reaches a maximum 
when these are greatest—t.e., at the highest voltage; that of the 
latter is a resistance to their movement through the substance during 
the establishment of the usual polarisation, the retardation reaching 
a maximum when the rate of change of the voltage is greatest—i.e., 
in passing through zero. 

The diclectric constants of substances with lenticular loops are 
more affected by change of frequency than the straight-sided type, 
that of presspahn changing from 4-3 at 78 to 6-3 at 15 per second. 
Ebonite and paraffined paper, on the contrary, change by less than 
1 per cent. during the same range. For the same substances change 
of voltage gradient, short of breakdown voltage, has little or no 
influence on dielectric constant at this frequency. Power factor 
appears to increase with frequency within the range determined. 


DISCUSSION. 

Prof. E. WiLsoN asked what degrce of accuracy the author had reached. 
Тһе accuracy of results obtained with an oscillograph were marred by the 
thickness of the linea. 

Prof. C. H. LEES asked if the different loops could not be accounted for 
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by assuming the dielectric to be made upoftwo parts, in one part of which 
the polarisation was proportional to the electric field and independent of 
of the time, and in the other part in which it rose with the time to its final 
value following an exponential law. 

Мг. С. L. ADDENBROOK thought there were two effects here, one 
depending on the periodicity, and the other an absorption effect. 

Mr. D. OWEN asked if Prof. Thornton had ascertained there was no C-R 
loss or leakage current in the condensers. 

Мг. А. CAMPRELL thought the different classes of hysteresis loops 
obtained were interesting. The fact that the author had dealt with 
dielectrics in practical use increased the importance of his Paper. 

Prof. \. М. ‘THORNTON, in reply, stated that he thought the accuracy 
of the oscillograms he had obtained was sufficient for the purpose. In 
reply to Prof. Lees, he did not think the loops could be accounted for 
without assuming more than one exponential term. Leakage current 
was tested for by applving a continuous-current pressure of 480 volts. 
In no case was any measurable current observed except with presspahn, 
which showed a current of 3:5 x 107% amperes 
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XLIV. J. The Efficiency of Generation of High-frequency Oscil- 
lations by Means of an Induction Coil and Ordinary Spark- 
gap. II. An Oscillographic Study of Some Induction Coil 
Phenomena. By Prof. С. W. О. Howe and Mr. J. D. 
PEATTIE. 

RECEIVED May 22, 1912. READ JuNE 28, 1912. 


I. THe EFFICIENCY OF GENERATION OF HIGH-FREQUENCY 
OSCILLATIONS BY MEANS OF AN INDUCTION COIL AND 
ORDINARY SPARK-GAP. 


The primary object of the experiments described in this 
communication was to determine the efficiency with which 
high-frequency currents are generated in small radio-tele- 
graph stations, using an ordinary spark-gap and a coil supplied 
with continuous current through a mercury interrupter. 

In order to explain the peculiarities observed it proved 
necessary to investigate the action of the spark coil itself, and 
an account of this investigation forms the second part of the 
Paper. 


n 
| 
ов! MCA Hwa 


Fic. 1. 


The apparatus employed and the connections are showa 
diagrammatically in Fig. 1. SC is a 10 №. Marconi spark coil 
supplied from accumulators through the motor-driven mer- 
cury break M. This break works in coal-gas ; it is shunted 
with a condenser, К. MCA and HWA аге two ammeters 
connected in series, the former, of the moving coil type, reading 
the mean value of the intermittent current, the latter, of the 
hot-wire type, the root-mean-square value. K, represents 
three glass-plate condensers immersed in oil, the combined 
capacity at high frequencies being 0-00485 mfd. The coil 

AA2 
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L, is 10 in. square, and consists of four turns of copper tape. 
The spark-gap G consists of massive brass electrodes of large 
radius (about 2in.) with micrometer adjustment. The 
natural frequency of the primary oscillatory circuit corre- 
sponded to a wave-length of 360 metres. 

The coil L, consists of 15 turns, 9 in. square, of 3 mm. copper 
wire; K, is an oil condenser of 0.0018 mfd. Тһе circuit K,L, 
takes the place of the aerial, and a resistance, R, is introduced 
to take the place of the total damping due to radiation and 
C*R losses. The resistance В consists of fine Eureka wire 
having the same resistance to high-frequency and continuous 
currents. The energy dissipated in it could be determined 
from the temperature rise of the oil in which it is immersed, or 
more simply from the reading of the thermal ammeter ТА. 
This energy constitutes the high-frequency output of the plant, 
and the overall efficiency is obtained by dividing it by the 
continuous-current input to the induction coil. The coupling 
between L, and L, can be varied by sliding L, along a gradu- 
ated bench. Loosely coupled with the circuit K,L, is the 
wavemeter K,L, by means of which the frequency and the 
nature of the oscillations can be determined, 


Measurement of Input to the Induction Coil.—The uni- 
directional intermittent current was supplied from a battery 
of accumulators at some distance. Ш E be the constant 
E.M.F. of the battery and В the resistance of the battery and 
leads, the average power supplied to the coil will be (Е. Cav.) 

— (Сима. К), and. this can be calculated from E and R and the 
two ammeter readings. 


Determination of the Coupling.—lf the’ coefficient of mutual 


induction between the coils L, and L, be M, then if k=- -= М 
VLL, 


k is called the coefficient of coupling. "This was determined 
for various positions of the secondary coil in the following 
manner. If the two coils are connected in series in such a Way 
that their inductive effects аге additive, the combined. induc- 
tance L’=L,+ L,-- 2M, whereas, if the connections of one coil 
are reversed, the combined inductance L^ =L,+L,—2M. 
Now L,, L,, L’ and Г” can be determined by putting a spark- 
gap and a known capacity in the circuit and determining the 
frequency with a wave-meter. Since the coefficient ӯ? 18 
merely а numerical ratio, it 1s not necessary to know the value 
of the capacity employed, if it be unchanged throughout. If 
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the coil of the wave-meter be also unchanged, the inductance 
under test 18 proportional to the capacity of the wave-meter 
condenser when adjusted to resonance. The leads used to 
connect L, and L, may have a considerable inductance, which 
we may call La, but their mutual inductance with the coils L, 
and L, can be made practically negligible, so that the com- 
bined inductance of L, and L,, or of L, and Ly, is unaffected by 
reversing the connections to the coil. We have then 
L,4-L,4-L,4-2M —aK', 
and L,4-L,4-L,—2M-—aK",, 
where a is а constant and К^, and K’, are the capacities of the 
wave-meter condenser for resonance. 
K’,—K’ 

Hence, мете +) 

a(K",4-K",) 
2 


and L,4L,4+L,= 


With coil L, alone we have L,=aK’,, and with coil L, alone; 
L,=aK’, and 


— 
———— ------- — ————— 
— — 


Hence, all that is required to determine the coupling is an 
accurately calibrated variable condenser. Some of the results 
of the calibration are given in the following table :— 


K’,=1-87 : K’,=4-98 : /K',K',—3-05. 


Read-| Approx. distance , ‘К’ _К, 

ingon| between mean K’. K^. KE Rr g 
bench.| planes of coils. 2 4 

70 4 сіп. 10-24 4-40 | 7-39 1-46 0-48 
65 9, 0-48 5-21 7.34 | 1-07 0-35 
60 M. $38 | 006 7:32 | 063 | 021 
50 24, 7-81 6-90 7-36 023 | 0-075 
40 31 ,, 7-51 7.17 7-34 0-085 | 0-028 
30 | 44 ,, 1-41 7-21 7.31 ' 0-05 0-016 


|o un | 
By plotting these values of k, the coupling can be found for 
any position of the secondary coil. 
The constants of the primary and secondary oscillatory 
circuits were as follows : K,—0-00485 and K,=0-00183 micro- 
farads, L,=7-5 and L,—20 microhenries. 4—360 metres. 


Results of Tests.—On plotting either the aerial current or 
the current taken by the coil, against the spark-length, 
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peculiar results were obtained. After the electrodes had been 
polished readings were taken for different lengths of gap 
between 0:5 mm. and 5-0 mm., first gradually increasing the 
length and then gradually decreasing it. Ав shown in Fig. 2, 
the two sets of readings do not agree. "This is due to the fact 
that with freshly polished electrodes the spark takes the 
shortest path, whereas when the central part becomes burnt 
and blackened the spark prefers the longer path between 
either the unburnt part of the electrodes or the edge of the 
burnt portion. This can be seen on observing the gap, and is 
also confirmed by the horizontal displacement of the return 
curve in Fig. 2. It will be noticed that with a gap of 1 mm. 
the average current taken by the coil gradually decreases, 
whereas with а gap of 1 mm. it gradually increases. Тһе un- 
certainty thus introduced was avoided by polishing the elec- 
trodes before each experiment and then taking readings at 


Reading on Moving Coil Ammeter. 


8 
Length of Spark-Gap in Mans. 
Ето. 2. 


regular intervals after switching on. Ву plotting the results 
and producing the curves backward, the probable initial values 
were obtained. Except at the first moment, the effective 
length of the gap is greater than the measured length. 

The first series of tests were made with а resistance of 6-4 
ohms in the dummy aerial circuit, corresponding to a log- 
arithmic decrement К 2 cL of 0:19 per period. Тһе induc- 
tion coil was supplied from a battery of six accumulators, and 
the mercury break gave 23-8 interruptions per second. Іп 
all the experiments the spark-gap was subjected to a moderate 
air-blast. Six values of the coupling were tried, each with 
about 10 different lengths of gap. Тһе results are shown in 
Figs. 3 and 6, where the high-frequency output and the over- 


High-frequency Output in Watts. 


High-frequency Output in Watts. 
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0*5 1'0 1:5 2*0 25 3:0 
Spark Length in mms. 
Ето. 5. 


Spark Length {п mms. 
Fio. 4. 
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High-frequency Output іп Watts. 


Overall Efficiency. 
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all efficiency are plotted against the spark-length, each curve 
referring to a given value of the coupling. With the same 
aerial resistance the tests were repeated with the coil supplied 
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from 8 апа 10 cells respectively ; the results when using 8 cells 
are plotted in Figs. 4 and 7. Using 6 cells the tests were 
repeated with < ‘aerial ” resistances of 21-5 and 41-2 ohms re- 
spectively, corresponding to logarithmic decrements of 0-65 
and 1-24 per period (see Figs. 5 and 8). 

In addition to the high- frequency output and the efficiency 
one must determine the nature of the oscillations produced. 
For this purpose resonance curves were taken by means of a 
wave-meter loosely coupled with the aerial circuit. These are 
reproduced in Figs. 12, ІЗ and 14 for the three different aerial 
resistances. Ја Fig. 12, which corresponds more nearly to the 
conditions found in practice, it is seen that the coupling cannot be 
increased above about & per cent. without decreasing the power 
transmitted from the aerial circuit to a shghtly damped tuned 
circuit such as the wave-meter. If it were simply a matter of 
getting power into the aerial Fig. 3 shows that the coupling 
should be about 20 per cent. With this tight coupling, how- 
ever, beats occur in the aerial oscillation: as shown by the 
double humps in the resonance curves in Fig. 12. In prac- 
tice, the decrement of the aerial is often less than the value, 
0-19 per period, which the dummy aerial circuit had when the 
resonance curves of Fig. 12 were taken. This would necessi- 
tate a still looser coupling than 8 per cent. if. beats are to be 

avoided in the aerial oscillation. 

The coupling is sometimes calculated from the distance 
apart of the two humps of the resonance curve. If ғо) and 
‘va be the frequencies corresponding to these humps, then 
assuming undamped oscillations, № can be shown that 


2 
k= -—---—*. The following table shows, however, that the 
e» "+ о „= 2 › 
1 2 
coupling, as determined in this way, шау be far from correct :— 


— — 


ec 2 
Vie. 4. kis: OREL Actual value of k. | 
с Pt ЖЫ | 
а Мз ЗН, =s 
Curve Ю................... 0-059 0-125 
нем; шы ареала 0-194 0-21t | 
Curve ЇЁ................... 0-348 0-363 


The пе = аге maul: due to the fact that the for- 
mula used assumes undamped oscillations whereas the dummy 
acrial circuit is heavily damped. That this is the correct 
explanation can be seen by comparing the curves marked F in 
Figs. 12, 13 and 14. The actual coupling was the same in each 
case—viz., 0.303—but the calculated coupling, as determined 
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by the position of the humps, decreases as the damping is 
increased, as shown in the following table :— 
SX ОКЕ re аи 
Curve F. Resistance in fus Бес > Actual k. 


acrial circuit. Е hm 
Бра ы Ы | 6-4 ohms 0-348 0-363 
| Fig. О.н 21.5 ,, 0.208 | 0-363 
| О, ТТИ 419, | 0-157 | 0-363 


If the figures in the third column are plotted against those 
in the second column, and the curve is produced backwards to 
find what the calculated value of k would be when the damping 
was Zero, a result is obtained agreeing exactly with the actual 
value of k. Тһе calculation of the coupling from the reson- 
ance curves by means of the above formula is, therefore, 
capable of giving very erroneous results if the damping is con- 
siderable. The position of the humps may alsa be affected to 
some extent by the presence of the middle hump, which is seen 
in Fig. 12, curve E, and which is due to premature quenching 
of the spark. 

The absence of any pronounced double hump in Fig. 14 is 
due to the increased resistance in the aerial circuit, the dissi- 
pation of energy being too rapid to allow of its storage in the 
secondary circuit and subsequent return to the primary 
circuit. 


Power taken by the Induction Coil.—These curves (Fig. 9) are 
of the same shape whether the supply be taken from 6, 8 or 10 
cells, but the maxima and minima occur for longer spark- 
lengths as the supply P.D. is increased. The causes of the 
maxima and minima and the general shape of the curves are 
discussed later in connection with the oscillograph records. 
For short spark-lengths the increased input is shown to be due 
partly to sparking at make as well as at break, while the 
general shape of the curves is dependent on the time that 
elapses between the last spark and the re-making of the primary 
circuit. 


High-frequency Output.—The curves in Figs. 3 and 4 follow, 
much the same lines as those for the input to the coil in Fig. 9, 
but, of course, vary in magnitude with the coupling. They 
show the futility of seeking to increase the output by using 
closer coupling, quite apart from questions of tuning, as very 
little is gained by increasing the coupling beyond a certain 


ON HIGH-FREQUENCY OSCILLATIONS. 329 


point. The curves also show the tendency for the output to 
increase abnormally with short sparks and a coupling of about 
20 per cent. This is undoubtedly due to premature quenching 
of the spark. In Fig. 5 the secondary circuit has a much 
greater decrement than an ordinary radio-telegraph aerial ; 
there is here no sign of quenching and the output is largely 
increased by tightening the coupling up to about 50 per cent. 


The Overall Efficiency.—F rom Figs. 6, 7 and 8 it will be seen 
that the efficiency is very low at short spark-lengths, due 
probably to the arcing that occurs between the electrodes. The 
efficiency increases with the spark-length up to a certain point, 
and then gradually decreases; it varies very little, however, 
over a wide range. The effect of premature quenching is seen 
in Figs. 6 and 7 for a spark-length of 0-5 mm. and 21 per cent. 
coupling. The effect of varying the coupling and the decre- 
ment of the aerial can best be seen from Figs. 10 and 11, which 
are plotted for fixed spark-lengths of 0-5 mm. and 2:0 mm. 
respectively. If the coupling be loose and the secondary 
damping large, we shall get a feeble forced oscillation, whereas 
if the secondary damping be small, a fairly large oscillation 
may be built up in the secondary before the gap in the primary 
opens, and the energy so stored will be dissipated entirely in 
the secondary circuit. With tight coupling, however, matters 
are very different. If the secondary damping is small, the 
energy surges backwards and forwards between the two cir- 
cuits, and is largely lost in the spark-gap. Ав the secondary 
resistance is increased a greater proportion of the energy is 
dissipated in the secondary circuit. This explains the crossing 
of the curves in Figs. 10 and 11. | 

With an aerial resistance of 6-4 ohms and a coupling of 8 per 
cent. the overall efficiency has а maximum value of about 
26 percent. This represents approximately the conditions of 
radio-telegraphy when using sending apparatus similar to 
that employed in these experiments. 

The logarithmic decrement due to the radiation from an 
earthed vertical wire can be shown from theoretical considera- 
tions to be about 0-2.* 

The total decrement due to radiation and energy dissipation 
in the aerial and earth will depend largely on the nature of the 
earth connection. It тау be much greater than that due to 
radiation alone. 


* See M. Abraham, “ Theorie der Elektricitàt," Val. LL, р. 307. 
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T-shaped antennae and other types having a large capacity 
relatively tothe height have a smaller radiation decrement, and 
their total decrement may be much smaller than the smallest 
value employed in these experiments—viz., 0-19. 


II. ОзсплюсваАРН!С STUDY or Ѕоме Inpuction Соп, 
PHENOMENA. 


In order to explain the peculiarities of the curves showing 
the input to the coil for various spark-lengths, a number of 
oscillograms were taken. The oscillograph strip, suitably 
shunted, was placed in one of the two positions shown in Fig. 1. 
The frequency and regularity of the sparks was determined bv 
means of a revolving mirror from which the sparks were re- 
flected and focussed on a fallmg photographic plate.* 


Fig. 15.—0:5 мм. PRIMARY. SPARKING ON МАКЕ. 
Ею. 16.— ,, үз МОТ SPARKING ON МАКЕ, 
Fic. 17.— ,, SECONDARY. КРАККГа ОХ МАКЕ. 


With a gap of 0-5 mm. (Figs. 15, 16 and 17) the coil usually 
sparks on ** make,” causing a rapid rise of the primary current. 
The fact that the core is already magnetised by the secondary 
current which has not yet died away will also cause the pri- 
mary current to rise very suddenly, and Fig. 16, in which there 


* See Dr. Fleming, “ Journal" of the Inst. of Есе. Eng., Vol. XLIV., 
p. 363. . | z5 с 
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is no spark at make, shows that this is the principal cause of the 
sudden rise of the primary current. It appears from Fig. 17 
that the “ make” causes three or four sparks, whereas a 
torrent of sparks is maintained during the whole duration of 
the “break.” Immediately after the break there are 
signs of one or two distinct sparks, followed by a period of 
great regularity in the current oscillations, from which it 
would appear that the phenomenon is similar to the musical 
arc, the frequency of the sparks being controlled by that of the 


URL 


Fia. 18. 


oscillations due to the inductance of the coil and the capacity 
of the condenser across the mercury break. After a time this 
regularity ceases, and the sparks occur at increasing intervals 
until finally the primary circuit is again closed. In such 
oscillograms one 1s always rather sceptical—and rightly so— 
as to the instrument being properly damped. This was 
always checked by making and breaking the current through 
a non-inductive resistance ; a typical result is shown in Fig. 18. 


Ета. 19.—1 мм. PRIMARY. Кто. 20.—1 мм. SECONDARY.. 


Oscillograms are given of primary and secondary currents as 
the spark-gap is increased in length from 0-5 mm. to 6-0 mm. 
and it is interesting to trace the gradual changes. It is only 
with the shortest gap that sparking occurs at make. In all 
cases the exact number of sparks occurring at break can be 
counted in both primary and secondary oscillograms. This 
was confirmed by spark photographs. Fig. 24 was taken with 
a 2mm. gap, and should be compared with Figs. 22 and 23. 
VOL. XXIV. BB 
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Fia. 21.—1:5 MM. PRIMARY. 
Fig. 22. - 2:0 мм. PRIMARY. 
Fia. 23.—2'0 мм. SECONDARY, 
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Fia. 24.—Бглвк PHOTOGRAPH WITH 2 MM. Gar. 
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With a gap of 1-2 mm. the number of sparks varies between 
8 and 10 per break, with 2:0 mm. be'ween 4 and 5, and 
with a gap of 2:5 mm. between 2 and 3. It will be noticed 
that the successive sparks in each train die away in brilliancy, 
the first one being always especially bright, also the intervals 
between successive sparks gradually increase. 

In all the oscillograms it will be noticed that there are 
oscillations of three distinct frequencies, occurring at various 
times. At make, the exponential rise of the primary current 
has superposed upon it an oscillating current which sometimes 
(Figs. 22 and 26) reaches a very large value. This oscillation 
( сә =266) is equally prominent in the secondary circuit. It is 
due to the condenser K,, which is connected across the 


Fia. 25.—2:5 мм. PRIMARY. 
Fia. 26.—3°5 мм, PRIMARY. 
Fig. 27.—5'5 мм. SECONDARY. 


secondary of the coil. The inductance, which must be taken 
into account when calculating the frequency of this oscillation, 
is not the full inductance of the secondary winding, but only its 
leakage inductance, as the primary coil is practically short- 
circuited through the mercury jet and the battery. 

There are other oscillations occurring only in the secondary 
circuit and of a considerably lower frequency—viz., 85 e» per 
second. They occur only when the primary circuit is open 


Bo 2 
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and, therefore, when the effective inductance of the secondary 
. winding is not diminished by the latter being tightly coupled 
with the closed primary winding. It is interesting to note the 
immediate effect on the frequency of this oscillation of closing 
the primary circuit in Figs. 23, 27 and 28. It is not quite 
correct, however, to say that the primary circuit is open during 
the intervals of break, for the mercury interrupter has a con- 
denser of about 0-6 mfd. across its terminals. This con- 
denser is connected, through the battery, across the primary 
winding. The natural frequency of this circuit is so high, 


Fia. 28.—Srtconpary. Lona Gap, NO SPARKING. 


Fig. 29.--Рвімавү. те 
Fig. 50.-Рвгмавү. WITH INOREASED CAPAOITY ACROSS THE MERCURY 
BREAK. 


however, that it appears very “ stiff" to the low-frequency 
oscillations which we are now considering, with the result that 
they do not appreciably affect it. To show this, the con- 
denser across the interrupter was increased by an additional 
9.1 mfd. The gap was very long, so that no sparking took 
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place. The primary current was previously as shown in 
Fig. 29; it is now modified as shown in Fig. 30, where the 
presence of the low-frequency oscillation is quite evident. We 
have simply decreased the stiffness of the primary circuit. 
More striking in this last oscillogram is the change in the 
high-frequency oscillation to which we have not yet referred. 
It occurs on break and in Fig. 30 is only just damped out when 
the make occurs. This is the natural oscillation of the primary 
winding with the condenser across the interrupter. By 
increasing the capacity of the condenser to 16 times its former 
value we have lowered the frequency to a quarter and have 
greatly increased the amplitude. Іп all the preceding oscillo- 
grams the frequency of this oscillation has been so high that 
one might have thought it due to under-damping of the 


Fia. 31. 


oscillograph. The damping was, however, almost critical. 
In calculating the frequency of this comparatively rapid 
oscillation (under normal conditions со =4,250) it must be 
remembered that the secondary winding is practically short- 
circuited by the glass-plate condenser K,. The inductance 
involved is only that due to the leakage flux of the primary 
coil. The free period of an oscillatory circuit is арргохі- 
mately 2лү/ KL, but, if the coil be coupled with another short- 
circuited coil, it can be shown that the free period is reduced to 
2 


Әлу/ КІл/1-12, where k is the coefficient of coupling d 2а 
1142 


The periods of the various oscillations as determined from the 
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oscillograms agree closely with the values calculated by means 
of this formula from the measured inductances and capacities. 

An interesting point in connection with the oscillograms 1s 
the gradual change which occurs in the oscillations of the 
primary current at make, as the length of the spark-gap is 
increased. As there is no spark at make (except at 
0-5 mm.) this effect is rather unexpected. At lmm. the 
primary current sets off in а negative direction. At 1-5 mm. 
the start is positive, and the magnitude of the oscillation 
gradually increases with the length of the gap as far as 3-5 mm. 
The reason for these differences can be seen from a considera- 
tion of the secondary current curves. The amount of energy 
left in the secondary circuit when the spark quenches depends 
on the length of the gap. This energy oscillates in the secon- 
dary circuit with a frequency of 86 cycles per second, the 
primary circuit being open, except for the condenser across the 
interrupter. When the primary circuit is closed again, the 
frequency is changed to 266 cycles per second, and an oscilla- 
tion is set up in the primary circuit with this frequency. This 
oscillation is superposed upon the exponential growth of the 
primary current. Тһе direction of the initial current at make 
may be negative, as in Fig. 19; this depends on the time which 
has elapsed since the last spark and on the energy left inthe 
coil when the last spark was quenched. 

An appendix has been added to the Paper in which this is 
shown mathematically. Curves have been plotted from the 
calculated results to the same scale of current as applies to the 
oscillograms, and the results will be seen to agree very well. 
In Figs. 19 and 20 the make occurs at the moment when the 
secondary current is zero ; in this case the primary oscillations 
are superposed on an exponential curve rising from the base line. 

In Fig. 23 the secondary current at the moment of make is a 
maximum; as shown in Fig. 22, the primary current under 
these conditions consists of oscillations superposed upon an 
exponential eurve, which starts from а point above the base 
line. In Figs. 28 and 29 the secondary current at the moment 
of make is approaching а maximum, but in the opposite 
direction, and the primary current curve is here displaced down- 
wards. Тһе result of this is that the final value reached by the 
primary current at the moment of break, and still more so the 
average value of the current, is much smaller in Fig. 29 than in 
Fig. 22. This explains the shape of the curves in Fig. 9, where 
the input to the coil is plotted for various spark-lengths ; in 
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the oscillograph experiments six cells were used, and under 
these conditions the input is a maximum for a spark-length of 
2mm. The position of the maximum in Fig. 9 depends, 
therefore, on the time which elapses between the last spark and 
the subsequent make ; it will obviously vary with the number 
of cells employed, for with more cells sparking will continue 
longer, unless the spark-gap is lengthened. This explains the 
curves for 8 and 10 cells in Fig. 9 being displaced to the right. 

It is obvious that the spark-length for which the input is a 
maximum will vary with the design of the mercury interrupter 
and with the speed at which it is run. 

What has been said applies also to the high-frequency out- 
put curves, which follow generally the same shape as the input 
curves. 

The effect of the oscillations in the primary current was 
evident in the relative values of the readings of the moving 
coil and hot-wire ammeters. With a gap of 0-5 mm. the ratio 
was 1-33, while with a gap of 3-3 mm. it had increased to 1-64. 

Although in many cases the initial oscillation of the primary 
current exceeds in amplitude the final value of the current, it 
would be useless breaking the circuit at this moment, for the 
large primary current is almost neutralised by the secondary 
ampere-turns and the resultant magnetic flux is small. 


APPENDIX. 


It has been seen that the growth of the current in the 
primary circuit of the induction coil when the mercury inter- 
rupter closes the circuit depends on the magnitude and phase 
of the remanent oscillation in the secondary circuit of the coil 
at that moment. 

Let L, and L, be the inductances of the primary and secon- 
dary windings of the coil and M their mutual inductance. Let 
Е be the E.M.F. of the battery supplying the coil. The 
secondary circuit has an oscillatory current with an ampli- 
tude I, and the primary circuit is suddenly closed. Since we 
are mainly concerned with what happens at the moment of 
closing the switch we can assume that both R, and R, are 
zero. Тһе equations for the two circuits may be written :— 


Ly de pw 24 20, „ож ж ЖД) 


LZ 424 
І, М qu 2 42020525 (2) 


338 PROF. С. W. О. HOWE AND MR. J. D. PEATTIE 


Eliminating q, we have 


oT a) Ф МЕ _ 
de ЕТІЛДІ “ТАР 70 
М? 1 МЕ 
ae MEME EN AT 
Putting LL, К, КГ. (1— №) со? and ТСЕ) а, 
2 
we have MI а-0 
ала (›=А sin (t+ 9)— 2° 
im o Ао соз (014 ф). . . . . . (3) 
2 
EMO! 
Е 2 аш 
om) di! ^^ 14 
о 
1 
dy, E, ФАМ | 
у= dt 3 8 L, cos (t+ 9)2- B, а (4) 


where А апа В are constants to be determined from the initial 
conditions. 


If, in the first place, the “ make" be assumed to occur at the 
moment of maximum current I in the oscillating secondary 
circuit, then we have for /—0, g,=0 and 7,=I. 


| а 
А sin ф==— and Aw cos ф=1. 
1 


0) 
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Hence, the oscillatory current is increased in amplitude 
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whichever way the battery is switched in, but the change of 
phase depends on whether E is positive or negative. 


, Е, М 
= L/ "pere 


where B is a constant, such that when t—0, 7, =0. 


, E, М i 
жа ар Е б) 


Hence, the primary current consists of three components— 
the first, directly proportional to the time (neglecting resis- 
tance); the second, a sine wave; and the third, a constant 
current. The first term may be positive or negative, and on 
this depends the phase displacement of the second term. 

If, in the second place, the primary circuit be closed when 
the secondary current is passing through zero, the constants in 


I 
(3) and (4) are such that for ¢=0, 7,=0 ; а=; 1,=0. 


I a л 
А= toe Ф=% апа В--0. 
- (1-2 sin wt (7) 
" . * е . . e Ф 
| Е, к | 
and ати г. "-—— 0) 


In this case the oscillatory current is unchanged in phase, 
but is increased or decreased in amplitude, depending on the 
direction of E as compared with the direction of the initial 
oscillation induced in the primary circuit. The amplitude 


changes from I to I+, where а can be + or —, and 


а [К ko 
0) x ENT 


Hence if the coefficient of coupling & be nearly unity, as it is 
in the case of the induction coil, the increase of amplitude of 
the secondary current and the oscillation set up in the primary 
circuit may be very considerable, as is shown by the oscillo- 
grams. 
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In Fig. 32 the four cases have been plotted. The values 
used in the calculation are as follows :— 

L,=0-02; L,—570; M=3-2 henries; К--0-005 ші. ; 
Е--12 volts; 1—0:025 ampere; k—0-946. 

Although the only difference in the assumptions in the four 
cases is in regard to the phase of the secondary current at the 


[== TRAE "cd 
| ( 


| 


Fic. 32. 


moment of make, the differences іп the nature of the озсШа- 
tions produced are very great. In the actual case the oscilla- 
tions are gradually damped out by the resistance and the term 


-t becomes an exponential term, rising finally to 5 
L, В, 


ABSTRACT. 


The apparatus used was similar to that employed in small radio- 
telegraph stations. А 10in. induction coil, operated from cells 
through a mercury interrupter, supplied power to an oscillatory 
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circuit containing a spark-gap between spherical electrodes. Coupled 
to this circuit was another oscillatory circuit representing the acrial, 
and containing a variable resistance which constituted the high- 
frequency load. The input, output and efficiency were determined 
for various degrees of coupling, various aerial decrements, different 
lengths of spark-gap and with various primary voltages, the object 
being to determine the effect of these various factors on the working 
of a small radio-telegraph station. 

A second part of the Paper dealt with some oscillographic records 
of the primary and secondary currents of the induction сой. 
These showed many points of interest, and explained several pecu- 
liarities in the working of the coil, especially the variation of input 
with spark length. This was shown to be due to the particular 
phase at the moment of “ make” of the remnant current in the 
primary induced in it by the oscillations in the secondary produced by 
the last spark ; this depended on the time which had elapsed since 
the last spark. 
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XLV. The Self-Demagnetisation of Annealed Steel Rods. By 
S. W. J. $мин, M.A., D.Sc., and J. бопо, A.R.C.S., of 
the Imperial College of Science. 


Reap JUNE 28, 1912. 


ALMOST 50 years ago von Waltenhofen observed that short rods 
of soft iron sometimes exhibit residual magnetism which 18 
anomalous in the sense that the feeble residual polarity is of 
opposite sign to that existing before the magnetising field. is 
withdrawn. In the course of experiments upon the thermo- 
magnetic properties of iron-carbon allovs we have observed 
another kind of anomalous residual magnetism which seems 
to have escaped notice hitherto. It is more marked than von 
Waltenhofen's phenomenon, being easily perceptible in com- 
paratively slender rods, but its existence is not detected until 
the temperature is raised some 200?C. above that of the air. 
It does not occur in soft iron, but т annealed steel containing 
about 0-3 per cent., or more, of carbon. 

All the rods we used were 7 cm. long and 0:55 cm. in diameter; 
for convenience in the measurement of temperature each of 
them had a cylindrical hole, 0:3 em. in diameter, drilled through 
it axially from end to end. One of the rods was constructed 
out of steel containing 0:82 per cent. of carbon described in a 
previous Paper ( Proc." Phys. Soc, XXIV., p. 62, 1911). 
The others were made from materials, numbered 1 to 6 below, 
for which we are indebted to Mr. E. A. Wraight, of the Royal 


School of Mines, who also supplied the analyses which follow :— 


No. of с——— —Pereentage of—— == 
Rod. (C. Mn. Si. 
һо қалса ады ыы OY. саа 0-0 мы 0-09 
же BG domos ӨЛЕН 0.11 
ааа 0-60 ....... OE дее 0-17 
Qo чле Мары кА НЕРІ амы РУР 0-17 
D ТОЛ О nesses ISO. алзы WO. ЖЕТЕ 0-17 
оке od. . дак 0:235 aene 0.165 


There were traces of sulphur (0-01 per cent. and under) and 
of phosphorus (0-03 per cent. and under) in each of the steels. 

The phenomenon to which we wish to draw attention was 
shown by the rods when in the condition following slow cooling 
from about 850°C. It occurred to a greater or less extent in 
all except that containing the lowest percentage of carbon. 
The properties of the rods when hardened by quenching have 
also been observed but will be omitted from this Paper, which 
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is not intended to be more than a preliminary account of the 
work. 

After being annealed, each of the rods was magnetised as 
nearly as possible to saturation by means of a powerful electro- 
magnet, the field current being reduced by steps of similar 
magnitude in each case before the magnetised rod was removed. 
In one case the magnetising current was reduced much more 
gradually than in the others without producing any important 
difference in the subsequent behaviour of the rod. Unlike the 
Waltenhofen phenomenon, therefore, the present effect occurs 
when the removal of the field is gradual. 

The residual magnetism was measured magnetometrically, 
each rod being placed at right angles to the meridian within a 
copper tube which could be heated from below by means of a 
row of small gas jets. The temperature was determined by 
means of a calibrated platinum-rhodium thermo-couple placed 
within the rod. 

Fig. 1 gives a general idea of the effects observed in the 
different cases, at the air temperature and during subsequent 
heating, the ordinates being the approximate residual inten- 
sities in absolute units at the temperatures represented by the 
abscisse. 

In every case, except that of the 0-15 per cent. C steel, the 
residual magnetism changes sign when the rod is heated 
sufficiently. It diminishes rapidly from the first and continues 
to fall until, at a temperature depending upon the percentage 
of carbon, and lying between 180?C. and 200?C., the residual 
moment becomes zero. Further heating produces a negative 
moment which reaches a maximum value in the neighbourhood 
of 220°C. and then slowly falls, becoming zero again in the’ 
neighbourhood of 750°C. 

It is with the possible significance of this negative magnetism 
that we wish to deal. 

It will be noticed at once that it is dependent upon the 
presence of carbon. A rod of the purest iron obtainable com- 
mercially showed no trace of the phenomenon, its residual 
magnetism diminishing slowly and continuously as the tem- 
perature rose up to and above 260°C. In the rod containing 
0:15 per cent. C the magnetism never becomes negative, but the 
effect of the presence of carbon is shown by the very distinct 
change in slope of the magnetism-tempcrature curve which 
occurs near 200°C., as in the stecls containing higher рег- 
centages of the added element. 
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It will also be seen from Fig. 1 that the amount of negative 
magnetism exhibited does not increase continuously as the 
percentage of carbon in the steel rises. The alloy containing 
0-85 per cent. C shows more than any of the others. 

According to present views, annealed carbon steels consist 
almost entirely of iron and iron carbide. When the percentage 
of carbon is about 0°89 the steel is an intimate “ eutectoid ” 
mixture of the two components. With lower percentages 
there is “ free " iron, with higher percentages “ free " carbide, 
present along with the eutectoid mixture. 

It appears, therefore, that the effect is most marked in the 
so-called “ saturated ” steel, in which the development of the 
“ ferrite-cementite " eutectoid is a maximum. 

While the effect does not occur in the absence of carbon, it 
nevertheless seems certain that the negative magnetism 1s due 
entirely to the iron. 

It has already been shown by Messrs. White and Barker, 
and one of us (loc. cit., p. 61), that the ferromagnetism of iron 
carbide becomes relatively very small above 230°С. and it will 
be noticed that the negative magnetism reaches its maximum 
value in each steel at а temperature not far short of this value. 
Below 230?C., any positive polarity that the carbide may 
possess will be diminishing continuously ; above it, the polarity 
will be very small and any variation of residual magnetism 
that is observed will be due, mainly at least, to the iron. It is 
unlikely that the negative polarity exhibited by the iron in- 
creases much with rise of temperature. Consequently it would 
seem that the positive polarity shown by the rods at the lower 
temperatures must be due to the positive magnetism of the 
carbide. 

The facts, therefore, suggest the following view of the course 
of events within each rod. Withdrawal of the magnetising 
field leaves the rod subject to the influence of its own self- 
demagnetising force which, at first, is considerable. This 
force, acting upon the iron and upon the carbide, tends to 
reverse the polarity of both. The alignment of the iron 1s 
more easily disturbed than that of the carbide and a greater 
amount of reversal is produced in the former. Тһе reversing 
field diminishes continuously and, when it becomes incapable 
of producing further change, the feeble residual polarity is 
made up of a small positive polarity due to the carbide and of 
a still smaller negative polarity due to the iron. 

When the rod is heated the polarity of the carbide diminishes 
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more rapidly than the opposite polarity of the iron for several 
reasons. Опе of the most important is that the carbide is 
approaching its transition temperature more rapidly than the 
iron, and another is that, until the zero moment in the neigh- 
bourhood of 200°C. is passed, the demagnetising field tends to 
maintain the polarity of the negatively magnetised constituent. 

The initial parts of some of the curves of Fig. 1 are com- 
paratively steep, and suggest that the material is at first in a 
relatively unstable condition. This suggestion is confirmed by 
the fact that, when a series of observations is made upon the 
same specimen, the values of the initial residual magnetism 
vary over a considerable range while corresponding values at 
higher temperatures are much more nearly equal. The data, 
so far as we have examined them, suggest that this initial in- 
stability is due mainly to the carbide and that a small dis- 
turbance is sufficient to produce a relatively considerable | 
change in the polarity of this constituent. 

We have endeavoured to represent in a single diagram 
(Fig. 2) a number of observations we have made with the 
object of throwing further light upon the changes occurring 
within the material when subjected to various disturbances. 
The experiments were made upon the steel containing 0:85 per 
cent. of carbon. Тһе thick-lined curve ABC represents the 
mean behaviour of the material during several successive heat- 
ings from 20?C. to 800?C., the different series of observations 
being represented by distinctive marks. One of the first of the 
additional experiments consisted in heating the material to 
135?C. (the point marked A in the figure), and then allowing it 
to cool. The dotted curve Аа represents the return path. In 
another experiment the material was heated to 350°C. Тһе 
return path in this case is represented by Bb. Тһе specimen 
was next.heated (after remagnetisation at the air temperature 
as before) to 590?C., and behaved during cooling as represented 
by the curve Сс. When the heating was continued to 800C*. 
there was no appreciable return of magnetism on cooling. 

In another experiment, after remagnetisation, we heated the 
specimen to 245°C. We now destroyed the residual negative 
magnetism by means of a solenoid wrapped round the tube 
containing the rod and remagnetised the latter by means of 
this solenoid so that its residual polarity was positive. Тһе 
value is represented by the point D in the figure. The tem- 
perature was now raised to 380°C., the residual positive mag- 
netism falling as represented by the curve Dd'. Тһе rod was 


Residual Intensity of Magnetisation, Ir. 
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then allowed to cool to the temperature of the air, with the 
result shown by the curve d'd. 16 will be seen that there was 
no perceptible change until about 240°С. Тһе magnetism then 
began to rise rapidly as shown. Between 240°C. and 20°C. the 
curve d'd is practically identical in form with the corresponding 
part of the curve Се. This suggests that the magnetism which 


1009 2909 3069 400^ 5009 600" 700°C, 
Temperature. 
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returns below 240°C. in each of these cases is mainly due to the 
carbide. Experiments with the soft iron rod showed that the 
increase in the magnetism of iron, over this range, is relatively 
small. 

It is noteworthy that below 210°C., which is approximately 
the “ critical " temperature of the carbide, the curves begin- 
ning at B, C and 4’, respectively, become nearly the same іп 
form if the ordinates are reckoned from base lines passing 
through the readings at 240°C. They are also very similar to 
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the curve given by Weiss as characteristic of the ferro-mag- 
netic state when the temperatures are expressed as fractions of 
the critical temperature. Spontaneous return of magnetisa- 
tion in the carbide, after it has been heated much above its 
critical temperature, is suggested by the curves Сс and 4а 
considered together. Until we had obtained the latter curve it 
seemed possible that the return of magnetisation shown in the 
other two might be accounted for by means of the field result- 
ing from the polarity of the iron. Experiments not yet pub- 
lished had previously shown that the susceptibility of the 
carbide increases rapidly below 230°C., during cooling, until it 
reaches a considerable maximum value i in the neighbourhood of 
210°C. 

Finally, we reduced the polarity of the rod as nearly as pos- 
sible to zero, after removing it from the field of the electro- 
magnet and before heating it, by subjecting it to an external 
reversing field of about 15 units. We then heated it slowly to 
800°C., with the result shown by the curve Ee. It would ap- 
pear from this that the external demagnetising field produced 
more effect upon the polarity of the carbide than upon that of 
the iron since the maximum negative magnetism is not very 
much greater than before. The curve Ee would probably seem 
very anomalous to an observer unacquainted with the previous 
behaviour of the rod. 

We will leave for a future occasion the discussion of other 
questions arising out of these curves. 


ABSTRACT. 


· The residual magnetism of a series of annealed РЕ rods, of the same 
size but containing different percentages of carbon, has been examined. 
Although the net residual polarity was always of the same sign as that 
existing before the magnetising field was withdrawn it was found that, 
except when the percentage of carbon was small, the residual polarity 
of the iron was apparently of opposite sign. "The observed positive 
polarity owed its sign to the carbide. This was shown by heating each 
rod until its temperature was above that at which the ferro-magnetism 
of the carbide practically disappears. The residual polarity could then 
be due to the iron only and was in every case negative. Morcover, tho 
rate of growth of the negative magnetism as the temperature rose corre- 
sponded with the rate of decay of the magnetism of the carbide which 
has been examined in an earlier paper. "The effect appears to be most 
marked in “ saturated ” or “ eutectoid " steel, and is an example of the 
superposition of magnetic properties presenting several points of in- 
terest. Some of these are described. 

The constituents, iron and iron carbide, are easily traceable in 
annealed steel, owing to the differences between their magnetic pro- 
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perties. The ferro-magnetic transition point of the carbide is about 
500°C. lower than that of the iron. The carbide is also magnetically 
harder at ordinary temperatures and possesses greater coercive 
force, although, like iron, it is magnetically very soft at tempcra- 
tures near the transition point. In consequence of these facts, the 
effect of heat upon the residual magnetism of an annealed steel rod is 
peculiar and at first sight mysterious. As the temperature rises the 
residual magnetism falls continuously until it becomes zero in the 
neighbourhood of 200°C. It then changes sign and reaches a maxi- 
mum negative value at about 220°C. Beyond this, the negative 
magnetisation decreases slowly, and finally becomes imperceptible 
between 700°C. and 800°C. If the rod is cooled from 800°C. it 
remains without perceptible polarity as the temperature falls ; but 
if the heating is interrupted before the whole of the residual mag- 
nctism is destroyed the behaviour on cooling is quite different. 
Thus, to quote one case, the rod was heated until, at 600°C., the 
residual intensity of magnetisation was about —0-5. On cooling 
the intensity increased to a maximum negative value of about 
—1-6 at about 245°C. Then the magnetisation began to fall, 
reached zero at about 210°C., became positive and, finally, was 
about +15-5 at the air temperature. 

An explanation of these and other results which were described is 
given in the Paper, in which it is shown that the residual mag-. 
netism of short annealed steel rods is determined by the retentivity 
of the carbide, and that the residual polarity of the iron is negative. 
The iron may thus be said to contribute less than nothing to the 
residual magnetism of the rods. 


DISCUSSION. 


The Paper was discussed by Profs. MATHER and Номе and Mr. 
CAMPBELL, to whom the SECRETARY replied. 
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XLVI. The Resistance to the Flow of Water along a Capillary 
Soda-Glass Tube at Low Rates of Shear. By A. GRIFFITHS, 
D.Sc., and Miss С. Н. KNowLes. 


First Received JUNE 14, 1912. Reap June 28, 1912. 
Receivep ім Fina, Form Ассозт 14, 1912. 


§ 1. Introduction and experiments on the relative flow along 
two tubes in parallel along which the water 18 flowing 
at different rates of shear. 

§ 2. Absolute measurement of the viscosity of water at low 
rates of shear. 


$ 3. General remarks and results. 


§ 1. In the course of some experiments on the viscosity of 
liquids at low rates of shear, Prof. W. Duff ( Phil. Mag.” 1905, 
Vol. IX., p. 685) observed that the resistance to the flow of 
water in a capillary glass tube at low rates of shear increased 
with the time that the water had been stationary in the tube, 
and he concluded that “ very minute quantities of the con- 
stituents of glass dissolved out by the water have very large 
effects on the viscosity at low rates of shear." 

Some years later L. E. Gurney (“ Phys. Rev.” 26, pp. 98-122, 
Jan., 1908) allowed water to remain in contact with powdered 
glass for a week, and then, by a method involving the employ- 
ment of a rotating cylinder found, that the value of the coeffi- 
cient of viscosity was equal to that of pure water within the 
limits of experimental error. 

Early in 1911 one of the authors of this Paper concluded 
from some unpublished work that the apparent value of the 
coefficient of ordinary distilled water in а capillary glass tube 
might be anything from the normal value to infinity ; but that 
the value of the coefficient in the case of air-free distilled water 
always remained constant. 

The objects of the conjoint research were :—(a) To discover 
why ordinary distilled water in soda glass tubes developed in 
the course of time apparently anomalous values of the coeffi- 
cient of viscosity, and, if possible, to eliminate the cause; 
(b) to determine the absolute value of the viscosity at extremely 
low rates of shear. | 

The flow at low rates of shear was measured Бу а modification 
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of the method described in the “ Proc." Lond. Phys. Soc., 
Vol. XXIII., Part III., April, 1911, the coloured index іп the 
experiments of the present Paper consisting of a solution of one 
quarter of a gram of uranine to one litre of water. 

To the authors, риз explanation of the remarkable varia- 
tion in the viscosity of water seemed reasonable. He mentions 
in his Paper that glass dissolves in water ; and he thinks that 
“ the large effect produced may be due to the tendency of silicic 
acid to separate out from the solution in a gelatinous form.”’ 
It was thought by the authors that, if two tubes of unequal 
bore were arranged in parallel it was very probable that no 
obstruction would form in the tube along which the flow was 
relatively rapid ; and it was hoped that the wide tube would 
act as a standard of reference for the narrow one. 

Two carefully calibrated tubes, one of about 2 mm. 
diameter, the other of about 4 mm. diameter, each about 
1 metre in length, were connected in parallel. The flow 
along the fine capillary was measured by means of a coloured 
index, and the combined flow along the two tubes was deter- 
mined by a method of weighing. The ratio of the total flow 
of ordinary distilled water along the two tubes to that through 
the narrow one was less than that calculated from the dimen- 
sions ; and the ratio diminished in the course of a fortnight to 
one-third of the calculated value. Careful inspection showed 
the presence of fungoid growths in the wider tube, which 
doubtless flourished there, on account of the greater supply 
of food and air provided by the relatively rapid stream. 

To sterilise the apparatus it was washed with a solution of 
corrosive sublimate. But there was still a deposit of some 
sort on the walls of the wider tube. This was removed by 
washing first with strong sulphuric acid which charred the 
deposit and then by passing a solution of potassium bichromate 
in strong sulphuric acid until the carbonaceous residue was 
removed. 

That fungoid growths are liable to develop in distilled water 
is well known ; but it was not known to the authors that they 
grow so easily and are practically invisible inside a glass tube. 

To prevent their growth one drop of a 20 per cent. aqueous 
solution of copper nitrate was added to a litre of air-free dis- 
tilled water. The experiments with the tubes in parallel were 
repeated. These experiments showed no signs of any decrease 
in the ratio of the total flow to the flow in the capillary with 
increase of time. A careful experiment performed in a thermo- 
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stat-room after water had been in the tubes for a week gave 
a ratio 1-1 per cent. less than the calculated value. This result, 
as the tubes were not tested for circularity, was quite as near 
as could be expected. 

To the authors it seems very probable that Duff’s remark- 
able results were due to organic growths. 


$2. Absolute Measurements.—Although it was probable from 
the experiments described in the preceding section that the 
viscosity of sterilised water is normal at low rates of shear, 
even when the water has been in contact with the glass for 
a long time, still it was just possible that the water in each tube 
might have been affected to the same extent. It was there- 
fore decided to make absolute measurements by a modifica- 
tion of Duff's method. 

The apparatus consists of two large cylindrical vessels of 
approximately the same cross-section joined by a capillary 


Fig. 1. 


tube of length l, and of radius г. Let л represent the initial 
difference in level between the surfaces of the water in the tanks, 
t the time, 7 the coefficient of viscosity of the liquid, and d the 
density ; then it can easily be proved that 7 equals Agr?t/ld to 
an accuracy of one-tenth per cent. in the case of the experi- 
ments described in this Paper. 

The two large tanks are shown at А, and A, (Fig. 1.). T is 
the tube through which the flow of water under the test takes 
place. T enters the tanks as close to the bottom as possible, 
as in this case the head will be scarcely affected by temperature 
changes. 

The tube T can be closed by a copper cap C (Fig. 2), which 
is fitted with а rubber pad. The cap is held pressed against 
the end of the tube by means of three spiral springs. To open 
the tube the cap can be pulled back by means of a cord of 
fish-line, which passes under а horizontal bar, Н. In order to 
keep the tube open а small ring, R, attached to the cord is 
slipped over a pin, P, on the horizontal bar H. 
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In order to bring the two surfaces of the water to approxi- 
mately the same level the tanks are connected by means of a 
levelling arrangement, which consists of two tubes, L,, L, 
(Fig. 1)—really parts of the same tube cut in the middle—the 
ends, E,, E,, of which dip into a vessel, S, containing a layer 
of mercury, M, covered with water. The levelling arrangement 
is placed in or out of action by adjusting the height of the mer- 
cury. The average diameters of the two tanks are 33-717 cm. 
and 33-773 cm. respectively ; the length of the tube T is 
130-175 cm. ; the value of r? is 0-0004376. The value of 7? 
was found by nearly filling the tube with mercury, and obtain- 
ing the weight of a column of measured length. The cross- 
section was assumed to be circular. The tube T was care- 
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fully calibrated by means of a thread of mercury whenin 
position on the black scale of the apparatus. Mr. J. M. 
Scholer, B.Sc., assisted in the design of the apparatus and con- 
structed it. 

The series of operations requisite for the determination of the 
coefficient of viscosity usually takes two days to complete, the 
first day being occupied with cleaning the tanks and getting 
the index into a suitable position for the viscosity experiment 
proper. It is unwise to hasten the proceedings, for if the index 
be moved too quickly its ends become diffuse. The following 
gives the plan of work when the viscosity is determined as 
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early as convenient after the water is introduced into the 
capillary tube. A very slight modification is involved when 
the viscosity is determined after the water has stood a long time 
in the tube. 

I. Tanks cleaned with caustic soda, dilute nitric acid, and 
water, chamois leather being used at the finish to clean the 
walls of the tanks. 

II. Index introduced and apparatus usually left all night. 

III. Water removed from tanks and glass cleaned, as in I. 

IV. Water put in tanks to about 10 cm. depth ; leveller 
opened ; stirrers added ; water stirred everv half-hour for the 
next three-and-a-half hours. 

V. Levelling device closed ; а reading taken of the position 
of the index ; and seal opened at carefully noted time. Index 
allowed to move for an hour and reading taken of the index at 
end of an hour. These two readings were taken in order to 
allow for any imperfections in the levelling. The movement 
was always small, being never more than 0:8 mm. per hour 
In general the correction was quite negligible 

VI. А known difference of head was next produced either by 
adding copper blocks of known volume to the left tank or bv 
withdrawing unequal volumes of water from the tanks. 

VII. Time and position of index noted ; and further readings 
taken at regular intervals while the index was travelling along 
the tube. Тһе journey generally took about 5 hours. Each 
. reading was always the mean of five observations. When the 
index was moving these observations were taken at carefully 
noted times ; and the means of the observations of position 
and time were employed in the calculations. 

The stirring of each tank was done by means of a small plate 
of copper, 1 cm. square, attached to the end of a copper wire, 
which was fastened to a glass rod supported horizontally on the 
edge of the tank. When the stirring was over the wire always 
dipped to the same extent in the water, and there was therefore 
no disturbance of the head due to any change in the quantity 
immersed. It was proved experimentally that the stirring 
itself. had no appreciable effect on the resultant flow. Тһе 
water in all the experiments contained approximately one drop 
of a 20 per cent. solution of copper nitrate to a litre of water. 
The results obtained are given in the table opposite :— 

$3. General Remarks and Conclusions.—The way in which 
the calculated value of the coefficient of viscosity varies in an 
individual experiment proves that there is a disturbing 
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early as convenient after the water is introduced into the 
capillary tube. A very slight modification is involved when 
the viscosity is determined after the water has stood a long time 
in the tube. 

I. Tanks cleaned with caustic soda, dilute nitric acid, and 
water, chamois leather being used at the finish to clean the 
walls of the tanks. 

II. Index introduced and apparatus usually left all night. 

III. Water removed from tanks and glass cleaned, as in I. 

IV. Water put in tanks to about 10 cm. depth; leveller 
opened ; stirrers added ; water stirred every half-hour for the 
next three-and-a-half hours. 

V. Levelling device closed ; а reading taken of the position 
of the index ; and seal opened at carefully noted time. Index 
allowed to move for an hour and reading taken of the index at 
end of an hour. These two readings were taken in order to 
allow for any imperfections in the levelling. The movement 
was always small, being never more than 0-8 mm. per hour 
In general the correction was quite negligible 

VI. А known difference of head was next produced either by 
adding copper blocks of known volume to the left tank or by 
withdrawing unequal volumes of water from the tanks. 

VII. Time and position of index noted ; and further readings 
taken at regular intervals while the index was travelling along 
the tube. Тһе journey generally took about 5 hours. Each 
. reading was always the mean of five observations. When the 
index was moving these observations were taken at carefullv 
noted times ; and the means of the observations of position 
and time were employed in the calculations. 

The stirring of each tank was done by means of a small plate 
of copper, 1 cm. square, attached to the end of a copper wire, 
which was fastened to a glass rod supported horizontally on the 
edge of the tank. When the stirring was over the wire always 
dipped to the same extent in the water, and there was therefore 
no disturbance of the head due to any change in the quantity 
immersed. It was proved experimentally that the stirring 
itself had no appreciable effect on the resultant flow. The 
water in all the experiments contained approximately one drop 
of а 20 per cent. solution of copper nitrate to a litre of water. 
The results obtained are given in the table opposite :— 

$3. General. Remarks and. Conclusions.—The way in which 
the calculated value of the coefficient of viscosity varies in an 
individual experiment proves that there is a disturbing 
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influence at work which sometimes accelerates the flow and 
sometimes retards it. 

The disturbances were much greater in some preliminary 
experiments. In one of the earliest experiments with tanks 
of 18-9 cm. diameter, and with a capillarv tube of about 1 mm. 
diameter, the initial head was 0-004 cm., and the water was 
covered with a layer of oil. The index moved one-third the 
distance expected, slowly returned and nearly came to rest, 
and then shot out of the tube in a direction opposite to that 
in which it entered. In another experiment the initial head 
was the same, no oil was used, and the surfaces were not stirred; 
the index moved one-half the calculated distance at a reasonable 
speed and then slowly crept forward. There is no doubt that, 
as found by Duff, the stirring is very important. But the 
experiments of this Paper suggest that, however carefully the 
stirring be done, surface effects must always be reckoned with. 
To fix the ideas experiments (9), (10) and (11) may be considered. 
Here the initial head is 0-114 ст. The head which the surface 
tension is capable of exerting, if the angle of contact of the 
water surface with the glass 18 zero, is given by the formula 
2T /yr, where T is the surface tension and г is the radius. Taking 
T as equal to 81 dynes per centimetre, the effective head 18 
0-0098 ст. Thus the head which the surface is capable of 
supporting is about 8:5 per cent of the actual head emploved, 
and it can easily be proved that a change in the head equivalent 
to a drop in the value of T of 9-5 dynes per centimetre, not at 
all a large amount, would cause an apparent change in the 
viscosity of 1 per cent. These figures are suggestive rather 
then directly applicable ; more important would be the calcu- 
lation of the instantaneous variation in the flow due to a change 
in the surface tension. 

Since the percentage error due to a mistake in the reading 
of an index diminishes with increase m the distance (d) travelled, 
the last calculated value of the coefficient in each experiment 
is considered to be the most reliable. On account of the fact 
that the experiments were generally performed in pairs (1 and 2, 
3 and 4, 5 and 6, 7 and 8, 10 and 11), т which all the con- 
ditions and operations were approximately the same, with the 
exception of the time that the water had been in the tube. it 
is possible to test the effect of prolonged contact with the glass. 
The mean of the calculated values of the viscosity after pro- 
longed standing of the water 1s only one-tenth per cent. less 
than the mean of the values obtained with water that had 
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stood in the tube for one day only. In experiment (12) the 
time of standing was reduced to a minimum, and the value of the 
viscosity is substantially the same as that given by the other 
experiments. ! 

Of the results given in the tables the greatest weight must 
be given to experiments (9), (10) and (11), in which the stirring 
is most thorough, and in which the difference of level із caused 
by lowering the level of the water in each tank, thus increasing 
the chance of the glass being covered with a layer of water. 
The maximum rate of shear in these experiments is one radian 
per second, t.e., the rate of shear is about one-fifth of that at 
which Duff worked. Тһе mean apparent value of the coefh- 
cient of viscosity at an average temperature of 16-68°С. is 
0-01089 ; whilst the value of the coefficient at the same tem- 
peratvre derived from Hosking's formula (“ Phil. Mag." 
Vol. XVIII., p. 262, 1909) is 0-01093. It may be mentioned 
that some careful determinations of the coefficient when the 
rate of shear is 1,300 radians per second give а value of the 
coefficient 0-6 per cent. greater than that given by Hosking's 
formula. This result proves that the cross-section of the tube 
is nearly circular. 

The authors conclude (a) that the apparent increase in the 
viscosity of ordinary distilled water in soda-glass tubes deve- 
loped in course of time is due to organic growths. (b) That 
consistent values of the viscosity may be produced by steri- 
lising the water by the addition of a trace of copper nitrate. 
(c) That with the apparatus described surface effects prevent 
the attamment of a high degree of accuracy in the determina- 
tion of the absolute value of the coefficient of viscosity ; but 
that, nevertheless, the experiments prove that the viscosity 
of water when the rate of shear is 1 radian per second is 
approximately the same as at high rates. 


ABSTRACT. 


In 1905 Prof. W. Duff concluded that the viscosity of water at 
low rates of shear increases when the water is allowed to stand in a 
capillary glass tube. He employed Poisenilles method. Later, 
L. E. Gurney, bya method involving the use of a rotating cylinder, 
found that there is no increase in the viscosity of water which has 
stood in contact with powdered glass for a week. 

The authors, working at Birkbeck College, in the City of London, 
find that almost invisiblo fungoid growths develop in ordinary dis- 
tilled water in glass tubes, and they suggest that organic growths 
were probably the cause of Duff's results. They detect no incroase 
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in the viscosity of water that has stood for days in a glass tube when 
the water is sterilised by the addition of a trace of copper nitrate. 
Their apparatus is a modification of Duff's, and consists of a cali- 
brated capillary tube 130 cm. long of тт. bore, joining two 
cylindrical tanks of { metre diameter. The difference of head is 
about 1 шт. The flow is measured by means of а coloured column. 
consisting of a feeble aqueous solution of uranine. 
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The following Papers were read at the Joint Meeting of the Society 
with the OPTICAL CONVENTION on June 21, 1912. They are here 
printed in lengthy abstract only, but will be found in full in the 
PROCEEDINGS OF THE OPTICAL CONVENTION, 1912. 


XLVII. The Trend of Geometrical Optics. Ву Бимамоз Р. 
Тномрзом, D.Sc., F.R.S. 


Тне purpose of this communication is to explain certain 
points in the methods of geometrical optics, to describe certain 
models based thereon, and to raise some questions as to 
notation and nomenclature. 

The method of Gauss for treating the properties of an optical 
system of central lenses by means of his conception of points 
and planes is now all but universally accepted. It presents a 
scheme for demonstrating the performance of an instrument 
on the assumptions, not only that the aberrations of definition 
of the image are absent, but also that the well-defined image 
is devoid of curvature and distortion—in other words, that the 
optical system is both stigmatic and collinear. It furnishes 
the means of finding the image-point which is conjugate to any 
object-point, without any consideration of the particular 
refracting surfaces or thicknesses of the lenses, for it reduces 
all centred optical systems, whether the refracting surfaces be 
spherical or aspherical, to a species of equivalent lens, of which 
it is needful merely to know the two principal foci and the two 
principal points (Haupt-punkte), together with the respective 
focal planes and principal planes drawn orthogonally through 
them. The width between the principal planes (constituting, 
so to speak, the reduced thickness of the equivalent lens) being 
known, and the focal lengths as measured from the principal 
planes to the respective principal foci being also known, the 
whole performance of the optical system can be stated in the 
simplest way in terms of these data. For the width between 
the principal points and planes simply does not count in the 
calculations ; and if the distances of object-plane and image- 
plane measured from the respective principal planes are 
reckoned, as in ordinary geometry, as positive if measured to 

VOL. XXIV. | ЕЕ 


360 : PROF. S. P. THOMPSON ON 


the right and negative to the left, the following relations hold 
good :— 


111 
uy . (1) 
M=vju . . . . . . . (3) 


where / is the principal focal length (assuming the first and last 
media to be alike, both air) ; и the distance of the object-plane 
from the first principal plane ; v the distance of the image-plane 
from the second principal plane ; р the distance of the object- 
plane from the first principal focal plane ; q the distance of the 
image-plane from the second principal focal plane; M the 
Ппеаг magnification. In either form the equations (1) and (2) 
are simply an expression of collinear relationship. 

To these, the original features of Gauss's scheme, Listing 
added the two nodal points which coincide with the two 
principal points only if the first and last media are alike (both 
air), but otherwise are displaced toward the side on which the 
end medium is the denser. То the system of points thus con- 
ceived Casorati assigned the name “ cardinal” points. То 
them Toepler added another pair, which he termed “ negative 
principal points," but which, for reasons presently to be dis- 
cussed, I prefer to call the “ symmetric " points. "These points 
are situated at distances respectively equal to one focal length 
beyond the principal foci on the two sides. They are conjugate 
to one another. Planes drawn orthogonally through them are 
such that they are planes of unit magnification, an object in 
one symmetric plane having its image in the other, of equal 
size, but inverted. Тоеріег also showed that if, on the image 
side of the lens, planes are drawn at successive distances apart 
equal to the focal length, they constitute а family of planes 
in which the magnifications of the images formed therein differ 
by unity successively from one another. Mr. Blakesley has 
further developed this plan, and, as he attributes negative 
signs to the magnifications of inverted images, he would write 
the successive magnifications, beginning with the plane through 
the principal focus, as 0, —1, —2, —3, &c. The two principal 
planes of Gauss are also conjugate to one another, and are 
planes of unit magnification without inversion. The principal 
focal planes are, of course, respectively conjugates to planes 
at + œ and — о. The name symmetric planes is apt, not only 
because these two planes lie symmetrically right and left of the 
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system, but because of the symmetry which there exists 
between object and image. Any point in the first symmetric 
plane, having co-ordinates yz in that plane, will have as its 
image a point having co-ordinates —y, —z in the second 
symmetric plane. This circumstance lends itself to the graphic 
solution of the problem how to find the position, after refrac- 
tion, of any given oblique ray, and is applicable even in cases 


Ета. 1. 


where the given ray is askew in direction and never meets the 
axis of the system. Let Fig. 1 depict the system, having 
principal points E,, Е,, principal foci F,, Е,, and symmetric 
points 8,, S,. And let six planes be drawn orthogonally 
through these six points. Then let it be required to find the 
course of a ray of which the part PP' is given. Produce PP" 
both ways, intersecting the first symmetric plane in a and meet- 


Fia. 2. 


ing the first principal plane at 7. Тһе ordinate of a being у, 
set off the conjugate ordinate —у їп the second symmetric 
plane, thus fixing the conjugate point 5, through which the ray 
must pass. Transferring the ray across the equivalent thick- 
ness 7k between the principal planes, join А to b by the line Ар, 
which is the refracted ray sought. А model based on this 
property of the symmetric planes is shown in Fig. 2. It has 
EE 2 
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done duty since 1886. Two pairs of wooden laths are articu- 
lated at jk and lm respectively. Ву а cord passing over pulleys, 
the distance that b is let down in the second symmetric plane 
is made equal to the distance that а is raised in the first sym- 
metric plane. By a second cord, the same thing is done for 
the points a’b’ for the other pair of laths. If the two laths are 
caused to cross one another at the point P, the other portions 
at once adjust themselves to cross at the conjugate point Q. 

The property of the symmetric planes being at the same 
distances from the principal foci as these are from the principal 
planes was made use of in the focometer which I described to 
the Royal Society in 1891 for determining the true focal 
lengths and positions of the principal planes of microscopic 
objectives. Two transparent micrometers suitably mounted 
are set independently at the two principal foci. They are then 
clamped to carriers on a long right and left-handed screw 
which 15 parallel to the axis of the lens. By turning this screw 
the two micrometers are moved away from one another through 
equal distances until they arrive at the symmetric planes, as 
ascertained by their then being the image one of the other. The 
distance through which they have thus been displaced is the 
true focal length, and the positions of the principal planes are 
found by measuring back the same distance from the focal 
points. The instrument is adapted also to determine the 
cardinal points of camera lenses. 

The existence of the family of planes of magnifications of 
successive integral values furnishes a useful means of readily 
solving a number of lens problems. For instance, if it be 
required to find the position where an object must be placed 
before a lens system of given focal length in order that the 
unage may be magnificd т times, one has only to remember 
that the image must be formed in the т” plane counting from 
the focal plane as zero, and will therefore be at т-- 1 times the 
focal length from the second principal plane ; and dividing this 


. | apo Е. 
distance Бу the magnification т will give x times the 


focal length as the distance of the object from the first principal 
plane. 

The construction which enables one to draw directly the 
continuation of any incident ray suggests naturally that in a 
certain sense the emergent ray, taken as a whole, is the image 
of the incident ray, seeing that it consists of a range of points, 
each one of which is the image of a corresponding one in the 
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range of which the incident ray may be considered to consist. 
Similarly, the part of the axis itself, which lies on one side of 
the lens system, may be considered in the same sense an image 
of the part which lies on the other side. If we confine our 
attention to a linear object placed in the axis, its image will be 


Fie, 3 


also linear, lying in the axis at some other part, and, in general, 
of a different length. Thus, in Fig. 3, the object PP’, an 
arrow, will have its image at QQ’. Whatever the distance of 
the arrow from the lens it will point always in the same sense, 


Ета. 4. 


and will never be inverted, that is, pointing backward. The 
image may be real, as in Fig. 3, or virtual, as in Fig. 4, or 
partly real and partly virtual, passing through + o», as in Fig. 5. 

It is, of course, well known that the longitudinal magnifica- 


Fic. 5. 


tion or “ elongation," as Maxwell called it, does not follow the 
same rule as the transverse magnification, but is, for а small 
object, placed at any position, proportional to the square of the 
transverse magnification for the same position. There are, for 
example, only two positions in which the image of a small cube 
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can be also а cube—namely, where object and image are in 
places of unit magnification—namely, either at the principal 
points or at the symmetric points. Їп all other positions the 
image of the cube will be distorted, becoming elongated axially 
if the image is enlarged and compressed axially if the image 
is diminished. We may consider the case of a series of objects 
all of the same height, placed along the axis like а row of 
telegraph poles, spaced equidistantly, as in Fig. 6. Their 
images will constitute a harmonic range of lines of diminishing 
length. The object at the symmetric point will have an equal 


Кіс. 6. 


inverted image, and all the others to infinity will have their 
images crowded together, their heads lying on the sloping line 
running through the second focal point. 

This unequable crowding together of the images of more 
distant objects 1з responsible for the curious effect noticeable 
in modern binocular field glasses of high power, but seen also 
in opera glasses and telescopes, in which the successive planes 
of landscapes seem exaggerated and flattened, almost like the 
flat scenery of the theatre. Their trees and hedges, for 


Fia, 7. 


example, seem to occupy definite planes, and the more distant 
objects appear to be compressed up toward those in front of 
them. This phenomenon, to which Dr. von Rohr has given 
the name of porrhallazia, is not due, as some suppose, to any 
binocular hyperstereoscopic effect, but is the consequence of 
the law of longitudinal magnification. 

It was stated above that the system of Gauss 18 now all but 
universally accepted for the treatment of lens systems. The 
exceptions are two. In the case of the formation of images 
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upon the retina of the eye the collinear relation ought not to 
be fulfilled, since the images are not required to be thrown upon 
а plane, but on the interior of a globe; and as Listing and, 
more recently, Gullstrand have pointed out, the fact that the 
centre of rotation of the eyeball does not coincide with the 
second nodal point of the eye, introduces into the problem of 
free vision considerations outside those of instruments for 
which the eyeball may be regarded as fixed in direction. 

The other exception is the system proposed by Biot (1844) 
and Bossoha (1876), and adopted by Cornu (1877), and more 
recently by Sissingh (1900), in which no reference is made to 
principal planes. In this system the distances of object and 
image are measured, as are also the focal lengths, from the 
vertices of the first and last refracting surfaces of the instru- 
ment, and the performance is expressed in terms of four con- 
stants: the angular magnification, the focal power, the angle 
subtended at the first vertex by unit length placed at the last 
vertex, and the “ dilatancy " of the system, this last term 
meaning the ratio of the diameter of the emerging conical pencil 
as it traverses the last surface to the diameter of an incident 
cylindrical pencil where it traverses the first surface. It is 
claimed for this method of treatment that the distances of 
object and image are more readily measured than in the system 
of Gauss ; but, on the other hand, the mathematical relations 
are less direct, and do not lend themselves with equal facility 
to extended use when proceeding to consider the various 
aberrations. 

Іп connection with the relation of the magnification of lenses 
as dependent on the relative distances of the conjugate points, 
mention may be permitted of a simple process communicated 
by the author to the Optical Society in 1899, for deducing the 
power of a (positive) lens from its magnification. From equa- 


tion (2), preceding, we have $ =... If we substitute this value 


in equation (1), and remember that for the production of a real 
image и and v must be of opposite signs, we obtain for the 
power P of the lens 


р—1—+1. 
/ v 
If, therefore, we so adjust the distance of the object from the 
lens that v=1, we have the relation 


P=M+1. 
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The model proposed by the author to carry out the method con- 
sisted in а frame wherein the lens whose power was to be 
measured was set up at a distance of 1 metre from a vertical 
scale graduated in centimetres. Аз object was used an 
aperture | ст. square placed in front of the flat flame of а 
paraffin lamp. The object was moved to such a distance from 
the lens that its image was sharply focused on the scale, 
enablin; the size of the magnified image to be read off directly ; 
when the addition of 1 to the linear size of the image at once 
gave the power of the lens in dioptries. 

It is germane to the subject to suggest that some improve- 
ment is needed in defining the different uses of the term mag- 
nification. Most commonly the term is applied to the trans- 
verse (or linear) magnification, the ratio of а vertical ordinate 
in the image to that of the object, as depicted in the ordinary 
diagrams of the text-books. But there is also a horizontal 
transverse magnification, identical indeed with the vertical 
magnification if the optical system consists of spherical sur- 
faces only. But the optical system may be an astigmatic one 
of special design to give different magnifications in azimuth 
and altitude. Secondly, we have to consider the longitudinal 
magnification or elongation already alluded to; and, thirdly, 
there is the so-called angular magnification, the ratio of the mag- 
nitude of an angle in the image to that of the corresponding 
angle of the object. Let there be an optical system such that 
PQ are two of its conjugate points. At Р, an object, let there 
be placed in the plane of the diagram а small rectangle of 
height y and length т; its image at ©) will have height y^ and 
length z'. Тһе transverse magnification М=у’/у; the longi- 
tudinal magnification L=z’/z. The diagonal of the object 
rectangle makes an angle a=arc tan y/z, and the image of that 
angle is the angle a’=arc tan y'/z'. The ordinary statement 
of the angular magnification is to define it as the ratio c’/a. It 
would be better to adopt the plan, certainly in use by more 
than one Continental writer, of defining the term angular mag- 
nification as tan а Лап а. For then, since L=M?, we have the 
relation 


{апа y = М 1 


Angular magnification = 


tana y 2 L M 


In other words, the angular magnification thus defined is the 
reciprocal of the transverse magnification. 
But there are yet other senses in which the word magnifica- 
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tion is used—namely, in term the apparent magnification pro- 
duced by a simple magnifying glass, which is the ratio of the 
angle subtended by the visual image (transverse)—formed 
presumably at the punctum proximum of the observer's eye— 
to the angle subtended by the object itself at the place where 
it is. There is, similarly, an apparent longitudinal magnifica- 
tion and an apparent angular magnification. Further, there 
are the extruaions of these terms to the cases of telescopic and 
microscopic vision. 

It is much to be desired that some general agreement should 
be arrived at amongst opticians and physicists, not only respect- 
ing the use of these terms and their proper definition, but also 
respecting the right use of certain other terms and conventions. 
At present there are wide differences in usage as to the terms 
positive and negative. In lens problems some authorities 
reckon axial lengths positive when measured, as mathema- 
ticians always do, to the right of the origin; others reckon 
lengths positive when measured in the sense opposed to the 
light. Some take as the origin the surface of the lens, others 
always reckon from the “ principal" points. Some writers 
call a divergent lens positive, while in the optical trade univers- 
ally a positive lens 18 understood as a convergent one. 

Further, suitable English terms are much needed for several 
matters for which at present none are recognised. The central 
point on the face of a lens is sometimes called its “ pole," or 
even its “ арех”; the German term is Scheitel. A name is 
wanted to denote the distance between the pole of a lens and 
its principal focus, the German term being Schnitt-weite. We 
possess no equivalents for the three most useful German terms, 
Durchbiegung, Durchrechnung and Abbildung. An English term 
is also needed for the phenomenon called porrhalazxie, intro- 
duced by Dr. Moritz von Rohr for the phenomenon due to 
longitudinal magnification, mentioned above. 
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XLVIII. Demonstration of Laboratory Apparatus and Experi- 
ments. Ву С. Е. С. SEARLE, Sc.D., F.R.S., University 
Lecturer in Experimental Physics, Cambridge. 


(Dr. Searle explained a number of methods of determining optical constants 
and exhibited the apparatus used by the students in his Practical Class 
at the Cavendish Laboratory, Cambridge, in applying those methods to 
optical systems. ] 


I. Revolving Table Method of Determining the Curvature of 
Spherical Surfaces.* 


In the revolving table method of determining the radius of 
a spherical surface designed by the author, Mr. A. C. W. Aldis 
and Mr. G. M. B. Dobson, the radius is found directly from two 
readings on a straight uniformly divided scale. 

A table turning about a vertical axis is required. The plane 
of the top of the table is normal to the axis of revolution, and 
the top carries a straight scale against which slides a carriage 
bearing the spherical surface (see Figs. 1 and 3). We shall 
assume that the scale is so adjusted on the table that the 
straight line described by the centre of curvature of the 
spherical surface when the carriage slides along the scale, 
intersects the axis of revolution of the table. The position of 
the carriage relative to the table-top when the centre lies on the 
axis of revolution will be called the first position. If the table 
be turned through any angle about the vertical axis when the 
carriage is in the first position the only effect of the motion is to 
substitute one part of the spherical surface for another. Hence, 
if rays from an object fall upon the surface, the reflected rays 
will be unaffected by the motion. 

The carriage is now moved along the scale into a second 
position in which the axis of the table is a tangent line to the 
spherical surface. If, now, the table be turned about its axis, 
a grain of lycopodium placed at the point of contact of the 
vertical tangent line and the surface will remain stationary. 
By using a microscope for observing the image of the object 
in the first case and the lycopodium in the second, the settings 
can be made with great accuracy. 

The radius of curvature of the surface is now given at once by 


* A full account of this method will be found in the “ Philosophical Maga- 
zine," February, 1911, pp. 218-224. 
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the difference of the two scale-readings of the carriage in the 
first and second positions. 

The revolving table rests upon a tripod stand, and the table- 
top turns about a vertical rod carried by the tripod. The top 
of the table carries a scale graduated in millimetres, which can 
be clamped in any position on the table by the screw seen in 
Fig. 1. The adjustments of the surface to be tested are facili- 
tated by the use of a small lathe-head to form the “ carriage ” 
mentioned above. 

The lathe-head is attached to a board which rests upon the 
top of the table with its straight edge in contact with the scale. 
The spindle of the lathe-head is screwed at one end to fit a face- 
plate with three screws which serve to adjust a second plate to 
which the lens or mirror to be tested is attached. Each end of 


Ко 1. 


the spindle is turned to a conical point, and the vertex of each 
cone lies on the axis of the spindle. One arm of a rod bent at 
right angles can be secured by a set-screw in a socket in the 
casting supporting the table-top, and a small clip carrying a pin 
can be fixed in any position on the other arm of the rod by a 
set-screw. The bent rod also serves as a means of clamping 
the board to the table in the manner shown in Fig. 2. 

The first step is to make the axis of the spindle of the lathe- 
head parallel to the edge of the board. The clamping screw 
enables the lathe-head to be properly adjusted on the board. 

After this adjustment of the lathe-head on the board the 
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scale is adjusted оп the table-top so that the axis of the lathe 
spindle intersects the axis of the table. 

The face-plate is now attached to the spindle and the lens or 
mirror to be tested is fixed to the adjustable plate. In the case 
of a lens, the back surface should be blackened to stop reflexion 
at that surface. The spindle is then rotated and some object 
is observed by reflexion at the spherical surface. If the rota- 
tion cause a motion of the image, the three adjusting screws are 
manipulated until the image remains stationary when the 
spindle is revolved. The centre of curvature then lies on the 
axis of the spindle. 

The preliminary adjustments are now complete. If they are 
not quite perfect, the error which they cause in the radius of 
curvature as found by this method will be very small, since the 


Ето. 2. 


error of radius depends on the second powers of the errors in the 
preliminary adjustments. 

The board carrying the lathe-head is now set into the “ first 
position " in which the centre of curvature of the surface lies 
on the axis of revolution of the table. The image of a vertical 
line ruled upon a piece of ground glass is observed in the micro- 
scope. If the image move when the table-top is turned about 
its axis, the board carrying the lathe-head is moved along the 
scale until the image remains at rest. The centre of curvature 
then lies on the axis of the table. The scale-reading of an index 
mark on the board is then taken. 

The board is next adjusted to the “second position ” in 
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which the axis of the table is a tangent line to the reflecting 
surface. А patch of lycopodium is placed on the surface and 
then a pointed piece of wood is held against the surface while 
the lathe-spindle is rotated, so as to remove all the lycopodium 
but a circular patch about a millimetre in diameter. Тһе 
board is then adjusted along the scale so that the central 
grains of the patch remain stationary when the table-top is 
turned about a mean position in which the axis of the lathe- 
spindle is parallel to that of the observing microscope. The 
scale-reading of the index mark is then taken. 

The difference between the two scale-readings gives the 
radius of curvature of the surface. Each of the two settings is 
easily made to т mm. with the apparatus described. 


II. Goniometer Method of Measuring Focal Lengths of Optical 
Systems. 


The goniometer (Fig. 3) designed by the author and Messrs. 
W. G. Pye & Co., of Cambridge, England, provides a means of 
measuring angles up to about 1 radian (about 14°). Тһе base 
is formed of a strip of wood furnished at one end with a spherical 


Fic. 3 (Registered Design, No. 526,858). 


pivot and at the other with а cross-bar carrying a scale. Angles 
are measured by means of a movable arm which turns at one 
end about the pivot, while the other erd moves over the scale 
on the cross-bar. The optical system consists of a lens fixed 
to the arm near the pivot and of a fine vertical wire attached 
to the other end of the arm and adjusted to be in the focal plane 
of the lens. 

The spherical pivot enters a conical hole turned out of a 


ÁO 
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block of brass attached to the arm. Тһе arm also carries two 
brass feet which rest upon the cross-bar. 

The scale on the cross-bar is divided into millimetres, and the 
ball is adjusted so that its centre is 40 cm. from the edge of the 
scale. The readings are taken by means of a fine wire passing 
across an opening in the arm. The scale is provided with an 
anti-parallax mirror. 

The lens attached to the movable arm is achromatic and has 
а focal length of about 35cm. The vertical wire is held in an 
adjustable frame attached to the arm, and the image of a dis- 
tant point will fall upon the wire, if the arm be properly directed. 
If a plane mirror be placed so that the lens lies between it and 
the wire, the image of the wire formed by two refractions 
through the lens and one reflection at the mirror may be made 
to coincide with the wire itself. 

The instrument may be used to measure the angle between 
two beams of parallel light. The arm is moved so as to bring 
each beam in turn to a focus on the wire; the angle turned 
аа by the arm is then equal to that between the two 

eams. 


Fra. 4. 


One of the uses of the goniometer is its application to measure 
the focal length of any coaxal system of lenses by а method 
depending upon the properties of the nodal points. 

In the diagram (Fig. 4) let F,P and F,Q be the two focal 
planes of the system, Н.К, and Н.К, the two principal planes, 
and N, and №, the two nodal points. Тһе lenses forming the 
optical system under test are not shown in the diagram. Let 
F,H,—/, and F,H,—/,; then f, and f, are the two focal 
lengths of the system. The nodal points are defined by the 
property that any incident ray QN,, whose direction passes 
through N,, gives rise to an emergent ray N,R whose direction 
passes through N, and is parallel to QN,. It сап be shown 
that N,F,—/, and that N,F,—/,. When the medium is the 
same at both ends of the system, the nodal points N,, N, 
coincide with the principal points H,, Н, and then /,—/,—/. 
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The point Q in the focal plane through F, will emit a pencil 
of rays which will give rise to an emergent beam of parallel 
rays, as indicated in the diagram. If the goniometer arm A 
be properly adjusted, this parallel beam is brought to a focus on 
the wire W by the lens L. Similarly, a point at F, gives rise 
to a parallel beam which may be brought to a focus at W by 
turning the arm through 0 radians, the angle between the two 
beams. But, by the property of the nodal points, the angle 
QN,F, is also equal to 0. But, if F,Q=h, we have, for small 
angles, 0—A/N,F,—A/f, and thus f,—A/0. Since we know 
0, fı can be calculated as soon as h is known. 

If а plane mirror be mounted on the goniometer arm, the 
image of Q may be made to coincide with Q itself by properly 
adjusting the arm. - 

The distance h or F,Q is measured by a glass scale placed 
with its divided face in the focal plane. Тһе adjustment is 
easily made if the scale be mounted on a sliding carriage similar 
to that shown in Fig. 5. 


Fic. 5 (Registered Design, No. 526,859). 


The goniometer method may be used for finding the focal 
length of a microscope objective if a micrometer scale, divided 
to ч; mm. and provided with an eye-piece, be substituted for 
the glass scale. When the microme’er is in adjus‘ment, the 
image of the goniometer wire will be sharply focused on the 
micrometer scale. Two readings are taken of the position 
of the image of the goniometer wire on the micrometer scale 
for two positions of the goniometer arm, and the focal length 
is calculated as before. 

The sliding carriage (Fig. 5) rests on a steel rod and a steel 
scale 30 cm. in length divided to millimetres, the rod and the 
scale being mounted parallel to each other on a base-board. 
The carriage has three projections on its lower side. In two 
of these a V groove is cut and these two V's rest upon the rod, 
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the remaining projection resting upon the scale. For many 
purposes it is convenient to fit a vertical rod to the carriage, 
as in Figs. 6 and 7, and to attach objects to the rod by the aid of 
suitable clamps. 


III. Revolving Table Method of Measuring Focal Lengths of 
Optical Systems. 


The revolving table shown in Figs. 6 and 7 has been designed 
by the author and Messrs. W. G. Pye & Co. for use in this 
methcd. The table-top turns, without side-shake, about a 
vertical steel rod carried by a tripod. The table carries a bar 
graduated in millimetres, which can be clamped in any posi- 
cion on the table by the screw seen in Figs. 6 and 7. A cranked 


Fic. 6 


rod can be secured by a set screw in a socket in the casting 
which supports the table-top. This rod, as shown in Fig. 7, is 
fitted with an adjustable clip, in which a scale can be held. 

A system of lenses may be arranged for use with the revolving 
table by attaching the system to a base-board with the optical 
axis parallel to one edge of the board; this edge, which 
must be straight, is kept in contact with the graduated bar and 
is provided with an index mark by which its position relative 
to the bar may be observed. 

In finding the focal length of a lens system, the first step is to 
make the axis of the system intersect the axis of revolution of 
the table. The system is placed on the table, its base-board 
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being in contact with the graduated bar. The axis of the 
system is then directed towards a distant object, whose image is 
received on a ground-glass screen, placed as in Fig. 6. If the 
table-top be now turned through a small angle, the image will 
in general move. After a few trials, a position of the system 
on the table will be found such that the image of the object does 
not move from a vertical line on the ground glass, when the 
table is turned through a small angle. The nodal point now 
lies in a plane containing the axis of revolution and perpendicu- 
lar to the direction of the distant object, but does not neces- 
sarily lie on the axis of revolution.* The table-top 1з turned 
end for end, and the system is moved on the table so as to 
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refocus the image оп the screen, which has not been moved. 
It will probably be found that, although the image does not 
move when the table-top is slightly turned, the image does not 
fall again upon the vertical line on the screen. The distance 
between the image and the vertical line is measured, and the 
graduated bar is moved at right angles to itself through half 
this distance, and is then clamped. The axis of the lens 


*The image of the distant object point lies on the straight line which 

в through the nodal point of emergence and is parallel to the straight 

ine joining the distant point to the nodal point of incidence. The image is, 

therefore, undisturbed only when the nodal point of emergence does not 
move at right angles to the two parallel lines. 
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system will then intersect the axis of the table when its base is 
in contact with the graduated bar. 

The system is readjusted so that the image of the distant 
point does not move when the table is turned, and the reading 
of the lens index on the graduated bar is recorded. The nodal 
point of emergence now lies on the axis of the table. The 
table-top is then turned end for end, a similar adjustment is 
made, and the new index reading is recorded. The difference 
between the readings gives the distance between the nodal 
points. 

The focal length is now measured. The system is adjusted, 
as above, so that a nodal point lies on the axis of revolution, 
and a pin is placed so that its tip coincides with the image of 
the object. The system is removed from the table, and the 
cranked rod carrying the scale is secured to the table-top as in 
Fig. 7, the rod and scale being so adjusted that the divided face 
of the scale intersects the axis of revolution. The table top is 
then turned so as to bring first one and then the other end of 
the scale into contact with the pin, and the two readings of the 
pin are taken. Half the difference of these readings gives the 
focal length. 

When the distances of the principal foci from the end sur- 
faces of the lens system are known, as well as the distance 
between those surfaces, a diagram can be made showing the 
positions of the nodal points and foci relative to the system. 

When а distant object is not available, а plane mirror may 
be used to form ап image of the pin coincident with the pin 
itself. 


IV. Determination of the Astigmatism and Curvature of Field 
of a Lens System. 


The apparatus is arranged for the investigation of the 
“defects ” of astigmatism and curvature of field when, as in 
landscape photography, the objects of which the lens is to 
form images are at infinite or very great distances from it. 

The lens A (Fig. 8), which is to be tested, is supported, with 
its axis horizontal, upon a stand. A ground-glass screen B 
is mounted on a sliding carriage C which moves on the track 
D, as in Fig. 5. А horizontal line divided to half centimetres 
is ruled on the ground glass. For convenience, the frame 
supporting the ground glass is clamped to a vertical rod rising 
from the carriage (see Figs. 6 and 7). To obtain a beam of 
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parallel light a collimator is used. A projection lens E, with 
its aperture diminished by a stop, is mounted with its axis 
horizontal on a board F. A pair of horizontal and vertical 
wires stretched across an opening in a metal plate intersect at 
G the focus of the lens E. The board is clamped to a vertical 
‘rod fixed to a sliding carriage which moves on the track H, and 
the axis of E is adjusted to the same height as that of A. A 
flame K illuminates the cross-wires. 

The two tracks and the stand supporting A rest on a table. 
The axis of A is parallel to, and the plane of the ground glass 18 
perpendicular to the direction of the track D. 

The collimator is first placed so that its axis approximately 
coincides with that of the lens system A. The carriage C is 
then adjusted so that the cross-wires are sharply focused on 
the ground-glass screen B, and the index reading of the carriage 
on the scale of the track is taken and also the reading of the 
image of the vertical wire upon the scale on the screen. The 
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collimator is then moved into an oblique position, as in Fig. 8, 
and the optical effect of the cross-wires on the screen 18 ех- 
amined. Unless the lens be free from astigmatism and curva- 
ture of field, there will be no clear image of both wires. It will, 
however, be possible to adjust the screen so as to obtain (1) a 
sharp image of the vertical wire, formed by primary focal lines, 
and (2) a sharp image of a part of the horizontal line, formed by 
secondary focal lines. The two readings of the carriage C will 
probably differ from each other and from the reading found 
when the collimator was in the symmetrical position. The 
observations are repeated for a number of positions of the 
collimator on either side of the symmetrical position, the obli- 
quity being increased as far as the mount of the lens А allows. 
The difference between the two readings for (1) and (2) for a 
given obliquity of the collimator is the astigmatic difference 


for that obliquity of the incident parallel beam. 
FF2 


Centimetres. 
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The track H is not necessary for the experiment, though it is 
convenient, since it allows the collimator to be readily adjusted 
so as to fill the lens A with light. 

Unless the lens A is well-corrected, it will be necessary to 
stop it down to obtain a sharp image of the vertical wire, when 
the obliquity is considerable. It will not always be possible to 
obtain a sharp image of the whole of the horizontal wire, though 
it will be possible to get a sharp image of any particular point 
on the wire by suitable adjustment of the screen. 

Two curves (1) and (2) are then plotted. In (1) the abscissa 


Centimetres, 
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is the reading of the image of the vertical wire upon the scale 
on the ground-glass screen. In (2) the abscissa is the reading 
of the sharply focused point of the image of the horizontal line 
on the scale on the ground-glass screen. In each case the 
ordinate is the reading of the carriage C. 

The diagram obtained in a test of a projection lens of 
21-7 cm. focal length is shown in Fig. 9. The two image sur- 
faces are slightly curved, but in opposite directions. The 
primary image surface, on which the image of the vertical wire 
comes to a focus, is concave towards the lens. 
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XLIX. Measurements and Notes on the Visibility of Point Sources 
of Ligh. By Cuirrorp С. Paterson and B. P. Duppinc, 
A.R.C.Sc. (From the National Physical Laboratory.) 


THE consideration and observation of point sources of light has 
generally been concerned either with 


(a) The observation of stars ; or 
(b) The observation of distant lights on land and on sea. 


The solution of problems connected with either of these fields 
of work has been the object of most of the investigations into 
this subject which the authors have been able to trace. 

In attempting to classify stars according to a scale of magni- 
tude astronomers have devised many and various forms of 
apparatus, but the work is not in any way, quantitative, one 
star being compared against and expressed in terms of another, 
and thus the results of their work are recorded in terms of an 
arbitrary standard of magnitude. 

Some accounts of the most recent work on this subject can 
be found in the records of ' The Astrophysical Journal,"* and 
a particularly full account of, and comparison between, German 
and American results has been given by Prof. Pickering. 

The observation of signal lights at sea has for many years 
played an important part in the safe navigation of ships, and 
the appreciation of distant lights in connection with railway 
work is а matter of great importance. The laws governing 
the degree of appreciation of these lights by the human eye 
have been the subject of several researches. In the laboratory 
small illuminated apertures have been used by most observers 
both in experiments on the visibility of lights as distinct from 
their colour, and in experiments devised to test the eve for 
colour vision. But, although so much qualitative work has 
been done, the authors have been unable to find any reference 
to work where absolute measurements have been made, in 
terms of a reproducible standard, of the visibility of a point 
source of light. From the time of Helmholtz many workers 
on the Continent have been interested in the visibilitv of periodic 
lights, and have experimented with à view to determining to 


+ Vols, II., IV., XIII. and XXXI. 
T Part IL, Vol. XIV., “ Harvard College Observatory Annual." 
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what extent the visibility depends on the time of duration of 
such a periodic light. Some of the more complete investigations 
are those of Broca and Sulzer,* and since the completion of the 
authors’ experiments a Paper has been published by MM. 
Blondel and Reyf in which is discussed the appreciation by the 
eye of hghts of short duration. 

This work is outside the scope of the present Paper, and deals 
with a totally different problem, but it is interesting to note 
that in this Paper reference is made to the limit of visibility or 
perception which is given as one-tenth candle at one kilometre 
distance for a dark night in the open, or 0:5 to 0:6 of this for 
observation in a laboratory where all stray light is excluded. 

This agrees approximately with the figures obtained by the 
authors, but it is, of course, a variable quantity depending on 
the acuity of the eye of the observer. 

-А short account is given by MM. André Broca and Polack; 
of some experiments made on illuminated pinholes, with а 
specially construcfed apparatus, with a view to determine how 
different coloured signal lights might be distinguished, even 
though so faint as to make it impossible to distinguish the 
colour. "Their figures do not enable the value of limiting visi- 
bilities of the various coloured signals to be computed, but the 
generalisations given in this Paper have been supported by 
the authors' experiments, and will be further emphasised 
later. 

The Deutsche Seewarte carried out experiments with a view 
to finding out the minimum candle-power for ships’ signal 
lights, and their report was issued in 1894. Their units for 
green and red light were a Hefner candle with a green and red 
glass placed respectively in front of it. No data are given as 
to the percentage transmission of these glasses, and, therefore, 
it has been impossible to compare the results with those of the 
present authors. It may be deduced from a formula given in 
the report that for very clear weather 2-1 Hefner candles 
(white) are required for visibility at 2 sea miles, and 13-1 
Hefner candles for 5 sea miles. 

The suitability of a light for signal purposes can, of course, 
always be tested by the direct method of setting up the light 
in the desired position, and ascertaining if it is sufficiently 


* Journal de Physiologie et de Pathologie Générale," No. 4, Juillet, 1902. 

+ Sur la perception des lumières breves a la limite de leur portée, “ Journal 
de Physique," Juillet et Aofit, 1911. 

1 "Comptes Rendus,” Nov. 11, 1907. 
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visible at the range of distance for which it is designed. This 
is the method which has usually been employed to fix a standard 
of reference, but for the proper comparison of different lights 
some more universal method is wanted. 

The property of light spoken of as its “ visibility ” needs to 
be defined in terms of some definite unit, and it should be 
possible to measure it by comparison with a standard whose 
value in terms of such unit is known. It has been the object 
of this work to ascertain if such a unit is generally applicable, 
and to construct an apparatus by means of which measure- 
ments of the visibility of point sources of light in terms of this 
unit can be made. 

Definition of Point Source.—For the purpose of this Paper a 
point source of light is taken as one whose linear dimensions 
subtend an angle at the eye less than the resolving power of the 
eye, 1.е., about 30 seconds of arc for a mean wave-length 0-5 х 
10-3 mm. and pupilar aperture 4-5 mm. 

The most obvious step in commencing the work was to pro- 
duce point sources of light whose candle-power could be 
measured and yet be small enough to be used over the range 
of the ordinary laboratory dark room, t.e., from 2 to 10 metres. 

The pinholes were constructed having diameters varying 
from 0-01 mm. to 0.20 mm. They were pierced in circular 
brass plates about 2 cm. diameter and 2 mm. thick. The plate 
was first deeply countersunk on one side and then rubbed 
down on the other, until the metal at the base of the counter- 
sink was very thin. This thin metal was finally pierced by 
means of needles ground under the microscope, the piercing 
being also done under the microscope. 

These pinholes were mounted in front of a flame so as to be 
fully illuminated. А very satisfactory flame was found in that 
given by a lamp sold by the Vacuum Oil Company burning a 
wax known as “ Vaclite." This lamp will give a steady con- 
stant light for several hours without any tendency to smoke, 
and the wick chars very little. 

The candle-power per square millimetre of the white portion 
of the standard flame used was obtained by measuring the 
candle-power of several small areas of the flame, the smallest 
of which was 13-5 sq. mm. area. From these measurements 
it was found that the candle-power per square millimetre of 
the flame was 6.6х 10-3. 

In the earliest experiments the pinholes were mounted on a 
metal plate placed in front of the lamp and held in place by 
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spring clips. This enabled changes of pinhole to be rapidly 
made. The pinholes were viewed direct, no optical arrange- 
ments being used. Later, a visibility photometer was con- 
structed for use with one eye. The principle was the same as 
a later binocular photometer, although the latter is improved 
in technical details. The photometer for use with one eye was 
discarded in favour of the binocular, because the method of 
employment of the latter more nearly approached the ordinary 
method of viewing distant lights. 

A photograph of the binocular visibility photometer is shown 
in Fig. 1; and Fig. 2 is a sketch of the general arrangements of 
the photometer. The instrument consists of a brass tube, A, 
about 2 metres long, at one end of which are placed absorption 
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wedges, В, and the pinhole, this latter being held on the wedges 
by spring clips. The pinhole is illuminated by the standard 
vaclite lamp, C, which is contained in a box arranged with 
suitable ventilation. The object of the box is to enable the 
instrument to be used in the open without the wind causing 
the flame to flicker. At the end of the tube are placed two 
adjustable mirrors. In one, D, is seen the image of the standard 
point source, and the other, E, can be arranged to bring the 
image of the distant source into the same field of vision. To 
enable the observer accurately to centre his eyes, the tubes, F, 
are capable of a sidewav adjustment to suit the distance be- 
tween the eyes of the observer and of sufficient diameter to 
enable a full pencil of light to enter the eye. 

At G is placed a small metallic filament lamp suitably 
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screened, by which the field surrounding the standard point 
can be slightly illuminated. This was found necessary for 
outdoor work and is dealt with later. 

The visibility of the standards is varied by sliding the wedges 
relatively to each other. The motion is given to the wedges 
by means of the rod H and bevel wheels. 

In using the apparatus the points of light were viewed in the 
mirrors, these being arranged so that the images of the sources 
were separated by a small angular distance. The observer has 
to look at one point and carry in his mind the memory of it 
whilst looking at the other. This procedure was necessary 
because of the considerable brightening of a point source when 
it is seen obliquely, and, that is to say, when its image does not 
fall on the centre of the fovea centralis. This effect becomes 
even more marked when the colours are different ; in fact, it 
was found to be impossible to work with the points close to- 
gether, so that they were viewed at the same time. 

Having arranged the mirrors so that an image of each source 
can be seen, the standard source is varied by means of the 
wedges until it matches the distant source for visibility. 

Before passing on to enumerate the experiments, it may be 
mentioned that in all the work hereafter described two point 
sources of light are matched for visibility. This is most easily 
done by imagining the points, while matching them, to be 
distant lights on the horizon. It is found that different ob- 
servers, provided their vision is normal, will agree within close 
limits as to when lights are equally visible, even though the 
colours are quite different. 

The match made here is purely a physiological one, and when 
of different colours depends partly, but not entirelv, on the 
luminosity curve* for the eye of the observer. 

The principal laws which will first be demonstrated are :— 


I.—That the visibility of a point source of light is indepen- 
dent of its intrinsic brightness and is proportional to its total 
candle-power. 

П.--Тһа the visibility of a given source varies inversely аз 
the square of its distance from the eye of the observer. 


L—Effect of Intrinsic Brightness. 


Experiment 1.—The smallest illuminated pinhole was set up 
at about 2 metres from the eye, and others of different size: in 


* Sir W. de W. Abney: “ Phil. Trans," A., 193. (1900.) 
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turn were set up at the same distance from the eye, but with 
an adjustable sector disc inserted in the path of the beam. 

The sector opening was adjusted in each case till the visibility 
of the larger pinhole matched the smaller. The pinholes in 
this experiment subtended an angle of less than 10 seconds of 
arc, 1.е., below the resolving power of the eye. They were at 
the same distance from the eye, so that the measurements were 
not complicated by differences of accommodation. In this 
way а pinhole of large candle-power has its brightness reduced 
until it matches the smaller, whose brightness remains constant. 
The following tables show the results obtained, and it 1з seen 
that when the candle-powers of the two holes are equal they 
are also equally visible, their distances from the eye being 
equal. 


TABLE I. 


A pinhole for comparison purposes was set up at 2 metres distance. It 
had а candle-power— 5-9 х 10-6. 


| “Р Еттог. 
. Angle of disc! Intrinsic : 
Pinhole openiorequal brightness | Pauivalent, | fomentar 
visibility (original > | 
candle power as reference | brightness of dimmed candle- power 
x 10-6. int -2150) pinhole. from the 
pose у reference source, 
162 x 10-6 13-5 | 0-037 6-1,x 10 8 ° 435 
84-5 х 10:6 25-5 0-07, 6-0 x 10-8 +15 
38-х 10:5 58-5 0-16, 6-2 x 10-6 + 5-0 
22-4 x 10-6 90-, 0-25 5-7 x10-* — 3s 
12-, x 10-6 168-5 0:47 5-7 x 10-6 — 3's 
TABLE ПІ. 


Smaller pinhole used ав comparison source candle-power= 3:6 x 10-6. 


| | | m | Error. 


Angle of disc} Intrinsic i 
Pinhole openforequal| brightness Equivalent Percentage 


normal eran ЕР an candle-power | difference in 
visibilit original Be 
candle power Anz relire cA = Шан of dimmed | candle-power 
х 10-6. | point = 1-0) pinhole. from the 
! | Е ‘reference северне 
162 х 10-8 7-5 0-021 34 х 10-6 — 5: | 
84-5 х 10-6 14-5 0-04 3-: х10-6 — 5: 4 
38-х 10-6 | 33, 0-09, 34 x10-* —24 | 
22-, X 10-5 57. 0-15, 34 х 10-6 0 
12:,x 10:5 А 108: 0-3 3-65 x 10-6 +, 


Тһе last columns in the tables indicate the order of agree- 
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ment between the adjusted candle-power and the candle-power 
of the point of reference. 


Wedges.—The sector disc, although giving the most absolute 
method of dimming down the intensity of the light without 
changing its character, is not suitable where a wide range of 
variation is desired, and in order to exceed the range over which 
the last experiment was conducted, the sector disc was replaced 
by absorption wedges. Тһе wedges used were those belonging 
to a Féry pyrometer, and although slightly selective, the selec- 
tivity has not been found in any way to influence the accuracy 
ofthe work. These wedges slide relatively to one another and 
are fitted with a scale of position. 

The wedges were calibrated by using them in the path of a 
beam of light from an arc, the candle-power of the beam being 
measured. Тһе measurements were made on an ordinary 
photometer bench, using a Lummer- Brodhun photometer head, 
The wedges were removed from time to time and the candle- 
power of the incident beam measured. Іп this way a curve of 
transmission for the wedges was obtained, connecting the 
relative position of the wedges to one another, and the per- 
centage transmission of the light. 


Experiment.—To prove the validity of substituting the cali- 
brated wedges in the place of the sector disc, as a means of 
reducing the intrinsic brightness of the sources of light. 

Illuminated pinholes of diameters varying from 0-03 mm. to 
1-00 mm. were set up one after another behind the wedges in 
the standard apparatus. They were adjusted by means of the 
absorption wedges until they matched a comparison source for 
visibility in the manner described earlier. Тһе results are 
shown in the following tables :— 


TABLE III. 
Reference source candle- power= 4-1 x 10-6. 

|  Pinhole | | Error. 
Area in  |candle-power| Wedge Equivalent Percentage | 
sq. mm. x 10-% transmission | candle-power | differencefrom | 

of pinhole. | (for normal | percentage. 1025, {һе геѓегепсе 

| brightness). source. 
0-78; 4320 0-09, 4-1 0 
0-18, 1040 0-44 4-45 T8, 
0-029; 162 2-6 4-2 —2-5 
0:015, 84:5 4-4 3-7 — 9:, 
0:2069; | 38:, 10: 4 3:9; — 3:; 
0:00345  . 18-, 23°, 4-4 + 7-5 
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TABLE ІҮ. 
Reference source= 1:3; x 10 5 сапе-роуег. 

ШЕ | Pinhole | ! | Error. 
Area in .candle-power' Wedge Equivalent | Percentage 
sq. mnm. |  X10-6 transmission candle-power difference from ; 

of pinhole. | (for normal | percentage. x 10-5. the reference 
| brightness). | | source. 

алқ тарақан ыр чалгаа ИКОНЫ a налыы е. 
0-785 | 4320 | 0-032; 1:4, +35 | 
0-18› | 1040 | 0-13; 1:4, + 3-5 
0-029 | 162 0-7; 1-2, —8% 

0:015, | 845 — l5, 1-9; --4% 

| 0.00695 38-; | 3-6, 1:3; +2: 

0.00345 | 18, Oe 1:2, “йч | 


Column 3 gives a measure of the intrinsic brightness of the 
source, the original brightness being represented by 100-0. 

In the above test it is interesting to note that the largest 
pinhole subtended an angle of about 2 min., and was therefore 
greater than the generally accepted limit of the resolving power 
of the eye. But, in spite of this, it appears that no marked 


Ев, 3. 


change is seen in the law connecting intrinsic brightness and 
visibility, although the area of one spot was 3,075 times the 
other. Lord Rayleigh* has shown that for areas subtending 
considerable angles this law does not hold. The correspond- 
ing areas of the largest pinhole and the reference pinhole in 
Table IV. are shown to scale іп Fig. 3. These had equal 
candle-power when appearing equally visible. 

The object of giving the two tables is to illustrate the im- 
proved accuracy obtained by using rather a faint reference 
point. 

The above experiments show conclusively that for sources 
subtending angles up to two minutes of arc, the intrinsic 


* Collected Papers. 
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 brilianey of the source does not affect its visibility, the 
total candle-power being the only factor to be considered. 

Further experiments were devised and carried out which 
confirmed the previous results. Lenses were used in the path 
of the beam from one point, about midway between the eye 
and the point of light. Ву this means the intrinsic brightness 
of this point was kept constant, but the apparent size of the 
point changed by changing the lenses. Matches made with 
the standard in the photometer showed that agreement to the 
order of the previous work was obtained between the theo- 
retical visibility, calculated on the assumptions previously 
outlined, and the measured visibility. 


П.—ТлАе Inverse Square Law. 


Experiment 1.—One pinhole was веб up at about 3 metres 
from the eye and used as a point of reference. Тһе other pin- 
holes in turn were mounted on a travelling carriage and taken 
to distances up to 20 metres, so as to be equally visible as the 
point of reference. 

Standard of reference—2-5 х 107? candle-power at 2:9, metres. 


Е 2-5, . | 
Visibility assumed ос 2-9. p 665 % 0-287. 
(2:9;) 
ССТ | Error. 
Pinhole candle- Distance | аи т | Percentage 
power x 10-5. in metres (d). | vivibilit x 1/ d?) , difference between 
| | i “column 3 & 0-287. | 
1-2, 2-1, | 0-274 | --4% 
6-35 4-7; | 0-282 —2«4 
16-, 7-46 0-291 + 1-5 
80 юз | 0282 tas 
% . .26: —8:4 
52, 13-2; | 0-297 3 
112-, 20-, 0-270) — 6, 


The agreement of the values in column 3 with that of the 
comparison source, viz., 0-287, is to be noted. 


Experiment 2.—Greater distances were not obtainable in 
the laboratory dark room, so that the investigation was con- 
tinued at night in the 550 ft. gangway of the Ship Tank at the 
National Physical Laboratory. Here the investigation was 
more complete, and was carried out for red and green as well 
as white lights. The method of procedure was slightly changed 
when working on longer ranges. 
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A pinhole was set up аз standard with the wedges placed іп 
the beam from it, this giving a means of adjusting the visibility 
of the standard. Another pinhole was placed at various known 
distances and the standard source varied until it matched the 
distant point for visibility. The visibility of the distant point 
could then be measured in terms of the size of the standard, 
and the calibration of the absorption wedges. 

It is slightly more difficult to match lights of different colours 
for visibility than lights of the same colour, the principal reason 
for this being the unequal behaviour of lights of different colour 
with regard to oblique vision. The authors found the same 
effects as those mentioned by Broca and Polack (‘‘ Comptes 
Rendus,” ref. cit.). A green point viewed slightly obliquely 
appears to have an intensity of four or five times that by direct 
vision and a white point about twice. The green loses its 
characteristic colour and each point becomes less well defined. 
A red point becomes much less visible when viewed obliquely, 
and its colour is also indistinguishable when the light is near 
the vanishing point. 

With regard, therefore, to matching green and white lights 
for visibility, the unequal brightening seen when looking from 
one point to another bothers the observer considerably and his 
settings become more erratic. It is for this reason that the 
authors kept the points always at a considerable angular dis- 
tance from each other, but this does not entirely avoid the 
above effect. The red is troublesome for a different reason. 
Very few people seem to see a red point source as a point unless 
it is very dull, the image always spreading out somewhat, and 
appearing to have dimensions, causing the matching of white 
and red points to be more difficult than matching two spots of 
the same colour. 

As previously mentioned, the authors tried viewing the two 
points to be matched simultaneously, but finally gave it up as 
being less accurate than the method of viewing each point 
separately, and carrying the memory of its visibility when 
looking at the other. 

A method sometimes used was to shut out the point under 
observation by means of a screen before looking away from it, 
and to unscreen the other while the eye is focused on the place 
where it will appear, thus avoiding any oblique sight of the 
points. When working over these long ranges it was necessary 
to change the size of the pinhole from time to time, owing to the 
great difficulty of making efficient matches with very bright 


ON THE VISIBILITY OF POINT SOURCES. 389 


points, and also to ensure keeping below the limit of the re- 
solving power of the eye. Wh2n changes were made, two 
readings at that station were taken, one with the larger pinhole 
which served for greater distances, and one with a much smaller 
pinhole which was to serve for the shorter distances. In 
general, the visibility at а change like this would be reduced or 
increased three to eight times, but the readings obtained always 
checked off within the errors of the experiments. This, of 
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(This indicates the close agreement with the inverse square law.) 


course, should follow in view of the proof that visibility is pro- 
portional to the candle-power alone. 

The results of the tests are shown in Tables V., VI. and VII., 
where the visibility obtained by assuming the inverse square 
law 1s shown in column three and the percentage error in the 
last column. These results are also plotted in Figs. 4, 5 and 6; 
but in order to show the results effectually, the candle-power of 
each pinhole is multiplied up to equal the value of candle-power 
of the largest hole, and its visibility at the various ranges at 
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Log of Visibility. 


t-20 тоо 200 
Log of Distance. 
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Fic. 5.—CuRVE SHOWING THE VARIATION OF VISIBILITY WITH DISTANCE 
(GREEN Ілант). 


Log of Visibility, 


Log of Distance. 


Fic. 6.—CURVE SHOWING THE VARIATION OF VISIBILITY WITH DisTANCE 
(RED Ілснт). 
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TABLE V. 
White light as distant sources ; white light standard. 


—> — — €—————— Á——MÀÀ ———————————————— <- 


| Visibility ia 


| terms of 1029) E 

Distance Measured | candle-power € 

NU: uo PK in metres | visibility in | at] шийше. | j eea 
ort 9 е (арргох!- | terms of | Calculated ваай 
" mately). (һе standard. assuming nu 

| | inverse 4 

| | square law. | 

Be ; dd | N 0-120 uU 
101-5 | 15, | 0-41, 1 — 6; 
101-5 24-, | 0-18 | + 5- 
1040 24-, 1-8, | + 3+ 
1040 30: 5 ГІ, -- 4% 
1010 45-5 0:51; + 1 
1040 60-9 0-27 — 35 
1040 | 76-; 0-18, + 4, 
4320 | 76-2 0-76; + 3% 
4320 91 0-60 4-15; 
4320 122% 0-31; + 7% 
4320 152-4 0-19, + 65 


TABLE VI. 
Green light distant source; white light standard. 


| Visibility in 
| terms of 10-6 


i Error. 
| Distance Measured | candle-power j 
FADE in metres | visibility in | at 1 metre. erai E 
а. ht.* (approxi- terms of Calculated ORE 
‘ Sn mately). |е standard. assuming а ААА 
inverse РЕР 
square law. 
8-1 0-91 0-8, +45 
8-1 0-22; 0-22 +2: 
51:, 1:3, 1:4, — 3-7 
51-- 0-6, 0-61, жай” 
51% 0:11; 0-11, --4; 
216 0-45 0-47, —5-, 
216 0-2, 0-23 0 
581 0-58, 0-62, айы | 
581 0:28, 0-25, +2-% | 
581 0-16 0:15; 4-24 
1215 0-36 0-33 | +9% 
1215 0-20, 0-21 --2% 
1215 0-15; 0-14, + 6-5 | 
3725 0-44. 0-445 0 | 
3725 0-24. 0-25 —2:, 
3725 0-16, 0-16 T25 


Re * The method of obtaining the percentage of light transmitted by a 
coloured glass is described later. 
VOL. XXIV. GG 
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TABLE VII. 
Red light distant source; white > light standard standard. 
| Visibility | | Error. 
(Сап е-роугег е visibility in ‚ calculated іп | Percentage 
-6 -6 ' Е 
х 10 А (approxi- terms ol пе | terms of 10-5 ` between 
Redlight.* | Пе ) atandard candle-power column; 
| У’. |o t at ] metre. " 3 and 4. 
125 91; | 154 P T БЕРІ | 
195 15-2, | 044, — 0-54 | +10 | 
125 21.3 0.26 | 0-27, — 4, | 
519 | 30-5 0-54 0-56 -3% | 
519 45-7 026 | 0-25 +4 
519 60, — : 0-14, 0:14 +3% 
285.60, | 0-76 0-78, — 3-0 | 
2915 76-, | 0-48, 0-50 —3% | 
2915 914 0-33 | 0-35 —5°, | 
2915 | 122, 0-19, 0-20 —4. | 
2915 | 1923 0-12, | 0-12. 21 


which it was observed is multiplied іп the same ratio. The log 
of this derived visibility is plotted against the log of the distance. 
The line drawn indicates the close agreement to the inverse 
square law. 

The slight variation from the square law in the case of the 
white light (Fig. 4) is probably due merely to errors of experi- 
ment and, in virtue of the results in Figs. 5 and 6, must not be 
given weight. 


Experiment 3.—The result obtained in the last experiment 
has been confirmed by tests extending over a mile. Two 
small electric lamps, one a carbon filament and the other a 
tungsten, calibrated for candle-power and current, were set up 
at various distances and their visibility measured by means of 
the visibility photometer. 


The following table gives the values obtained, using the 
carbon-filament lamp :— 


. Calculated | 
Candle-power| Distance visibility Measured | Error. 
of lamp. in metres. | on inverse visibility. | Percentage 
square law. | 
———————— нана ыы ы шыш | 
0-18 483 0-7; 0-8, | +5 
0-18 644 0-4, 0-41; —4 
| 0-69 1098 0-5; 0-5: 0 
0-69 1610 0-26 0-24 --1:; 


—— 


* The method of obtaining the percentage of light transmitted by a 
coloured glass is described later. 
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The following table gives the values obtained, using a 
metallic-filament lamp :— 


| | Calculated 

Candle-power Distance visibility Measured Error. 

' of lamp. in metres. | on inverse visibility. Percentage. 

| square law. 

| 0-18, 483 0:7, 0-7, | —5 

| 0-18; 644 0-4, 0-4 | +4; 

| 0-7, 1093 0-57, 0-5, -- 
07, | 1600 0-27 0-2; mE 


These readings were obtained on dark, clear nights in April, 
with the moon behind dense clovds. | 

The experiments 1 to 3 under this section confirm what 
would be expected from theory : that the visibility of а point 
source of light falls off proportionally to the inverse square of 
its distance from the eye of the observer. Incidentally, it 
should be observed that Experiment 3 shows that at least, 
up to ranges of 1 mile, atmospheric absorption is not appre- 
ciable on a night which would ordinarily be called clear and 
dark. Similar results were obtained on a l-mile range for 
green and red lights. Тһе two different types of lamp were 
used, in order to see if the light which had the preponderance of 
short wave-lengths was more absorbed than the redder light. 
Under the conditions of the experiment the measurements do 
not indicate any such difference. Several attempts have been 
made to work on longer ranges, but up to the present have been 
unsuccessful, due, among other reasons, to the prevalence of 
varying local mists. 

Having established the fundamental theorems that the 
visibility of a point source is proportional to: (1) the total 
candle-power of the source, and is independent of intrinsic 
brightness; (2) the inverse square of the distance; it was 
possible to choose а suitable unit in terms of which visibility 
could be expressed. 

The unit decided upon as being of а convenient order of 
magnitude was one-millionth of а candle of 1 metre distance. 
Thus the visibility of a point of 1 candle-power at 1 kilometre, 
neglecting absorption, would be equal to this unit, and would, 
by the eye, be considered equally visible. It is not suggested 
that a point whose visibility is equal to 2 is twice as bright to 
the eye as one of visibility equal to 1; but the former could 
have its candle-power halved or its distance increased 4/2 and 
be made equally visible. 

ас?2 
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Effect of Slight Illumination of the Field of Viseon.—When 
observing in the open, the field of view on which the distant 
source 13 seen 18 rarely as black as that of the standard source, 
and thus in relation to the standard its visibility is diminished. 
In order to eliminate this disturbing factor, it was found neces- 
sary to prcduce equality of illumination of the two fields of 
vision. This was achieved by illuminating the background 
surrounding the standard source by means of a high efficiency 
electric lamp, fitted into the photometer and suitably screened. 
The effect. of observing a point of light against a faintly illu- 
minated background was more fully investigated bv arranging 
a point of light in the centre of a white screen, which could be 
illuminated to the same degree as the field of vision in the open. 

À very bright moonlight night, atmosphere clear, gave a field 


(%) 


ЗА ithe f 


Шоппіə ation in , 4 the Metre Candles. 


Fig, 7.— CURVES SHOWING THE Loss оғ VISIBILITY OF a POINT SOURCE 
оғ LIGHT WHEN OBSERVED ON A SLIGHTLY [ILLUMINATED BACKGROUND. 


in the photometer whose illumination was equal to тобо of 
a metre candle. Slight mist increased the value of the 
illumination considerably, a value of 100 of a metre 
candle having been recorded. Various pinholes were measured 
in this way for visibility, when viewed in a black field and in 
fields of different illuminations. 

Red and green lights were also observed, the results being 
plotted in Fig. 7. The fact that the visibility appears to reach 
a constant value is rather unexpected, for undoubtedly, when 
working at а field illumination equal to 1 metre candle the 
point becomes nearly invisible. Тһе above diagram, therefore, 
must only be considered as applying to very faint illuminations. 

The dimming in each case was about 10 per cent., the green 
appearing slightly dimmer and the red brighter than the white 
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source, when the field had an illumination equal to тосу metre 
candle. This may be considered about an average value for 
practical observation of lights on clear nights. 


Coloured Glasses used in Signal Lanterns.—In connection 
with signal lights, in which coloured glass screens are placed 
before a white flame, it is often required to determine by how 
much the visibility of a point source is reduced by placing a 
coloured glass screen in front of it. As the visibility of a point 
source varies directly as the candle-power, this is equivalent to 
finding the percentage of total light transmitted by the 
coloured screen. This measurement сап be very conveniently 
and comparatively easily made by means of the visibility photo- 
meter. The visibility of à white point source is measured ; the 
coloured screen is then placed before the white source and the 
reduced visibility measured by the apparatus as previously 
described. Some green glasses used for signal purposes have 
been found to transmit only 5 per cent. of the light, whilst 
others transmit as much as 15 per cent. 

The results obtained by different observers are in close agree- 
ment so long as they have normal vision, and the figures ob- 
tained may be taken as representing the fraction of the light 
transmitted through the coloured glass, as appreciated by an 
average eye when observing а point source. Cases of defective 
vision are discussed later. The application of the laboratory 
tests to predict the visibility of lights in the open over long 
ranges has been generally confirmed by such tests as the fol- 
lowing made by different observers. 

À visibility which was considered as low as could be regarded 
as satisfactory for practical purposes was fixed in the laboratory 
in terms of a white point source of known visibility. А green 
light was then set up in the open, and observers, moving away 
from the lamp, judged when it could be regarded as equally 
visible. The candle-power of the lamp without its green glass 
Screen was measured simultaneously by means of a portable 
photometer. 

Caleulating the visibility of this light from the value of the 
transmission of the green glass determined in the manner 
described, 1% was found to agree within narrow limits with the 
visibility previously determined in the laboratory. Тһе visi- 
bility thus found as the lowest which was considered desirable 
for practical purposes was 0-12x 105 candle-power at 1 metre 
distance. Using this figure, the candle-power of white light 
necessary for visibility at any range can be calculated, and by 
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determining the transmission of а glass in the way described 
earlier, the required candle-power of the light behind the glass 
can be also calculated for visibility at any range. 

It is interesting to note that the authors’ results agree fairly 
closely with those calculated from the report of the Deutsche 
Seewarte of 1894 (ref. cit.) :— 


7 Candle- power Candle- power of 
| (British) of white white light (British 
Range ‚ light required in clear | units) calculated from 
| alr (from report of results of the 
| Deutsche Seewarte). нанар experimen authors’ experiments.* | 
1 sea-mile= 1,855 ` | 
metres approximately : 0-47 0-41 
2 sea-miles—3,710 : 
metres approximately | 1:9, | 1-6, 
5 sea-miles= 9,275 | 
| _metres approximately : lles O ВИ. EE | 


Effect of Using nM т the Observation of Point Sources. 


In the course of the work previously described, unexpected 
results were obtained when observations were made by people 
using spectacles. The anomalous results usually occurred 
when making visibility measurements of green point sources. 

Experiments were undertaken with a view to determine the 
cause of such resulta, but they are not in any way exhaustive. 
The Paper contains descriptions of the experimentst together 
with diagrams showing the results and also what appears to be 
an explanation of the phenomena. These are summarised as 
follows :— 

(a) Experiments showing change in the visibility of a point 
source when viewed through lenses used as spectacles. 

For distances greater than 3 metres, positive lenses produced 
a marked loss of visibility amounting to 60 per cent. in the case 
of a 1 diopter lens. Тһе negative lenses for these same dis- 
tances of observation produced much less dimming ; and in the 
case of а green point source a lens of 1 diopter (negative) 
produces a brightening of about 20 per cent. 

When used to view а point at distances less than 2 metres, 
the effects of negative and positive lenses become more nearly 
equal. These experiments give weight to the supposition that 


* No allowance has been made in column 3 for atmospheric absorp- 
tion, a factor which probably comes in on the 5-mile range, even in very clear 
weather. 

+ For complete account of this section of the Paper, sec “ Proc." of Optical 
Convention, &c. 
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the dimming is due to the image not being focused on the retina, 
owing to the eye reaching the limit of its accommodation in a 
negative direction. This was not, however, supported by the 
appearance of the points of light. They seemed quite well 
defined, even when viewed through a relatively powerful lens. 
It was subsequently found, however, that the dimming was 
actually due to the spreading of the light, owing to want of 
focus, but that with the faint sources employed, the diffused 
light was not apparent. The above conclusion was arrived at 
as the result of the following :— 

(b) Spherical aberration. 

In order to investigate the effect of spherical aberration an 
experiment is described in which the aperture of the eye was 
reduced by means of stops varying from 2 mm. to 5 mm. in 
diameter, but although slightly less dimming occurred for the 
2 mm. aperture than for that of 5 mm., yet in both cases the 
loss of visibility was about 50 per cent. when using a positive 
1 diopter lens. The experiment showed a somewhat im- 
proved definition of the image of the point when viewed through 
a smaller stop, but it had very little effect in lessening the 
relative loss of visibility of the green light when viewed through 
а positive lens. 

(c) Chromatic aberration. 

Further experiments were made in which the relative dim- 
ming of green and red point sources was investigated. The 
diagrams show how greatly the green light is dimmed, relatively 
to the red light, when viewed through any positive lens, and 
indicate conclusively that the chromatic aberration of the eye is 
mainlv responsible for the apparent relative dimming of the 
green hight. It therefore follows that unless the observer using 
positive spectacles has sufficient negative accommodation 
available to properly focus a green light at infinity, the latter 
will appear to him dimmed in proportion to the amount the 
image is out of focus. This difficulty is not so likely to occur 
with red light, since objects of this colour do not require so 
much accommodation in the negative direction to focus them 
on the retina. The authors do not suggest that the notes they 
publish are in апу way exhaustive. The portions of the sub- 
ject investigated are merely those which were immediately 
concerned with the visibility of steady signal lights at sea. 

In conclusion the authors desire to express their acknow- 
ledgments to Dr. Glazebrook, director of the National Physical 
Laboratory. 
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DISCUSSION. 


Dr. SCHUSTER, in opening the discussion, remarked that the subject was 
one of considerable practical im portance, and the authors seemed to have gone 
into the question of visibility with great thoroughness. 

Dr. W. КозЕхнатх considered that the point of most interest іп the Paper 
was the fact that the author: had found that visibility depended only on 
candle-power and not on intrinsic brightness. Тһе French lighthouse 
engineers had always held the reverse to be the case, but there seemed no 
gainsaying the authors’ results, and he thought that some designers would 
have to modify their present theories. 

Mr. CHALMERS disagreed with Dr. Rosenhain in his view, and thought that 
there was nothing in the Paper which entailed a modification of present ideas 
connected with lighthouse design. Тһе Paper did not deal with the use of 
lens and prism systems. 

Dr. Козехнліх differed. Quite apart from the question of relation 
between the size of the source and the lens system in a lighthouse, the French 
designers had always kept the whole lens system relatively small, on the 
assumption that for the same candle- power the more concentrated the source, 
the greater would be the visibility. 

Mr. RAYNER remarked that Mr. Paterson had shown what a difference 
there was in looking at a small hole (3 mm. in diameter at 3 M.) illuminated 
by a flame in а dark room, according as a green or a red glass was placed over 
the hole. In the case of a red glass it appeared sharp and round, but in the 
case of the green one the hole appeared to be surrounded by brilliant green 
rays, no doubt produced by some imperfection in the eye. 

А further investigation of this phenomenon, in order to seo what part of 
the spectrum gave the effect most strongly in various individuals, would be 
of interest ; and it might be found that by using a coloured screen to reduce 
the intensity of the rays producing the effect most strongly, a distinct gain 
might result when the finest detinition in a telescope or microscope was 
required. Such а screen might be of considerable assistance in studying 
lunar detail or in bacteriology. 

Mr. TROTTER raised the question of what happened when an image of a 
point of light fell between a rod and a cone on the retina. 

Dr. JOHN MILNE referred to the fatigue of different parts of the retina and 
to oblique vision. 

Dr. 5. P. Тномрѕох mentioned that in their account of the Paper the 
authors had not touched on the question of oblique vision, which greatly 
intensified the visibility of most point sources of light. Тһе question of rods 
and cones and that of oblique vision had been considered some years ago 
when the N-rays were discussed. Тһе effects were probably due to indirect 
vision or fatigue effects. 

Dr. R. S. CLAY stated that better seeing resulted from oblique vision when 
the illumination was faint. He did not quite understand Mr. Paterson's 
remarks on astigmatism and the use of spectacles, and whether an observer 
actually saw less when he used his spectacles. Не asked whether any results 
were obtained on misty nighta. 

Dr. С. Е. К. Mees asked what precautions were taken to rest the eye; 
five or 10 minutes of rest were not nearly sufficient, he had sometimes nceded 
more than an hour. It depended upon the colour, and the recovery of the 
eye sensitiveness for red was much quicker than for green. 

Mr. PATERSON, in reply to Dr. Rosenhain and Mr. Chalmers, stated that 
there were two questions involved. High intrinsic brilliancy might in many 
cases be desirable from the point of view of the design of the refracting and 
reflecting systems of a lighthouse, but in the authors' view there appeared to 
be no object in seeking high intrinsic brilliancy for the light as a whole when 
viewed from a distance without lens systems. They hesitated to say whether 
a misty condition of the atmosphere would affect this conclusion. Іп reply 
to Mr. Trotter, they thought that the way in which the rods and cones acted 
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was very obscure, but it would be safe to say that the image of the point 
would hardly remain stationary during observation, but would be in a con- 
dition of rapid movement over an appreciable area of the retina. Answering 
Dr. Thompson, they explained that the question of oblique vision was con- 
sidered in considerable detail in the Paper and was a factor of great import- 
ance. The green light was seen better by oblique than by direct vision, and the 
red was seen better by direct than by oblique vision. The question raised by 
Dr. Clay as to the use of spectacles was entirely a matter as to whether a spot 
of light was really focused properly on the retina. Often a light appeared 
to the observer to be focused, but, in reality, it was surrounded by circles of 
diffusion too faint to be noticed, yet sufficient to cause serious diminution of: 
visibility. Hence, if an observer's spectacles were correct for nearer vision 
and were slightly too positive for distant vision, he would find great diminu- 
tion of visibility of the green light. The point raised by Dr. Mees was of 
importance. АП the authors’ measurements were taken either after long 
periods in the open at night or in the dark room of the laboratory, and dis- 
crepancies were not noticed which could be attributed to a differential 
fatiguing effect. 
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L. Some Points in the Use and Design of Refractometers. 
By Tuomas Martin Lowry, D.Sc., F.C.S. 


1. Choice of Wave-lengths.—During many years it has been 
customary in measuring the refractive indices of solids and 
liquids to select as the standard wave-lengths the D line of 
sodium and the C, F and G lines of hydrogen. This choice was 
probably based solely upon expediency, the sodium flame and 
the hydrogen vacuum tube forming part of the most common- 
place laboratory equipment ; the four lines also appear in the 
form of absorption bands as Fraunhofer lines in the solar 
spectrum, and served as convenient points of reference at a 
time when sunlight was still relied upon as one of the main 
illuminants in optical work. On other grounds the choice 
would be difficult to justify, but the force of tradition and the 
necessity for keeping in touch with previous measurements 
have up to the present sufficed to compel the majority of 
experimenters to adhere to the traditional standards. 


2. Disadvantages of the Present Standards.—The disadvantages 
of the existing standards are obvious. The principal standard 
is a doublet, and, of the three hydrogen lines used to express 
the dispersion, only the first (the red C line) is of any merit, 
whilst the third (the violet G line) is so weak as to be difficult 
to use even under favourable conditions. The best proof of 
the inadequacy of the existing standards is to be found in the 
fact that they have been so widely abandoned in all work 
outside the ordinary routine—e.g., in Mr. Gifford’s work on 
optical glasses, in the work of C. and М. Cuthbertson on the 
dispersive power of gases, in interferometry, as in Tutton's 
wave-length comparator, where he has followed the example 
of Michelson, who selected as the basis of his standard measure- 
ments of wave-length the lines 


Са 6438:4722, Са 5085:8240, Cd 4799:9107 ; 
finally, Dorn and Lohmann, in their measurements of the 
refractive indices of liquid crystals, by a total reflexion method, 
have used the series 


Li 6708, Na 5893, Hg 5461, Hg 4359, 


identical with that which the writer, after several years’ 
experience with nearly 30 wave-lengths, has found to be the 
only satisfactory series for routine work in the measurements 
of optical and magnetic rotatory dispersion. 
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3. Suggestions for New Standards.—The ideal series of stan- 
dard wave-lengths would undoubtedly include Michelson's 
three cadmium lines, but, unfortunately, the enclosed cadmium 
arc is still a curiosity which has been seen and handled by very 
few workers; the open silver-cadmium arc, described by the 
writer in 1909, has rendered the cadmium spectrum more 
accessible, but is not altogether suitable for general laboratory 
use. At the present stage of development there can be little 
doubt that the mercury spectrum must figure largely in any 
new standard series of wave-lengths. Тһе green mercury line 
Hg 5461 has, indeed, already displaced the sodium doublet 
as principal standard in all Cuthbertson's later work on the 
dispersive power of gases, and is rapidly displacing sodium for 
everyday use in polarimetry and saccharimetry ; it has proved 
to be the only possible standard in the author's experiments 
on the optical rotation of long columns of quartz. Its spectral 
purity is little inferior to that of the cadmium lines, whilst its 
steadiness and ease of production render it capable of wide- 
spread acceptance. The violet line Hg 4359 is the only line 
in the blue or violet region of the spectrum with which polari- 
metric measurements can be satisfactorily made; in refrac- 
tometry it has the advantage that it lies so close to the hydrogen 
line Н 4341 that it is scarcely possible to distinguish the two 
lines; but in а vacuum tube containing both hydrogen and 
mercury, the mercury line, being slightly less refrangible, 
dominates the hydrogen and gives very satisfactory readings. 
In my own practice I have used the green and violet mercury 
lines for all essential measurements ; auxiliary measurements 
have been made with the sodium doublet, in order to keep in 
touch with earlier measurements, and with Li 6708 as the best 
and deepest of the red lines at present available. The series 
Li, Na, Hg, Hg is identical with that arrived at independently 
by Dorn and Lohmann, and appears to be the most suitable 
for general use at the present time. 

4. Form о} the Dispersion Curves.—The difficulties outlined 
above would, to а large extent, disappear if the form of the 
dispersion curves were accurately known. The writer has 
found that, in the case of а large number of simple organic com- 
pounds, the optical and magnetic rotatory dispersions may be 


| а, | 
expressed by simple formula of the type, a= gIjr In this 


equation the absolute optical or magnetic rotatory power of the 
substance is expressed by а single constant а, whilst the 
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rotatory dispersive power is expressed by a second constant 4). 
When a formula of this sort has been established, the actual 
wave-lengths employed in determining the constants are of 
very little importance, as any suitable pair should give the 
same results. Refractive dispersion is obviously a more com- 
plex property than rotatory dispersion, and must involve at 
least three constants and measurements with three wave- 
lengths. But in the opinion of the writer it is almost а waste 
of time (to which he himself must plead guilty) to multiply 
observations of n n, n,n, or any analogous series, until serious 
work has been undertaken on the dispersion law for typical 
organic compounds in the infra-red, visible and ultra-violet 
regions of the spectrum. Work in this direction has been 
carried out in the case of crystals, but no serviceable range of 
data is yet available for the organic compounds which form the 
chief subject of refractometric investigations. 


5. Calibration of а Refractometer.—The experiments of Mr. 
Gifford have shown that marked variations of refractive index 
occur in prisms of the same glass, even when taken from 
different parts of the same melting. It is, therefore, unwise to 
accept the tabulated data for a refractometer without checking 
the actual performance of the instrument. Тһе most con- 
venient method of checking the instrument is by means of а 
piece of quartz, cut so as to give both the ordinary and the 
extraordinary ray ; fluorite, calcite and silica may also be used. 
Mr. Gifford, who had already published measurements of the 
refractive indices of these substances for 26 wave-lengths, 
kindly undertook, at the author’s request, to add values for 
those lines in the spectra of lithium, cadmium and mercury, 
which promise to be of greatest importance as standards in future 
measurements; the values obtained are reproduced in the 
following table to five places of decimals :— 

Table of Refractive Indices. 


| Quartz | ) Calcite | 
Wave | Phorite Fee (extra- . pud (extra- | Vitreous ' 
length. n ray) | ordinary (o ramary ordinary , silica. 
p UN | Tay). | тауу гау). | 
6708 14....| 1-43226 | 1-54146 | 1-55047 | 1-65367 | 1-48427 | 1-45607 
6438 Са...) 1-43272 | 1.54231 | 1.55135 | 1:05503 | 1-48468 | 1-45677 
5461 Hx... 14438499 154617 | L55534 1.66165 , 1.48789 | 1-46015 | 
5086 С4....| 1-43619  1-54824 ; 1.55748 | 1.66527 | 1-48954 | 1.46190 
4800 Cd....| 1.43691 | 1.55013 | 1.55945 | 1.66861 1-40110 | 1-46357 
4359 Нұ... 1-43952 | 1.55380 | 1-56323 1-6751& | 1-49410 | 1:46674 
4046 Hg ...i 1.44153 , 1.55715 | 1:56671 1.68134 1-49691 


1.46968 ` 
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The actual calibration of a Pulfrich refractometer with 
quartz gave the following figures :— 
Li 6708 Na 5889 Hg 5461 Hg 4357 


On ЖАУ, eus 1-61687 ... 1.62210 .. 1-620635 ... 1:64454 
а, 5 26 1-61687 ... 1:62212 .. 1:62634 ... 1:64450 
Mean .......... 1:61687 ... 1-62211 .. 1:62634 ... 1:64452 


The nominal refractive power of the prism for sodium light 
was 1-62197, an error of 0-00014. 


6. Adaptation of Refractometer Tables to New Series of Wave- 
lengths.—From the data given above it is possible to deduce 
the refractive power of a liquid from the angular readings of 
the refractometer for the new series of wave-lengths. The 
trouble of calculation may, however, be avoided by combining 
the existing tables with a series of correction curves (see Fig.). 


000100 


t ай 
= 
ж 
ж 
ж 


Angles. 


Thus, for 

Lithium, take u for Ха--Н red corr. (neg.)--curve corr. (pos.). 

Sodium, take u for Na+curve corr. (pos.). 

Hg green, take и for Na+H red corr. (pos.)*-+-curve corr. 
(neg.). 

Hg violet, take u for Ха--Н violet corr. (pos.)+-curve corr. 
(neg.). 

For these curves, and for the data on which they are based, 
I am indebted to Mr. Е. Tinker, B.Sc. 


Т. Temperature | Requlation.—The water-jacketing usually 
supplied with the Pulfrich refractometer is very inefficient 
and far below the standard of modern requirements. АП the 
leads are of such narrow bore that it is impossible to drag any 


* Note the reversal of the sign. 
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adequate flow of water through them even with the help of a 
powerful suction pump. It is therefore impossible to keep the 
temperature of the flow even approximately the same as that 
of the water in the thermostat, unless the room be heated 
practically to the same temperature and the bath kept cool by 
а flow of cold water acting in opposition to the usual regulated 
heater. The necessity of working at room temperature is also 
obvious from the fact that there is no external jacketing to the 
liquid, which is merely surrounded by a piece of wood. The 
inadequacy of this arrangement was proved by actual tests. 
With the room at 20°C. and the water circulation at 20° a 
micrometer reading of 1° 26-3’ was obtained for one of the octyl 
alcohols ; with the whole apparatus at room temperature at 
16-1°C. the reading was 1° 7-6’, a change of 4-8’ рег deg. C. With 
the room at 16-1° and the bath at 20°, the highest temperature 
that could be reached in the refractometer was 19-79: but the 
reading of the instrument was then 1° 22-9, corresponding with 
a temperature of 19-3°, г.е., the liquid was actually 0-4? below 
the temperature of the water-flow in the refractometer, for a 
temperature difference of only 4°. From this test it appears 
very probable that at 60° there would be a discrepancy of 4° 
and at 100° a discrepancy of 8° between the temperature of 
the liquid under test and that recorded for the water circulation 
by which its temperature is nominally controlled ; certainly all 
measurements that have been made with this instrument in 
the higher ranges of temperature must be looked upon with 
very grave suspicion. A refractometer prism, with a jacket 
designed to overcome these defects, has been constructed ; but, 
at the time of writing, the instrument has not yet been com- 
pleted, and it is not possible to describe any actual tests of the 
efficiency of the jacketing. 
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LI. Some Recent Advances in the Measurement of Inght and 


Illumination. By J. 8. Dow and У. Н. MACKINNEY. 


РЕВНАРЗ the most interesting feature of the progress of the 
past 10 years has been, not so much the actual advance in the 
construction of apparatus, as the change in the view-point 
from which measurements of light have been regarded. Special 
refinements have been introduced in the laboratory where 
photometry has been carried to a high stage of precision and 
accuracy. But at the same time there has been a growing 
recognition that the measurement of light and illumination 18 
not only of considerable industrial consequence, but a fairly 
simple and feasible process in the hands of others besides the 
expert. For practical purposes the actual illummation in a 
room, on a table, desk or paper, is often of much greater im- 
portance for the layman than a knowledge of the amount of 
light given by the lamps employed. 

Many instances could be mentioned of the value of such 
measurements. Determinations of the illumination on a table 
or desk, for example, enables us to judge whether the light is 
sufficient for reading, т a school or library, or for some indus- 
trial process in the factory. They also afford a ready means of 
comparing the concentrating power of different kinds of shades 
and reflectors, and, as will be seen later, have many other sub- 
sidiary uses in connection with the measurement of reflecting 
power, absorption of glasses, &c. In practice, the chief re- 
quirements in an illumination photometer are that it should be 
compact and portable, and capable of being carried about with 
the ease of small hand cameras, that it should be easy and quick 
to manipulate, sufficiently accurate for practical purposes, and 
readily set right should the reading, for any reason, vary in 
course of time. 

In order to secure the twin qualities of simplicity and port- 
ability some concession as regards accuracy may well be made. 
For the great majority of practical purposes it may safely be 
said that an accuracy of 5 or 10 per cent. 1з ample, while one 
can imagine circumstances in which an even greater Pope 
might be permissible. 

Indeed, it might, perhaps, be suggested that a somewhat 
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excessive stress has sometimes been laid on accuracy, essential 
as this doubtless is in the laboratory. For the complexity 
which this extreme accuracy entails prevents the ordinary man 
from making use of photometry, and limits its practical appli- 
cations. Since the authors became interested in this subject, 
they have been struck by the great variety of uses to which 
photometry can be put, and many most intcresting and unsus- 
pected applications have come to light. 

During the last few years the Illuminating Engineering 
Society has been instrumental in showing the great value of 
measurements of illumination in the school, library and work- 
shop, and this latter question has recently received close atten- 
tion from the Home Office. Without some means of measure- 
ment it would be difficult to specify the exact conditions of 
illumination required for certain practical processes. But 
once we have available simple instruments for the purpose the 
possibility of doing so becomes much less remote. 


A Simple Apparatus for the Measurement of Illumination. 


In 1909 the authors had the pleasure of describing a compact 
and portable instrument for measuring illumination before the 
Optical Society. This has since been improved and remodelled 
and is now known as the “ Holophane Lumeter.” It is hardly 
necessary to describe this instrument again, but a few salient 
points in its construction may be noted. The most novel 
feature 13 that it can be used not only to measure illumination, 
but also surface brightness. The general appearance of the 
instrument (which is only 52 т. by 44 т. by 13 in.) is shown 
in Fig. 1. 

In order to increase the range of the instrument, recourse is 
had to two dark glasses reducing the light by 1% and 13v re- 
spectively. These can be placed in the path of the rays from 
the object studied. By this means the reading can be multi- 
plied by 10, 100 or 1,000, so that values up to 2,000 ft.-candles 
can be measured. Тһе choice of a suitable glass, which is 
sufficiently opaque, uniform and neutral for the purpose, natur- 
ally demands some care, but the most recent variety adopted 
has proved to have very good qualities in this respect. 

The small lamp used. in the instrument 15 fed from a 4-volt 
accumulator packed in the case of the instrument, and the 
whole can be carried about as easily as a small hand camera. 
The instrument can be set to read correctly, bv reference to а 
given illumination, by simplv adjusting the position of the 
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lamp slightly. In determining surface brightness one merely 
points the instrument at the object to be viewed and com- 
pares its brightness with that of the illuminated plate inside. 
When measurements of illumination, as distinct from surface 
brightness, are to be made, all that is necessary is to observe 
the brightness of a standard mat celluloid screen supplied 
with the instrument, and this is also used in calibration. 

A useful addition for daylight measurements is a small cap 
provided with a special yellow Wratten gelatine screen, which 
makes the transmitted light identical to the eye with daylight, 
and so removes the difficulty experienced by many observers in 
comparing sources of light which differ in colour. For relative 
measurements (such as mostly occur in daylight work) the 
amount of light absorbed by this screen may be ignored. Itis, 
however, quite easy to determine the approximate absorption 
and allow for it when absolute measurements are desired. 


Some Practical Applications of Illumination Measurements. 


Allusion has already been made to the value of measure- 
ments of illumination in practice. Not only do such measure- 
ments constitute a valuable record, but they enable the lighting 
engineer to verify his calculations and to demonstrate to con- 
sumers the effect of a certain change in their installation. It 
is not uncommon to meet consumers whose personal impres- 
sion leads them quite astray in judging an alteration of this 
kind, their views being based on examination of the apparent 
brightness of the lighting units rather than the actual working 
illumination provided. By the aid of a simple measuring in- 
strument the engineer has little difficulty in showing that the 
recommended form of shade and reflector leads to an increase in 
the illumination in desirable directions. In cases in which the 
present installation clearly gives too low an illumination a 
measurement tells him how much it must be increased, and 
what types of lamps and fixtures ought, therefore, to be intro- 
duced. A study of the transactions of the Illuminating Engi- 
neering Society during the last two years will serve to show how 
large a part actual measurements of illumination in sehools 
railways, libraries, &c., has played. But it may be observed 
that in many of the problems in illumination that have recently 
come to the front, measurements of surface brightness are 
demanded to an equally great extent. For example, in con- 
sidering the comparative advantage of direct and indirect 
lighting, the respective brightness of the walls and ceiling, and 
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the distribution of this brightness are all-important. In pre- 
serving a record of the conditions of illumination in a room it is 
often desirable to map out, not only the illumination on the 
working level, but the brightness of surrounding objects. 
Again, another point which is now exciting much attention is 
the desirable intrinsic brilliancy of the sources themselves. 

In connection with industrial processes, again, it is a great 
advantage to be able to measure illumination in any plane, and 
even in places which are only accessible with difficulty. In 
many cases this can be done easily with an apparatus utilising 
a separate test-plate. The standard screen can be readily 
placed at any point where it is desired to take a measurement 
and observed from a distance. When it is only desired to 
obtain relative values and to determine surface brightness, it is 
not necessary to do even this, since one has only to point the 
instrument at the object to be examined. 

The facility to measure illumination and surface brightness 
carries with it the possibility of determining the relative re- 
flecting power of a surface. All that is necessary is to measure 
the surface brightness at a given spot and then to place the 
white celulloid test-card in position and measure the illumina- 
tion. A simple calculation shows the relative reflecting power 
of the surface as compared with the test-card. This method 
can be readily applied to the wall-papers in any room lighted 
by natural or artificial light. 

[+ may be observed that the reflecting power of coloured 
materials depends to some extent on the quality of light by 
which they are illuminated, and the same results will not be 
secured by natural and artificial light. This fact has been 
recently utilised by Mr. T. E. Ritchie,* of the Union Electric 
Co., as a means of testing the resemblance of various artificial 
illuminants to daylight. A series of ribbons of delicate shades 
of colour was prepared, and the reflecting power of the series 
tested with the holophane lumeter by good average daylight. 
The tests were subsequently repeated with a series of artificial 
illuminants, and it was found that the closest approximation 
to the daylight values occurred in the case of indirect arc 
lighting. 

One other quality of reflecting surfaces, which is not only of 
consequence to the lighting engineer, but plays a part in many 
physical problems, в their “ matness." Ап interesting 


* «Colour Discrimination by Artificial Light," '*Illum.Eng." (Lond., 
Feb. 1912.) 
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illustration is afforded by the silvered or powdered aluminium 
screens sometimes used for cinematograph screens. When 
such screens are used, the majority of the light is reflected 
directly back to the audience, so that the method is only applic- 
able in fairly long and narrow rooms. From some tests 
which one of the authors recently carried out on materials of 
this kind, it would appear that the brightness of the image on a 
cinematographic screen (usually of the order of 1 ft.-candle) 
might be increased as much as 10 times under favourable 
circumstances. 

The same appliances which serve for the measurement of 
reflecting power can also be used to measure the absorption of 
glasses, gelatines and solutions. This is & point of interest to 
the optical industry, for it is well known that much remains 
to be done in the matter of producing glass of specified absorb- 
ing power. 

It may be suggested that photometry might often be applied 
by meteorologists and others interested in climatic variations. 
Many of the investigations of the variations in daylight from 
day to day, which are now tolerably complete, have been 
carried out by men like Weber, of Kiel, and Basquin, of Chicago, 
with reference to daylight illumination in schools. Such re- 
searches are also interesting to the meteorologist and the 
photographer. In addition to measurements of illuminations, 
there is no difficulty with our instrument in studying the 
surface brightness of external objects and even (when the sky 
is not too bright) making observations on clouds. There is no 
inherent difficulty in measuring the very low orders of bright- 
ness such as are met with by night, and the authors have sug- 
gested at a recent meeting of the Royal Astronomical Associa- 
tion that simple photometric methods might readily be applied 
to obtain useful information regarding the brightness of the 
night sky, comets and stars, &c., with much greater precision 
than at present. 

As an illustration of the use of the instrument in studying 
daylight conditions, it occurred to the authors that it would be 
interesting to take measurements of the illumination during the 
recent eclipse of the sun on April 17. The measurements were 
made indoors in shadow, a position being selected where the 
initial illumination was of the order of 100 ft.-candles. Photo- 
graphs of the solar disc were taken simultaneously with the 
measurements. It was interesting to notice that the illumina- 
tion at totality at about 12:10 p.m. was about 8 per cent. of the 
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illumination when the eclipse commenced, almost exactly what 
the percentage area of the disc obscured (92-7 per cent.) would 
suggest. One would suppose that records of this kind would 
be of considerable service to astronomers. The process is 
extremely simple and could be applied in exactly the same way 
to an eclipse of the moon. 

There remains one very interesting "m of measure- 
ments of surface brightness which deserves mention. In 
April, 1911, the authors read a Paper before the Royal Photo- 
graphic Society in which the value of such data in connection 
with photography was pointed out. It is surely of interest to 
photographers to study the variations in the brightness of 
objects both by natural and artificial light, and the corre- 
sponding allowance that should be made in determining the 
exposure. Тһе fluctuations in daylight are so enormous, and 
the range of tone in such subjects as clouds, landscapes and the 
interiors of churches so extreme, that it must often require long 
experience and skilled judgment to get a successful result. 

In the case of artificial light the difficulty of judging the 
exposure is often considerable and the actinometer cannot 
readily be applied. Тһе authors' interest in this application 
of the holophane lumeter was aroused by the difficulty ex- 
perienced in getting successful photographs of artificially 
lighted interiors for purposes of illuminating engineering. In 
many such cases it 1s desired, not only to make a pretty picture, 
but to reproduce the play of light and shadow and the distribu- 
tion of illumination with exactitude, and to show the actual 
sources of light without halation. In many cases, too, re- 
touching is not permissible. 

In work of this kind photometry and photography go hand 
in hand, the same instrument conveniently serving both to take 
measurements of illumination from an engineering standpoint 
and as a means of judging the exposure. 

It may be urged, however, that the value of measurements of 
surface brightness in photography is especially great in research ; 
for example, in studying the complicated questions connected 
with the appearance of coloured objects to the eve and their 
reproduction on the photographic plate. 


A New Apparatus for Studying the Distribution of Light. 
The determination of polar curves of light distribution, and 


the somewhat elaborate calculations by which the mean 
spherical candle-power is determined, form possibly the most 
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laborious part of commercial photometry. A great deal of 
ingenuity has recently been expended on the simplification of 
these calculations. But there seems room for more to be done 
in the direction of facilitating the experimental part of the 
work, and the authors have recently devised an apparatus 
which seems to have merits in this respect. It may be men- 
tioned that a similar method has been worked out by Dr. 
Clayton Sharp, and was described in a lecture before the John 
Hopkins University, Baltimore, U.S.A., in 1910. The device 
employed by the authors was, however, worked out indepen- 
dently as a result of experience with the holophane lumeter. 

The apparatus is shown diagrammatically in Fig. 2. Fig. 3 
is from a photograph illustrating its general appearance. It is 
mounted on a substantial base, B; the lamp to be tested, L, 
being attached to an adjustable rod, D, which can be moved 
up and down or to and fro. When more powerful lamps are to 
be tested, it may be desirable to remove this arm (which can 
be done by means of the sliding piece C) and to hang the lamp 
from the ceiling. 

In any case the lamp is brought central with the point Е 
(corresponding with the centre of the polar curve paper shown 
at К). Тһе rod Е rotates about E, and carries the standard 
celluloid surface G, the distance of which from the lamp, tested 
can be adjudged. As F rotates, therefore, the face of G is 
always presented vertically towards the lamp L, and its bright- 
ness will be proportional to the candle-power of the lamp in 
that direction. There is also a pointer, I, rigidly connected 
with F, which rotates with it and indicates on the sheet of 
polar curve paper the angle with the vertical which F takes up. 
It may be added that this paper is arranged to be a convenient 
height (about 5 ft.) from the ground. 

The operation of testing the lamp is as follows: A lamp of 
known candle-power 18 first placed in position. The standard 
surface G is observed through the holophane lumeter, and its 
distance on the rod is adjusted until the reading of the instru- 
ment is some convenient sub-multiple of the known candle- 
power in that direction. (For example, if the candle-power 
were known to be 16, the reading on the instrument might con- 
veniently be 1-6 ft.-candles.) G is then clamped in position, 
and the lamp to be tested is constituted for the standard lamp. 

The arm F is then rotated, the brightness of G being noted in 
each case, and the corresponding candle-power marked on the 
polar curve paper opposite the pointer. The curve is thus 


412 MESSRS. J. S. DOW AND V. Н. MACKINNEY 


traced out at once, while the experiment is in progress, and 
there is no need for subsequent calculations. 

When great accuracy is not necessary it might be pos- 
sible to use this apparatus even in rooms which have not black 
walls, and in which there is a certain amount of stray light. 
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Figs. 2 AND $.—NEWwW Furm or PoLAR CURVE APPARATUS. 
А, main support; B, pedestal; О, adjustable horisontal support ; D, adjustable vertical rod 
carrying lamp to be tested ; E, pivot about which F rotates; р, кке rod. carrying celluloid 


soreen ; G, celluloid screen ; H, screen for cutting off direct light; I, pointer; J, plate on 
which Polar Curve Paper is placed; K, Polar Curve Paper; L, lamp to be tested. 


Under these conditions we make use of Н, which is an adjust- 
able black screen, and which can be inserted in any convenient 
position between the lamp and С. 1f, therefore, there is any 
question of the readings being affected by stray light, a reading 
is taken first without H in position. The brightness of G is 


Fig. 1. 


Fig. 4. 
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then proportional to the illumination due to the lamp tested 
plus the stray light (if any). The screen H is then inserted, 
blocking out the direct light from the lamp tested. The 
brightness of G is now due to stray light only. Hence, by sub- 
tracting the latter reading from the former, we get the true 
value, z.e., reading without dark screen—reading with dark 
screen —true candle-power. 

The advantages of this method may be summarised as 
follow :— 

1. The quickness and convenience with which the results are 
obtained. 

2. The polar curve is worked out automatically while the 
experiment is in progress ; there is no calculation necessary. | 

3. The apparatus is simple and portable, and can readily be 
moved from room to room, which an elaborate photometric 
bench, equipped with heavy and large mirrors, cannot. 

4. Only one observer is needed for the photometric manipu- 
lations, and he can make all the observations in one position, 
there is no necessity to be continually crossing the room to 
adjust mirrors, &c. 

5. By the use of the special screens provided, the apparatus 
can be used in an emergency in an ordinary room without 
darkened walls, and allowance can be made for stray light as 
described above. It is expected that the apparatus will be 
most useful for lamps of moderate candle-power (although the 
fact of the holophane lumeter reading up to 2,000 ft.-candles 
obviously enables very powerful sources to be tested). 


The Holophane Portable Standard. of Light. 


Some experiments have also been made on а new form of 
portable standard of light, and Fig. 4 is a photograph of the 
first rough model constructed by Messrs. Beck. It consists 
essentially in a low-voltage tungsten lamp which is fed by a 
portable accumulator packed азау in a convenient form of 
case. A mounted celluloid screen attached to a graduated 
metal tape is also provided in the case and the screen can thus 
be set up any desired distance from the small tungsten lamp, 
which acts as a secondary standard, and any desired illumina- 
tion produced. It is, of course, also possible to illuminate any 
other photometric surface by this lamp, and thus use the appa- 
ratus for checking comparison lamps used in photometry in the 
usual way. 

The most novel part of the apparatus is the means employed 
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of maintaining the voltage across the standard tungsten lamp 
constant. This is accomplished as follows: A small carbon 
filament lamp is run in parallel with the tungsten lamp and in 
series with both is placed a suitable adjustable rheostat. (This 
can be seen on the right at the back of the box in the illustra- 
tion.) Between the two lamps is placed a specially designed 
form of photometric screen by the aid of which their intensities 
can be compared. The two photometric surfaces are inspected 
through an aperture on the side of the box furthest from the 
observer. The exact nature of this screen need not be de- 
scribed in detail. It is sufficient to say that the observer 
sees three slots. When the centre one is in balance that on the 
left hand is too bright and that on the right hand too dark ; 
the side slots thus act as “‘ gauge glasses." In order to 
facilitate accurate judgment a yellow glass may be placed in 
front of the aperture‘so as to make the colour of the light from 
the two lamps appear the same. 

The action of this part of the apparatus depends on the fact 
that any change in the P.D. supplied by the cell affects the two 
Jamps unequally, and therefore puts the screen out of balance. 
Suppose, for example, that the voltage of the cell falls by 1 per 
cent. The candle-power of the carbon-filament lamp will be 
reduced by 6 to 7 per cent., and that of the tungsten lamp by 
3 to 4 percent. This difference is immediately revealed on the 
photometric screen, and it will be observed that the resulting 
change in brightness is almost the same as that of the standard, 
so that the device is a very sensitive means of detecting any 
change in P.D. 

It will be observed that this portable standard acts as a tem- 
porary custodian of the standard of light in a somewhat similar 
way to the holophane lumeter, but over longer periods of time 
and with greater accuracy. It is first set from a suitable 
laboratory standard, and is always capable of readjustment to 
the correct value should it vary. Having once been set, how- 
ever, it should be suitable for use for a long time and owing to 
its portable nature can be readily carried about from place to 
place or sent away to be re-checked very easily. 


Work in Technical Institutions and Colleges. 


Simple photometric instruments should be specially appre- 
ciated in technical institutions and colleges in which space is 
often limited and it is often desirable to transfer experiments 
from one room to another. 
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It may safely be said that the experiments carried on to-day 
are often somewhat out of touch with practice and are need- 
lessly laborious to the student. In a modern laboratory 
labour-saving devices avoid much of this routine work, and 
there is no reason why the student, once he has mastered the 
fundamental principles, should not make use of these simplifica- 
tions. The psychological effect of this is unfortunate, because 
the student receives an unjustified impression of the difficulties 
and uncertainties of photometry. 

So much time is often expended on the study of his tools that 
he does not arrive at the stage of using them. Yet, as a matter 
of fact, there are numberless important applications of photo- 
metry which are both useful and interesting as laboratory 
experiments. 

What is demanded is the simplification and popularisation of 
methods of measuring light and illumination ; and in this Paper 
the results of some experiments in this direction have been 
described. But much still remains to be done, and we may 
hope to see remarkable progress in this direction during the 
next few years. 


Mr. А. P. TROTTER said that several kinds of photometers had been in- 
vented for measuring surface brightness, but none had come into practical 
use until the authors had produced this excellent apparatus. They had not 
only produced a very portable instrument, but had done a large amount of 
practical work with it. The result was that it seemed likely that some 
branches of industrial photometry would be revolutionised. 

The primary measurement in photometry was that of candle-power. The 
next was that of illumination, with the unit of 1 ft.-candle which, for all 
practical purposes, was equal to 1 candle-metre. The third was surface- 
brightness—not a good term—the unit of which was the brightness of а per- 
fectly white surface illuminated with 1 ft.-candle. The authors used а test- 
plate of white celluloid. This could be used without correction for measure- 
ment of illumination, but in expressing surface-brightness, the albedo of the 
test-plate should be allowed for. It was probably about 0-85. There was 
no advantage in trying to get nearer to unity ; but measurements of surface 
brightness had no meaning unless they were referred to an albedo of unity, as 
well as to an arbitrary unit of illumination. 

It was not surprising that others were adopting photometers for the 
measurement of surface brightness. Мг. Edgecumbe was showing опе in the 
Exhibition, and he (Mr. Trotter) had been so impressed with the importance 
of measurements of surface brightness that he had designed an attachment 
to his portable photometer to enable such measurements to be made. 

The new development in practical photometry which was now possible 
was the measurement of illumination in inaccessible places or on a plane, 
such, for example, as the front of a telephone switchboard, where an illu- 
mination photometer could not be placed. 

Мг. В. 8. WuPPLE referred to the point concerning the constancy of the 
light intensity of the portable standard of light. Waidner and Burgess had 
dealt with this problem in their examination of Holborn pyrometers. If the 
lamps were run for eight hours at an overload, and then always at an under- 
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load, the candle-power would not vary for years. That might be advisable 
in this case. 

Мг. C. С. PATERSON thought the standard exceedingly convenient; it 
might take the place of the moving-coil amperemeter. Тһе holophane 
lumeter had successfully been tried on his suggestion in coal mines. 

Mr. CHALMERS had also used the holophane lumeter for measurement in 
connection with the obtaining of even illumination for vertical surfaces and 
had found it possible to make measurements very rapidly and sufficiently 
accurate for his purpose, an accuracy of from 5 to 10 per cent. being obtained. 

Prof. S. P. Тномрѕом dwelt upon the importance of the instruments for 
legal disputes as to the amount of light ; surveyors had no longer any excuse 
for being inaccurate now they were supplied with numerical data. 

Dr. SCHUSTER added that architects should likewise study the problem ; 
80 far all they could tell the inquirer was that во many square feet of flooring 
required во many square feet of windows; but they could not give any ex- 

planation as to the distribution of the windows. 
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LII. The Measurement of Colour. By A.C. JoLLEY and А. J. 
Burr. 


Tuis Paper deals with а series of experiments made with a 
view to ascertaining the form of optical instrument most suit- 
able for the measurement of colour. All forms of colour- 
mixing arrangements in which intermittent light is required 
were omitted from these experiments, because the authors 
have found that intermittent illumination produces а some- 
what rapid fatigue of the eye and the readings soon become 
of little value. 

The standard colours employed may be derived either from 
the spectrum of white light or from colours produced by selec- 
tive absorption. The latter suffer from the disadvantage that 
abrupt endings to the chosen regions cannot be secured nor a 
uniformity of transmission over the selected region, so that 
such colours must be somewhat arbitrarily chosen. 

Methods most likely to be useful are those based upon the 
Young-Helmholtz's hypothesis. The central fact of this hypo- 
thesis is that it is possible to imitate any colour by the admix- 
ture in suitable quantities of the lights of three narrow regions 
of the spectrum, provided these are suitably chosen, and we 
have found that the only three with which we could match all 
shades were, for the blue primary a narrow region from 0-463 
to 0-466ш, for the green the region from 0-529 to 0:535џи, and 
for the red from 0-634 to 0.6444. Instead of adding these 
coloured lights broader primaries may be subtracted from the 
white light by the selective absorption of suitably chosen dyes, 
but in this case the difficulty of expression becomes a serious 
one, owing to the impossibility of securing dyes which absorb 
one primary region and transmit the remainder on the white 
light in equal proportions. This is indicated by the absorption 
curves in Fig. 1, which are those of а set of dyes carefully 
selected for the purpose. 

The authors found the following experimental arrangements 
answer well for the matching of colours. Fig. 2 shows a 
method of employing monochromatic primaries. The colour 
under test is placed half-way over & transmission grating, the 
coloured patch and a portion of the grating being surrounded 
with black velvet. The lamp L provides the illumination for 
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the colour-patch, whose image half fills the field of the lens R, 
when the observer's eye is at the slit 8. At a distance of 6 or 
8 metres three straight filament lamps are placed in such posi- 


nee 


АХ 


Per cent. 


tions relative to the grating that each filament and the ob- 
serving slit are conjugate for some particular wave-length. 


Black Velvet 
Screen. 


Transmission 
Grating 7 Field Lens 


Fic. 2. 


As diffraction effects interfered with the use of а very narrow 
slit à short range of wave-lengths, comprising some 50 tenth- 
metres was usually employed. The voltage at the terminals 
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of each lamp was made variable by connecting it across a 
potentiometer resistance placed under the observer’s hand. In 
this way the intensity of each luminant was completely under 
control. The wave-lengths of the transmitted primaries were 
determined by means of a Hilger wave-length spectroscope 
placed at the observing slit. With this arrangement it was 
found that all pigment colours could be accurately matched, 
but that different eyes, sometimes the two eyes of the same 
individual, required different amounts of the primaries. So 
that, although the matchings were perfect, the arrangement 
did not lend itself to the specification of a given hue. It was 
found that with broader bands the proportions of the primaries 
were the same for different eyes, and Fig. 3 shows the plan of 
an arrangement for using these broader bands. It consists of a 
reversed spectroscope. The light from a white diffusing sur- 


Surface Silvered 
Mirror -----? 
Tet 7 
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face, A, which is lit by the lamp L, passes through three broad 
slits in the screen B. The grating C was half covered by the 
patch of colour under observation and was illuminated by light 
reflected from L by a surface-silvered mirror. The variation 
of the amounts of the primary lights was effected by sliding 
across the apertures in B three long-graded wedges of lamp- 
black in gelatine. This arrangement, although not as perfect 
as the previous one, was sufficiently good to show that the 
matches obtained were correct for eyes differing considerably 
in their colour sensitiveness, and, therefore, indicated that 
instruments employing broad-banded primaries are more 
likely to yield comparative results than those employing 
narrow ones. 


Red, green and blue primaries produced by selective absorp- 
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tion were also tried, although these suffer from the defects that, 
except in the case of the red, it is not possible to obtain colour 
filters which transmit a large proportion of a given region ter- 


Per cent. 


minated by abrupt absorptions, as shown by the transmission 
curves in Fig. 4. The lights passing through these colour 
filters were superposed by the arrangement indicated in Fig. 5. 


‚Кто. 5. 


The two components of a large rectilinear lens were mounted 
in a framework and three variable apertures in the screen A 


covered by selected red, green and blue broad-banded filters. 
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A photometer, Р, devised by Dr. С. У. Drysdale, and consisting 
of two right-angled prisms mounted with their edges in contact, 
was placed in such a position that the lens focuses the illu- 
minated surface B on the photometer, therefore, one-half of the 
photometer is filled with light transmitted by the apertures in 
A, while the other receives light from the test patch which is 
illuminated by a lamp connected in parallel with those illu- 
minating В. The matches were made by varing the apertures 
in A. This is the simplest arrangement tried, and the colours 
could be specified in terms of the apertures. 


499 МЕ. J. W. GORDON 


LIII. Diffraction Images.* By J. W. Совром. 


In this Paper an attempt is made to exhibit the theory of 
diffraction patterns in a comprehensive form and by means of 
an elementary mode of treatment. The object aimed at is to 
put the theory of diffraction upon the same text-book level as 
the theories of refraction and reflection. 

The mode by which this simplification in the treatment of 
the subject is effected consists essentially in substituting as the 
surface of resolution the envelope which forms the boundary 
of an aplanatic pencil in place of the wave front which occupies 
its aperture. By this alteration in the mode of analysis a great 
simplification in the processes of the analysis is effected, the 
analogies between different forms of aperture which have little 
resemblance to one another become apparent, and an elemen- 
tary form of exposition is rendered possible. 

By reason of the limited space within which this Paper is 
restricted the subject is treated only ilustratively and in out- 
line, the mathematics involved being for the most part reserved 
for discussion in another Paper. 

The general doctrine is developed in 17 propositions, as 
follows :— 

(1.) The diffraction pattern produced by an aplanatic pencil 
of polygonal cross-section when that pattern is formed and 
observed in an apertural plane remote from the focus is a series 
of Fresnel bands bordering the edge of the aperture of the pencil 
in that plane. 


(ii.) The diffraction pattern appearing in the focal plane is 
essentially a radiate pattern, and when the aplanatic pencil is 
of polygonal cross-section the pattern takes the form of a star, 
in which every side of the polvgon is represented by two 
opposed rays in the star. 

(ш.) The rays of the radiate pattern are broken lines of light 
showing maxima and minima of brightness in regular suc- 
cession and having a definite centre-to-centre distance for the 
segments of the line. This centre-to-centre distance is pro- 


; 1 
portional to the reciprocal "A being the angle sub- 
1 


tended at the focal point by the edge of one face of the polygon. 
* This Paper appears here in an abriged form and consequently certain 


diagrams have becn omitted. It has, however, been thought convenient to 
retain the original numbering of the figures which remain. 
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(iv.) When, by the multiplication of sides, an aplanatic 
pencil of polygonal cross-section becomes indistinguishable 
from one of which the cross-section is a curve, the radiate pat- 
tern passes into an annular form, and from that cause a quasi- 
annular, or oval (circular) diffraction pattern may arise in the 
focal plane as, for example, when the image of a star is ob- 
served in the focal plane of a telescope. 


(v.) Whatever the shape which the diffraction pattern in a 
focal plane may assume, that shape is alwavs bilaterally sym- 
metrical. 


(уі) The diffraction pattern in the focal plane formed by a 
concave radiant surface is identical with that so formed by the 
convex surface which fits into the concave. 


(vii.) A pencil of aplanatic light is perfectly transparent to 
an impulse of diffracted light in tune with it; and, therefore, 
is transparent to the diffracted light from апу other segment 
of the same homocentric pencil. 


(уш.) Successive segments of a diffraction pattern, taken 
radially, are in opposite phase. 


(ix.) In the case of an oval (circular) pattern in the focal 
plane the maximum amplitude in various rings varies approxi- 
mately in inverse proportion to the square of the radius of th 
ring. | | 

(x.) In the radiate pattern the maximum amplitude varies 
approximately in inverse proportion to the radial distance of 
the segment. 


(xi.) The ray velccity of diffracted light is less than the ray 
velocity of aplanatic light in the region beyond the boundary 
of the aplanatic pencil. 


(xii.) Within the boundary of а homocentric pencil the ray 
velocitv of diffracted light varies with the angle of the ray to 


V 
os 0 
if 2 — 0 be that angle and У equal to the velocity of aplanatic 


light. 

(xii.) The diffraction pattern due to the periodic structure 
of a regular compound aperture tends to settle down to the 
pattern of a double aperture, although the pattern of a com- 
pound aperture, comprising only a small number of components, 
may show marked deviations from the double-aperture tvpe of 


pattern. 
VOL. XXIV. II 


the wave front through which it passes and is equal to 2 
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(xiv.) In the diffraction patterns of compound apertures of 
regular structure the diffraction pattern of the simple com- 
ponent aperture is fourd as a bright field upon which the 
secor дату diffraction pattern, due to the pericdic structure of 
the compound aperture, is displaved. 


(xv.) Every compound aperture exhibits three diffraction 
patterns, that is to вау- 

l. A primary pattern, which results from the form and 
dimensions of the simple component aperture. 

2. A secondary pattern, which results from mutual inter- 
ference of a number of primary patterns, end 


3. A tertiary pattern, which is determined by the form and 
dimensions of the entire compound aperture considered as an 
undivided whole. 

(xvi.) The diffraction pattern visible within the aperture of 
an aplanatic pencil near the focal point is produced by visual 
projection upon the plane examined of the diffraction pattern 
formed by optical projection in the focal plane. 


(xvii.) The diffraction pattern external to the aperture of an 
aplanatic pencil which has its interval о proportional to ana і 


formed upon a sheet disposed at right angles to the surface of 
the aplanatic pencil. 

The bearings of the theory thus outlined are illustrated by 
reference to the optical problems connected with the formation 
of a spectrum by a diffraction grating : also by reference to the 
effect of stopping out the centre of an object glass and again by 
the problem presented by the ultimate limit of resolving power 
in optical instruments. 

А few words bv way of preface may be addressed to the 
subject of Fresnel's method of investigating diffraction pheno- 
mena. 

It is well known that Fresnel's method of investigation con- 
sists in tracing down the optical projection of а light impulse 
{гот its source—its primary source m the original focus, or its 
secondarv source in some selected wave front or image of the 
focus, as the case may be—to an object point in the diffraction 
pattern which is under investigation. If this deduction of the 
lieht impulse through its successive stages has been success- 
fully carried out, it vields in the result à numerical value which 
expresses the light intensity at that object point. 

Now it is obvious without discussion that this method of 
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inquiry can yield no information directly concerning virtual 
diffraction images. 16 is concerned with real images only, and 
this is probably why the virtual images, which appear as dif- 
fraction patterns in the telescope, although they have attracted 
much notice and have been largely utilised by telescope makers 
in the testing of their lenses, have hitherto remained without 
scientific explanation. 

The expedient which has been adopted as the basis of the 
system unfolded in this Paper is the substitution of the envelop- 
ing surface of the aplanatic pencil for the wave front as the sur- 
face of resolution. Fig. З is a diagram which serves to illustrate 
the change so made. In this diagram A,-A, is the aperture 
through which the focused pencil of aplanatic light 1s received. 
G is the object point at which the amplitude of the diffracted 
light is to be computed. Ву the Fresnel method this is done 


x 


Fic. 3. 


by taking a wave front in the aperture А,-А, as the surface of 
resolution, and assuming that the resultant impulse is trans- 
mitted to the point G by rays included in the angle A,GA,. It 
can be shown that the result so arrived at must be subject to 
very considerable correction. For instance, it is quite certain 
that the wave front marked Аҙ-А, in the diagram would send 
diffracted light to the point G. But for the purpose of this 
caleulation its contribution to the whole result is ignored. 
Again, the ray velocity of the diffracted light must varv, not 
only from one тау to another, but at different points along the 
«ame ray, for theargle 0, аз above defined, which determines 
the ray velccity, is constantly varying along the length of any 
given тау. In fact, this methcd of calculation is never applied 
to such a case аз is illustrated by Fig. 3. Only when the points 
112 
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F and С lie so close together, that these sources of error can be 
neglected, is the Fresnel method applicable. 

The alternative method here adopted is to substitute, as 
above stated, for the wave front in А,-А,, the enveloping sur- 
face of the aplanatic cone between the points A, and P. The 
line GP meets the edge ray А-Е at right angles, and, therefore, 
none of the wave fronts between P and F can send any dif- 
fracted light to G, since that would involve their radiating a 
light impulse backwards—a manifest impossibility. Upon 
this method, however, all that part of the aplanatic cone which 
can radiate any light upon G 1з accounted for, and, further- 
more, a proper allowance is made for varying ray velocity 
within the aplanatic pencil, because the data from which we 
calculate, being derived from the state of phase distribution 
known to subsist in the envelope, are themselves duly modified 
by the action of the varving ray velocity. An incidental ad- 
vantage arises from the use of this method in the circumstance 
that the required integration over the conical surface is, in fact, 
а very much simpler operation than the integration over the 
spherical surface which constitutes the base of the cone, and, 
therefore, the calculations involved in what is the most ordinary 
case—the case, that is to say, of a light pencil of circular aper- 
ture—are greatlv simplified, while at the same time the result 
is corrected. 

Postulating, then, the radiant surface which envelops an 
aplanatic pencil of light as the source of diffraction, we may 
proceed to deduce certain general properties of the resulting 
diffraction patterns. It will be assumed, in the first place, that 
a bright star is the object of which the diffraction fringe is the 
optical image, and that the image-forming pencil is transmitted 
by a simple—that is to say, ап undivided—aperture. Fig. 4 
will serve the purposes of discussion. 

Let N, be the nodal plane of an objective system ; N, the 
nodal plane of the eye-lens, F the focal point and F-G the 
aplanatic focal plane. A,A As is the aperture, having one 
straight side A,-A,, and bounded otherwise by the circular 
segment А ,АзА,. 

It is obvious, upon inspection of the diagram, that the 
envelope A,A,A;F must necessarily be of the nature (1) of 
a cone, ог (2) of a pyramid ; or (3), as shown in the figure, 
a compound of elements derived from both: that is to say. it 
must be either a faceted or a convex surface, if we disregard the 
alternative that the surface might be concave. This last is a 
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case which is not necessary to distinguish, for it will presently 
appear that in the focal plane the pattern thrown by a concave 
surface is the same as that thrown by a convex. In Fig. 4, 
then, we have all the possible varicties of radiant surfaces 
illustrated, since every aplanatic ray must pass through the 


focal point F. Тһе problem, therefore, is to determine how 
many varieties of diffraction patterns can arise from a trian- 
gular flat surface and a conical segment, respectively. 

To deal first with the triangular flat radiant surface: Let 
Fig. 5 represent such a surface—a facet of a pyramid envelop- 
ing the aplanatic pencil transmitted by a polygonal aperture, 


Fig. 5. 


upon which certain isophasal lines f, f have been traced. Геб 
it be assumed, in the first place, that the spectator's eye is 
focused on a surface perpendicular to the facet where it is 
traversed by the isophasal /,/„, and that his axis of vision passes 
through the line F-G, traced upon the complementary pyramid 
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Z¥Z, and disposed symmetrically with reference to the radiant 
surface A,FA,. The pyramid ZFZ is a pyramid placed, as 
shown, so as to be coaxial and covertical with the pyramid of 
which A,FA, is one face. The angles A,FZ and A,FZ are 
right angles. 

It is obvious upon inspection that, under these conditions, 
the radiant surface—taking that to be the enveloping surface— 
which produces a diffraction pattern in the isophasal surface 
through /,-/, is identical with the surface-producing diffraction 
in the well-known case of a pencil of unfocused light passing a 
straight edge, for the superficial rays are in all parts of the 
region in question perpendicular to the isophasal /,-/; and are 
disposed within the boundary of a straight edge in the plane 
A FA, We ought, therefore, under these conditions, to see 
the well-known Fresnel diffraction pattern produced by a 
straight edge. In fact, we do see such a pattern. Fig. A in 
the photographic plate is a photograph obtained under the 
conditions specified. Next, let the focus of the eye be drawn 
back towards the focal plane, and suppose that a halt is made 
at the isophasal /з-/,. Тһе conditions of image formation are 
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DESCRIPTION OF PLATE. 


A. Diffraction pattern formed within the aperture of the aplanatic pencil 
and remote from the focal plane. This is a Fresn 1 pattera. 

В. The like pattern formed in а pencil of rectangular section and exhibit- 
ing four symmetrizally disposed Fresnel рага. 

С. Ditlraction pattern formed within the aperture of the aplanatie pencil 
and near to the focal plane. This exhibits the projection upon the ap2rtural 
plane of the Fraunhofer pattern of th^ fozal plane. 

D. Focal plane pattern of six rays produced by the three-sided prismatic 
pencil of aplanatic light transmitted by a triangular aperture. 

К. The like pattern of four rays yielded by а pencil of square section. 

К. The like pattern of ten rays yielded by a pencil having the form of a 
regular five-sided prism. 

G. Focal plane pattern formed by the conical surface of the pencil of 
aplanatic light transmitted by a circular aperture. 

И. The like pattern formed by the pencil transmitted by a semicircular 
aperture exhibiting the radiate pattern—two-rayed star—of the flat face 
in combination with the ring svstem of th: hemicono. 

I. The like pattern formed by the two hemicones resulting from the 
division of a circular aperture by a cross wire. 

J. Focal patterns formed by a compound aperture comprising two parallel 
slots. The upper figure is the image of a star, the lower the image of a 
bright object line. 

К. The like pattern: formed by a compound aperture comprising three 
parallel slots. 

L. Apertural pattern seen near the focal point in the prismatic pencil 
transmitted by a triangular aperture. Tho photograph is defective. И 
perfect it would show strongly curved segments of those rays which originate 
in the internal faces of the prism, thus illustrating the increased ray velocity 
of diffracted light within the aperture of the aplanatic pencil. 
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obviously unchanged, save in one respect, namely this, that the 
light amplitude is increased-in the proportion of radius of (f,-f;) 
radius of (/ҙ-/). We find, accordingly, that the breadth of 
the image produced by diffraction in this place is less, and its 
brightness greater, but its characteristic features are unaltered. 

If we suppose the aperture of the aplanatic pencil to be 
square in section, we shall obviously obtain four such Fresnel 
patterns arranged as sides of the square (see Fig. B in the photo- 
graphic plate); and since the characteristic feature of such a 
pattern is а group of parallel bands arranged about a centre of 
figure and returning into themselves, I propose to speak of this 
as a pattern of the annular type. If the polygon be one having 
very numerous sides, then the pattern becomes indistinguish- 
able from a system of oval bands, if the word “ oval ” is used 
іп a sense large enough to include the circle. As the pencil of 
circular section is the most important which we have to 
consider, the term “ annular” is appropriate enough to be used 
with the extensive meaning which will make it apt when the 
perimeter of а polygon is rarely meant. | 

The first result, then, of this discussion of the subject is that : 

1. The diffraction pattern produced by an aplanatic pencil 
of polygonal cross-section, when that pattern is formed within 
the aperture of the pencil in an apertural plane remote from the 
focal point, is a series of Fresnel bands bordering the edge of the 
aperture of the pencil in that plane. 

But this rule is obviously inapplicable to a focal plane, for in 
the focal plane the aperture of the aplanatic pencil contracts to 
a point, and there is no edge about which the Fresnel bands can 
be formed. A point, however, although it cannot have sides, 
or an edge, can have different aspects. Thus, we may define the 
line F-G of Fig. 5 as being a line of symmetry with reference to 
the surface A,FA, and with reference to the isophasals drawn 
upon that surface. We have seen that the Fresnel bands con- 
tract gradually as the isophasals contract towards the point Е, 
and therefore, if we suppose these bands to continue to con- 
tract within the contour of the face A,FA,, until the line F-G 
is reached, we shall obviously have a broken line of diffracted 
light formed here. What is so seen is the condensed light of 
the Fresnel bands. In fact, a phenomenon very much like this 
does occur, but it is not accurately so described, for the pattern 
seen in the focal plane is the optical projection, not of those 
bands, internal to the aperture, which are shown in the photo- 
graphs above referred to, but of the external diffraction bands 
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—too feebly luminous to appear in the photographs —which 
edge the aperture outside and lie in the externa! shadow. The 
periodic distance of the bands apart 18 the same іп both series. 
But the brilliancy of the internal fringe is enormously greater 
than that of the external. 

There is another distinction between the patterns of the 
apertural and focal planes—equally characteristic, but not 
equally pronounced —namely, this, that the focal-plane pattern 
is always and essentially bilaterally symmetrical. Іп a sense, 
the same thing may be said of the diffraction fringe of the 
spertural plane. But these two halves of that fringe are deve- 
loped in separate apertural planes—-the two halves of the focal- 
plane pattern must, on the contrary, be observed in the same 
focal plane. Тһе explanation is verv simple. The radiating 
line on one side of a focal-plane pattern is formed by optical 
projection, taking its rise in the radiations given off from the 
face of the envelope of the convergent pencil on the objective 
side of the focal point. А radiating line, which is the image 
and continuation of that line, is seen by visual projection when 
the diffracted light from the diverging pencil on the ocular side 
of the focal point is received into the eve and projected bv а 
focusing effort upon the focal plane. Тһе geometry of the 
optical projection which produces the real radiate pattern is 
identical with the geometry of the visual projection which 
produces the virtual radiate pattern. The two elements, 
therefore, are inseparable, and the radiate pattern is always 
bilaterally symmetrical. 

The radiating bright line now under consideration differs from 
Fresnel bands, not only by reason of its direction in relation to 
the focal point, but also by the circumstance, already referred 
to, that it is a segmented line—whereas they are continuous. 

Let the centre-to-centre distance of the segments of the 
radiate line be equal to p. Тһе question is, what influence 
determines the magnitude of p? Тһе discussion of this pro- 
blem upon the present line of investigation need not be fol- 
lowed in detail here, since it leads only to the known result that 


1 
р is proportional to "DE if 2u, be written for the solid angle 


subtended by the breadth of the radiant face in question. 

The form of the diffraction pattern has, so far, been deter- 
mined only with reference to the line of symmetry F-G, and 
it 1s obvious that any polygonal aperture must yield a radiate 
pattern in which the.various radiant faces give origin to as 
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many optically projected radiate lines in the pattern. As 
every such optically projected line is balanced by a visually 
projected line, it follows that the number of radii in the pat- 
tern is potentially double the number of sides in the polygon. 
Thus, a single straight edge produces two radii, which lie in the 
same straight line and meet in the focal point. A three-sided 
pyramid yields а six-rayed star, and зо on. But in the case of 
а square pyramid ‘only four rays appear in the radiate pattern, 
because the four visually projected rays coincide with the four 
optically projected, the opposite sides of a square being parallel 
to one another. For the same reason a regular six-sided 
pyramid yields a six-rayed star, precisely like that yielded by 
the pencil which passes an aperture having the cross-section of 
an equilateral triangle. (See Figs. C, D and E of the photo- 
graphic plate.) Moreover, it is quite immaterial that the 
aperture is eccentric m the apertural plane, however great its 
eccentricity may be. Thus, all the apertures shown in Fig. 7, 
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A, yield the same diffraction pattern in the focal plane ; that, 
namely, which is illustrated in Fig. 7, В. The effects produced 
by the varying eccentricities of the component apertures are во 
very subordinate and inconspicuous as to be hardly noticeable. 
The typical pattern remains quite unchanged. 

When, however, the polygon passes into a curve, we find a 
line of symmetry in every azimuth. Thus the rays of the 
radiate pattern become so numerous that they constitute а new 
tvpe of annular pattern. 

Summarising the facts so far ascertained concerning diffrac- 
tion patterns in the focal plane, we have the following result :— 

2. The diffraction pattern appearing in the focal plane is 
essentially a radiate pattern, and when the aplanatic pencil is 
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of polygonal cross-section the pattern takes the form of a star, 
in which every side of the polygon is represented by two өр- 
posed rays in the star. 

3. The rays of the radiate pattern are broken lines of light, 
showing maxima and minima of brightness in regular succession 
and having a definite centre-to-centre distance for the segments 
of the line. This centre-to-centre distance is proportional to 
the reciprocal - 2 ; 

sin u, | 

4. When, Ьу the multiplication of sides, an aplanatic pencil 
of polygonal cross-section becomes indistinguishable from one 
of which the cross-section is a curve, the radiate pattern passes 
into an annular form, and from that cause a quasi-annular or 
oval (circular) diffraction pattern may arise in the focal plane, 
as, for example, when the image of a star is observed in the 
focal plane of a telescope. 


5. Whatever shape the diffraction pattern in a focal plane 
may assume, that shape is always bilaterally symmetrical. 


It will be convenient new to take up again the consideration 
of diffraction in apertural planes; and in this connection the 
most important is the law that an aplanatic pencil is per- 
fectly transparent to impulses of diffracted light which are 
“in time " with it. This, which may be described as a parti- 
cular exaniple of the great law of resonance, gives rise to some 
very striking phenomena. 

Among the most striking—and, at the same time, most easily 
intelligible—is the following: The diffraction pattern exhi- 
bited in the focal plane by a pencil of light, transmitted by a 
semicircular aperture, is of the form shown by Fig. G of the 
photographic plate. It comprises, in accordance with the 
laws above explained, the quasi-annular pattern due to the 
curved surface and the radiate pattern due to the flat surface 
of the aplanatic pencil. If we put two hemicones together, so 
as to form one homogeneous cone, the flat face, of course, dis- 
appears and with it disappears the radiate pattern. We have 
only the circular pattern left of Fig. F. But now let the cone 
be divided into two hemicones by a fine wire drawn across the 
aperture. The shadow of this wire will, of course, give rise to 
two flat surfaces facing one another and very nearly adjacent 
to one another, but still separated by the short space corre- 
sponding to the thickness of the wire. It is found that under 
these conditions the radiate pattern reappears as shown in 
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Fig. H. The diffraction pattern so produced by two hemi- 
conical pencils, complementary to one another, is indistinguish- 
able from the pattern due to one of them alone. 

It obviously follows from this observation that the one hemi- 
cone Is perfectly transparent to the diffracted light given off by 
the other hemicone. And this is bv no means hard to be under- 
stood. The ray velocity of the diffracted light is, as we have 
seen, greater than that of aplanatic light so long as the impulse 
of diffracted light is transmitted within the aplanatic system. 
But it is not so when it escapes from that svstem. It follows 
that in crossing the shadow of the wire the diffracted light from 
the one hemicone must get out of phase with the aplanatic 
light of the other hemicone. It therefore produces inter- 
ference and, since both hemicones are parts of one homocentric 
pencil, the phase difference between the two halves sets up the 
phenomena of regular interference. Thus, the recipient half 
becomes endowed with th» power of radiating from its curved 
surface the diffracted impulses proper to a flat surface; in 
other words, it is transparent—-and, observation shows, very 
perfectly transparent—to the diffracted light of the active half. 
The pencil being symmetrical, each half is, of course, active and 
receptive at the same time. It will be convenient to sum- 
marise in two rules the result of the last three paragraphs. 

6. The diffraction pattern in the focal plane formed by a 
concave radiant surface is identical with that so formed by the 
convex surface which fits into the concave. 

7. À pencil of aplanatic light is perfectly transparent to an 
impulse of diffracted light in tune with it; and, therefore, is 
transparent to the diffracted light from any other segment of 
the same homocentric pencil. 

It is well known, and has been pointed out in the earlier part 
of this Paper, that the varying light-intensity in a diffraction 
pattern, which results in its periodic design, is due to the 
varying phase range of th» radiation given off by the radiant 
surface along different axes. The periodic distance p may 
therefore be connected with this change of phase range and, 


MAMP to represent the light 


taking the known function 


amplitude at various points in the diffraction pattern, we may 
say that the zero valu2 corresponding to the division between 
bright segments of the pattern must represent those values of 
the phase range angle р for which sing equals zero ; that is to 
say, that in these cases ọ must equal л or some integral multiple 
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of л. If Ф equals zero, we have 91, the commonly em- 


? 
ployed expression for the amplitude of focal light. 


The expression ZAMP serves to express the light amplitude 


in the diffraction fringe produced by an aplanatic pencil of 
square section. In that case the diffracted light is condensed, 
as has above been pointed out, into four lines of symmetry, 
whereas, in the case of the circular fringe, the diffracted light is 
distributed in all azimuths. It is manifest to the eye that a 
pencil of square section yields a pattern in which the amplitude 
falls off much less rapidly than in the case of a pattern pro- 
duced by a circular aperture. 

It will be convenient now to give a graphic representation 


of the light intensity calculated by means of this expression for 
a pencil of square, and the well-known diagram for a pencil of 
circular, section having the same vertical angle. These are 
given in Fig. 8. | | 
The curves of the last diagram may for practical purposes be 
simplified. It will be found that in the following discussion 
nothing turns upon the precise form of the sine curve, and as 
it is now proposed to indicate a practically serviceable method 
of graphically compounding diffraction patterns of compound 
apertures, a convenient diagram for use for this purpose may 


here be introduced. 
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Fig. 9 is a simplified form of Fig. 8, in which the curves are 
represented by angular forms, the angular forms being near 
enough for our present purpose to the more accurate curved 
forms. The upper curve in Fig. 8 is drawn to the formula 


9 
у=? where ==. Іп Fig. 9 alternative forms of the curves 
‚ are shown, one in which the aplanatic light is, as in Fig. 8, equal 
to 1 and the other form in which it is equal to 0. The latter 
form represents, as ncarly as it can be represented in this way, 
the diffracted light pure and simple ; apart, that is to say, from 
the aplanatic light. lt represents, therefore, the whole of the 
light from a non-luminiferous segment of a homocentric pencil, 


Fic. 9. 


and the whole also of that portion of the light from a lumini- 
ferous pencil which can be affected by interference. It is in 
this latter form, therefore, that the curve will enter into the 
following computations. The first-mentioned curve, that into 
which the aplanatic light enters, 1: drawn approximately to 


the formula ? y 2 t ; the latter curve to the formula 
2 sin (вт) 5 


у= (n+1) x 


Here (п-т) 5. ә, and m is the integral, m the fractional, part 
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of the coefficient (п-т). It will be observed that the essential 
features of these curves are these :— 

8. Successive segments of the pattern taken radially are in 
opposite phase. 

9. In the case of the circular pattern the maximum amplitude 
іп various rings varies approximately in inverse proportion to 
the square of the radius of the ring. 

10. In the radiate pattern the maximum amplitude varies 
approximately in inverse proportion to the radial distance of 
the segment. 
` We come now to the case of an aperture comprising several 
divisions, and will first consider the case of a compound aper- 
ture in which there are several parallel rectangular openings. 
It is required to determine the form of the diffraction pattern 
due to a focused pencil of light transmitted by such an aperture. 

The principle by which it is proposed to solve this problem 


Qn к 0 т к 
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is the principle already established : that every segment of the 
homocentric pencil will be transparent to the diffracted light 
from the surface of every other segment (above, 7). 

To illustrate the application of this principle, let Figs. 10, 11 
and 12 be considered. 

Fig. 10 represents a simple aperture and, side by side with it, 
the amplitude curve of its diffraction pattern. Here there is 
no question of a compound image, and therefore the form of 
curve 18 shown into which the aplanatic light enters as a com- 
ponent. 

Fig. 11 shows a double aperture, comprising two equal and 
similar simple apertures separated bv a non-luminiferous seg- 
ment of equal angular magnitude. Thus, the whole pencil is 
bounded by four surfaces, two inner, which form the boun- 
daries of the interior non-luminiferous segment, and two outer, 
which form part of the envelope of the whole pencil. The end 
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walls, which complete the envelope, will be passed over without 
discussion in the present connection. 

Here we have two diffraction patterns to be combined ; 
namely, that yielded by the interior segment and that yielded 
by the whole pencil. The angles being small, we may take the 
ratio between the sines to be the same as a ratio between the 
angles ; that is to say, 1:3. We have therefore to combine 
two patterns similar in type, but having, the one a о interval 


Kin. ДЇ; 


three times as great as that of the other. It is to be noted in 
connection with the composition of these two patterns, that it 
takes place, not in the focal plane itself, but before the focal 
plane is reached ; that is to say, the component impulses are 
combined where first they meet within the aplanatic pencil 
itself. This circumstance has an important bearing on the 
form of the component curves, which must be employed for 
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finding the form of the resultant curve. For it is to be noted 
that ^. ? is the expression for a resultant amplitude ; that is 
T 


to say, it is a mean value. The component amplitudes of 
which it is the mean are individually equa! to cos OL, if L equals 
the amplitude of the aplanatic light. If, then, we wish to give 
а graphic representation of the impulses which, under the con- 
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dition specified, enter into combination with one another, we 
must modify the curve of Fig. 11 bv equating it to 2 cos@ sin 


finm) z simply, that is to say, by giving to all the com- 


ponents substantially the same amplitude (since cos 0 may be 
taken to be equal to 1), so that the only difference between 
them is in the p interval. The two components are drawn 
accordingly in Fig. 11 to the same vertical scale. 

It may be remarked that, in order to prevent the diagram 
from assuming unmanageable dimensions, a reduced scale has 
been adopted for the ordinates, and for greater clearness an 
increased scale for abscissæ in the construction of this curve. 

By adding together the ordinates of these component curves 
we obtain the resultant curve shown by a broken line in Fig. 11. 

This resultant curve shows the resultant impulse, not as it 
should be plotted in the focal plane, but as it may be thought 
of as potentially existing within the envelope of the aplanatic 
pencil itself. In order to pass from this form to the form which 
it assumes when in the focal plane, we must perform upon this 
curve the same operation which, under similar conditions, we 
perform upon the simple sine curve of the single aperture ; that 
is to say, we must divide it by ф, or what is approximately 


equal to o, ùe., (п--1)5. Carrying out this operation we 


obtain, as a final resultant, that part of the curve shown by the 
heavy line in Fig. 11 which lies outside the two points marked 
P and P. 

There remains to be added the central segment which repre- 
sents the aplanatic light, for if we put n=0 and m=0 we shall 


2 sin (ит) 
(n4- 1)x 
that is to say, the ordinate representing aplanatic light has 
disappeared. Its measure is, however, easily found. For it 
is to be noted that, comparcd with the amplitude of the new 
component, the radiation from the outer pair of surfaces, the 
amplitude of the unreduced resultant is in the proportion 4 : 3. 
Now, this new component has an amplitude proportional to 
the sine of the whole divergence angle, equal, that is to say, to 
three times that of the radiation from the surface of the simple 


aperture. Thus, the unreduced resultant has a maximum 
amplitude of four times that of the simple aperture amplitude ; 


h 
ave ie 
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equal, that is to say, to twice the amplitude of the aplanatic 
light transmitted by the simple aperture. But twice the 
amplitude of the aplanatic light transmitted by the simple 
aperture is the amplitude of the aplanatic light transmitted by 
the double aperture. It follows that the aplanatic light in the 
new diagram must be represented by an ordinate having the 
same height as that of the ordinate representing the maxi- 
mum of diffracted light in the unreduced resultant curve. 

Passing now to Fig. 12, we have a compound aperture con- 
taining three simple apertures, and, accordingly, we have three 
radiant surfaces to be considered. The first and second aper- 
tures are bounded by the same enveloping surfaces as those 
already discussed in connection with Fig. 11; and therefore 
the diffraction pattern, so far as it is due to them, may be taken 
to be represented by the unreduced resultant—the broken line 
curve—of Fig. 11. We must in this connection make use of the 
unreduced resultant for two reasons. First of all, because the 
quantity of aplanatic light will obviously be different in this 
case from what it is in Fig. 11, since we have now to deal with 
three simple apertures instead of with two. In the next place 
we must recur to the unreduced form, and not to the reduced 
form of resultant curve, because it is required now to combine 
with the two patterns already considered a third pattern ; that, 
namely, which is due to the outermost envelope having a diver- 
gence angle five times as great as the divergence angle of the 
single aperture, and therefore a p interval equal to one-fifth 
only of the original p interval. The components, consisting - 
of these two curves, are shown by thin lines in Fig. 12, the un- 
reduced resultant by a broken line, the reduced resultant by a 
heavy line, in which last named has been incorporated an 
ordinate representing the aplanatic light ; the magnitude of 
which has been determined by the application of the rule 
already explained. 

It will now Бо evident that a general type of diffraction 
pattern can be identified as belonging to the diffraction-grating 
type of aperture. Thus, let it be supposed that a number of 
similar apertures entering into the compound aperture is very 
large. It will then be evident that the first maximum of dif- 
fracted light tends to become equal to the aplanatic light and 
that the second maximum tends to а magnitude equal to 
half of the foregoing. Between these two maximum points 
there will be a region of depressed illumination approximating 
to zero. Beyond the second maximum there will be à mini- 
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mum point at which the illumination reaches zero, and this 
point will correspond to the first minimum point in the 
pattern of the simple aperture. Beyond this point we get a 
repetition of the pattern on reduced amplitude and of opposite 
phase. In this description the reader will recognise the well- 
known form of diffraction pattern thrown by a diffraction 
grating. ! 

It is not possible, within the limits of this Paper, to investi- 
gate with any completeness the application of this method of 
plotting down diffraction patterns. Enough has been said to 
illustrate the matter, and we may now formulate the following 
results :— 

11. The ray velocity of diffracted light is less than the ray 
velocity of aplanatic light in the region beyond the boundary 
of the aplanatic pencil.* 

12. Within the boundary of а homocentric pencil, the ray 
velocity of diffracted light varies with the angle of the ray to 


the wave front through which it passes, and is equal to x, V, 


if 5—8 be that angle, and V=the ray velocity of aplanatic 


light. 

13. The diffraction pattern due to the periodic structure of 
а regular compound aperture tends to settle down to the pat- 
tern of a double aperture, although the pattern of a compound 
aperture comprising only a small number of components may 
show marked deviations from the double-aperture type of 
pattern. 

14. In the diffraction patterns of compound apertures of 
regular structure the diffraction pattern of the simple com- 
ponent aperture is found as a bright field upon which the 
secondary diffraction pattern, due to the periodic structure of 
the compound aperture, is displayed. 

The ideas of primary and secondary diffraction patterns 
being thus introduced, it may be well to interpose the obser- 
vation that— 


15. Every compound aperture exhibits three diffraction 
patterns; that is to say, (1) the primary pattern, which 


* Owing to limitations of space this proposition is not fully proved here. 
The foregoing proof goes only to show that the diffracted light gets out of 
phase in passing through the shadow of a wire. Fuller investigation shows 
this loss of phase to be due to loss of ray velocity and justifies the rule as 
here formulated. 
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results from the form and dimensions of the simple component 
aperture ; (2) a secondary pattern, which results from the 
mutual interference of a number of primary patterns ; and (3) 
a tertiary pattern, which is determined by the form and dimen- 
sions of the entire compound aperture, considered as an un- 
divided whole. 

These three elements in the diffraction pattern of a grating 
determine the three principal properties of the resulting spec- 
trum; that is to say— 

(1) The diffraction pattern of the aperture occupied by the 
whole grating (the tertiary pattern) determines the definition ; 

(2) The smallness of the periodic distance of the ruling (the 
secondary pattern) determines the dispersive power; and 

(3) The breadth of the opening, in comparison with the 
periodic distance (the primary pattern), determines the relative 
brilliancy of different parts of the spectrum. 

We may now turn to another matter involving the theory of 
diffraction patterns, and consider a question which, though 
long since settled by the practical method of trial, can hardly 
yet be said to have passed out of the region of discussion. 

It has from time to time been proposed to attempt improve- 
ment in the resolving power of optical instruments by intro- 
ducing a stop into the middle of an object glass; the notion 
being that, inasmuch as the diffraction pattern of an annular 
opening has a smaller p interval than that of the corresponding 
unstopped aperture, it should be possible by means of a stop 
to obtain a diminished antipoint, and, therefore, better defini- 
tion. Many attempts have been made from time to time to 
put this idea into practice, but always without success. It can 
now be shown that the idea is radically unsound, and that it is 
in the nature of things impossible that improved definition can 
be arrived at in that way. It is generally said that the diffi- 
culty of realising this programme arises from the circumstance 
that the outer rings produced by an annular aperture are 
brighter than those produced by an unstopped aperture, and 
that the brightness of these remoter rings із the cause of failure. 

That explanation, however, leaves out of account the main 
source of the difficulty, the real nature of which will at once 
appear if we examine the diffraction pattern of a stopped aper- 
ture. Fig. 13 will serve the purpose. In Fig. 13, A, the 
aperture is shown side by side with its curve, and in B the same 
aperture is shown almost entirely stopped down. Side by side 
with B is the diffraction curve produced by the interior faces, 
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which, having an angle differing only by a negligibly small 
quantity from that of the external pair of faces, yield what is 
substantially the same diffraction curve, subject only to this, 
that the aplanatic light is reduced to zero. Of course, when 
the aperture is thus very largely obstructed, only a small quan- 
tity of aplanatic light can get through, and hence in the curve 
of B the aplanatic light is represented by a very small quantity. 
Side by side with this new component the old component from 
A is shown, and the resultant curve is shown by the heavy line. 
It will here be seen that the resultant pattern shows rings of 
approximately double brightness, because diffraction comes 
from four radiant surfaces instead of two, while at the focal 
point there is now minimum instead of maximum brightness. 


| 
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Compared with А, the resultant curve of B does, indeed, appear 
to have reduced radial dimensions ; but only because, by the 
disappearance of the aplanatic maximum, the two first maxima 
of diffracted light, marked P in the diagram, have become 
conspicuous, whereas they were unconspicuous before, being 
outshone by the aplanatic light. It is quite unnecessary, with 
these two diagrams under the eye, to enter into a discussion as 
to why the apparently diminished diffraction pattern of a 
stopped aperture, such as B, should yield an antipoint inferior 
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for the purposes of definition to the apparently broader diffrac- 
tion pattern of diagram A. 

The case which has so far been discussed is that of a number 
of segments which have a common centre. There remains to 
be considered the alternative case of a number of segments 
which are not concentrically situated in the aplanatic pencil. 
We may, for example, have a case such as that of the triple 
aperture of Fig. 14, where we have three similar apertures, one 
placed upon the axis of collimation, the other two disposed 
eccentrically to it. These apertures are assumed to be all 
circular and all of the same diameter. It follows that every 
one of them will yield the same diffraction pattern, and the 
whole result is that we have the ring system corresponding to 
any one of these simple apertures reinforced threefold. A 
very simple way of obtaining a strong diffraction pattern in the 
focal plane of a small aperture is to multiply apertures in this 
way. If the small apertures are carefully arranged in azimuth, 
so as to avoid the formation of a radiate pattern, we may get 


in this way a strong image of the pattern of the small com- 
ponent aperture. 

It is not, however, possible to arrange so small а number as 
the three apertures shown in Fig. 14 so as to produce this effect. 
Being unevenly distributed in azimuth, they will necessarily 
produce a radiate pattern, and the question arises: What will 
that radiate pattern be ? 

There is a very simple way of solving that problem. Radiate 
patterns, as we know, are yielded by flat radiant surfaces. We 
must therefore consider how the segmental pencils trans- 
mitted by these three component apertures can be arranged as 
component parts of flat faces. In other words, we must draw 
as many straight lines as possible connecting the three apertures. 
The secondary radiate pattern then will contain a pair of rays 
lying at right angles across every one of those lines. 

In the case shown there are three such lines ; and, therefore, 
the secondary pattern is of the radiate type, the same that 
would be produced by a pencil of the three-sided prism type. 
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It is, however, not to be supposed that the rav structure is as 
pronounced as it would be if the aperture were undivided. The 
primary diffraction pattern controls the illumination ; aud, 
consequently, the secondary pattern is cut up bv it in such a 
way as to present to the eye, not its own general contour, but 
that of the primary pattern. The general effect is that the 
secondary pattern appears to be a diapered pattern wrought 
over the primary. 

There is one remaining class of diffraction patterns still to 
be considered : those, namely, which are seen when the aper- 
ture of the aplanatic pencil is examined near the focal point. 
This pattern is of the annular type, and when formed in a pencil 
of circular section it takes the form shown in the photograph 
(Fig. C). This pattern is very familiar to the makers of astro- 
nomical objectives, as it affords one the means of testing the 
corrections of their glasses. This pattern is the result of visual 


Fig. 15. 


projection, and for its explanation we must bear in mind that 
the region now in question can only be examined by looking 
at it through the diffraction pattern developed in the focal 
plane. Whatever is seen must, of course, be the visual projec- 
tion, upon the focal plane of the eye, of that part of the 
diffraction pattern which constitutes the optical projection of 
the point on which the еуе is focused. 

It does not, of course, follow that what is seen Ьу visual pro- 
jection 18 not also actually constituted bv optical projection, 
and in this case it has been shown that at any great distance 
from the focal point the internal diffraction pattern conforms 
to the Fresnel type and can be explained by Fresnel's method 
of investigation. It is, however, more practically useful when 
we are discussing the patterns formed in the near neighbour- 
hood of the focal plane to treat them as virtual than as real 
images, a mode of treatment which is illustrated by Fig. 15. 
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Here the observer’s eye is taken to be focused on a point р, 
which is seen by looking through the focal plane F-G, occupied, 
of course, by the diffraction pattern of the focal plane. Let F 
of Fig. 16 be a plan of that diffraction pattern on an enlarged 
scale, and let G be the projection on that pattern of the ob- 
server's eve when focused on the point p. It will be seen that 
the projection covers two complete zones, and takes in part of 
a third. The central and next adjacent zones, being opposite 
in phase, will exactly counteract one another, and the point р 
will appear to be illuminated by the light received through the 
partially admitted third zone. It will therefore appear bright, 
but not of full brightness. If the observer selected a point 
slightly higher than p, so that his projection circle coincided 
with the circle traced in broken lines, he would cut out some of 
the negative second zone and admit a little more of the positive 


Fie. 16. 


. third zone. The new point would consequently appear more 
brightly luminous than the first. If his projection circle were 
made to coincide with one of the dividing rings between ad- 
jacent zones, the spot in which he then focused would appear 
bright with full illumination, or completely dark according as 
the number of included zones was odd or even. It is obvious 
that, as the focal point travels over the apertural plane, the 
projection circle will travel correspondingly over the diffraction 
pattern in the focal plane, and will yield focal points of varying 
illumination in such an arrangement that we shall have a ring 
system on the apertural plane, with the same p interval as the 
ring system of the focal plane. 

To this rule of the equivalence of the p interval in the two 
systems there must obviously be one marked exception. For 
it is to be observed that, as the projection circle traverses the 
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diffraction pattern, it passes from maximum to minimum 
illuminating capacity and back to maximum in the space of 
one p interval measured in the focal plane. This fact it is 
which secures the repetition of the p interval in the projected 
image in the apertural plane. But this proposition does not 
hold good when the edge of the projection circle is traversing 
the central zone, for in the central zone we have two adjacent 
p intervals which transmit light in the same phase. Moreover, 
when that central zone is passed, a marked change occurs in the 
hght-giving capacity of the projection circle. It is then inter- 
sected by zone segments, which, being alternately positive and 
negative, and all very limited in angular magnitude, come very 
near to cancelling one another, so that when the central zone 
is excluded from the aperture of the projection circle there can 
be no bright illumination, and scarcely any illumination at all, 
of the object point. The whole region so defined is a region of 
darkness. 

Now it will be obvious, on reference to Fig. 15, that 
when the edge of the projection circle stands upon the centre of 
the diffraction pattern, the object point p must stand upon the 
edge of the aperture of the aplanatic pencil. This must be so, 
because the divergence angle of the eye and the divergence 
angle of the aplanatic pencil are necessarily the same angle. 
Whatever limits the one, limits the other. Hence the diameter 
of the projection circle in the focal plane is the same as the 
diameter of the aplanatic pencil in the plane of the object 
point p. It follows, therefore, that in carrying the eye from а 
point within the aperture to a point without the aperture the 
observer must pass across a broad bright ring, the outermost 
edge of which lies outside the boundary of the aplanatic pencil 
itself and constitutes the innermost of the external diffraction 
rings. This broad, bright edge is, in fact, the most striking 
feature of these internal diffraction patterns. 

It will now be evident why the internal diffraction pattern 
of the aplanatic pencil near its focal point does not present the 
features of a Fresnel system. It stands in striking contrast 
with the Fresnel system of the remoter apertural planes in 
respect (1) of the uniformity of its p interval, and (2) in the 
uniform intensity of both its bright and its dark rings. In fact, 
as seen, these patterns near the focal point to all apperance are 
not Fresnel patterns at all, but projections of the Fraunhofer 
pattern in the focal plane itself. We thus arrive at a further 
rule. 
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16. The diffraction pattern internal to the aperture of the 
aplanatic pencil, in the near neighbourhood of the focal plane, 
is the image formed by visual projection of the Fraunhofer 
pattern in the focal plane. | 

In the discussion of the visually projected diffraction patterns 
it has been convenient to speak of them as derived from the 
Fraunhofer pattern in the focal plane. But here it is necessary 
to take note that this is not the identical pattern which has 
been made the subject of discussion in the earlier part of this 
Paper. That pattern was formed, it will be remembered, along 
lines of symmetry situated at right angles to the surface of the 
aplanatic pencil. The focal plane, on the contrary, lies at nght 
angles to the optical axis. The one pattern may, however, be 


ж 
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very simply derived from the other. The process of derivation 
is illustrated by Fig. 17. Here 2-7 is the optical axis; F-G 
the line of symmetry on which the radiate pattern is formed ; 
F,-G, and Е,-б, are lines of symmetry parallel to F-G ; and 
Fg,-g, is а line traced in the focal plane. The rules above 
given enable us to plot down the diffraction pattern along any 
one of the lines F-G, F,-G,, and F,-G,. Ме find the diffrac- 
tion pattern in the focal plane by selecting the point g, from the 
F,-G, pattern; the point g, from the F,-G, pattern, and by 
selecting, on the same principle, the remaining points from the 
remaining patterns which intersect the focal plane. In the 
case of a conical aplanatic pencil of circular section—the com- 
mon case presented by the telescope and microscope—this 
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‘mode of proceeding leads to a very simple rule, for all the pat- 

terns in question are alike, except that they expand as they 
travel away from the focal point in the direction of the light 
source. This expansion, however, does not affect the p interval, 
which is the same in all. Consequently, in this case, the dif- 
fraction pattern in the focal plane has the same form as that 
already discussed, but a p interval greater in the proportion 

1 
Cos u ` 

It is now evident that it is important to distinguish between 
the focal plane strictly so called and the focal surface for 
difiracted light which lies everywhere at right angles to the edge 
ray of the aplanatic pencil. We may therefore formulate a 
new rule, thus :— 

17. The diffraction pattern external to the aperture of the 
aplanatic pencil is formed upon a sheet which stands in every 
azimuth perpendicular to the surface of the aplanatic pencil. 

This last formulated law suggests a doubt as to whether the 
aplanatic focal plane is the plane in which the visible image is 
most sharply defined. If the diffraction fringe 1s more com- 
pressed in а plane lying slightly beyond that theoretical focal 
plane than in that focal plane itself, then there will hardly be 
room for doubt that this lower plane is that in which our empi- 
rical focusing is done. If this be so, then it is clear that calcu- 
lations as to the ultimate limit of resolving power, based upon 
the assumption that the aplanatic focal plane is that in which 
the picture is developed, are quite untrustworthy, and this 
whole subject stands in need of thorough reinvestigation. 
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LIV. The Shape of Scales Required for Reflecting Instruments 
with Concave Mirrors. By Е. Н. Rayner, M.A. (From 
the National Physical Laboratory.) 


SUMMARY. 


1. The accuracy of reading certain types of deflecting instru- 
ments, which operate without any static friction, can be 
greatly improved by observing their deflections by the reflec- 
tion of a beam of light from a concave mirror having a radius 
of curvature of several feet. 


2. When the angular deflection is large the shape of the scale 
for such an instrument is somewhat similar to a cardioide, 
varying according to the relative values of the radius of 
curvature of the mirror and its distance of the source. — 


3. A special case is discussed when the curve approximates 
(over a large arc) exceedingly closely to a circle of definite 
radius. 


4. In general the radius of а similar circle may be calculated. 
which will approximate sufficiently accurately to the true 
curve. 


Б. Some suggestions are given as to the use of mica for the 
window in the covers of such instruments. 


Many types of scientific instruments, especially electrical, 
operate by the forces to be measured causing rotation about a 
vertical axis, such rotation being opposed and balanced by 
some elastic control, such as the bending of a spring or the 
torsion of a wire or flattened strip of metal. The pointer may 
be а few inches long, and the support of the moving part 18 
often of the nature of pivots such as are used in watch and 
clock mechanism. "The accuracy of reading can be increased 
by lengthening the pointer, and so increasing the scale length ; 
but a limit is soon reached in practice by the friction of the 
pivots assisted by the increase in weight and inertia of the 
pointer. In instruments, however, in which the whole weight 
of the moving part is supported by a wire or strip of metal, 
the friction limit practically vanishes; and if a mirror be 
attached to the moving part and light from a fixed source be 
projected on to the mirror, the full advantage of a “ pointer ” 
of many feet in length may be obtained, and the accuracy of 
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reading multiplied fifty-fold as compared with the ваше 
instrument provided with a pointer moving over a scale in the 
usual way. Such instruments have intrinsically very little 
damping, and in practice either air, oil or magnetic damping 
must be employed to bring the moving part to rest in а con- 
venient time. 

The experience which emphasized the importance of the 
subject dealt with in this Paper has been gained by the arrange- 
ments adopted at the National Physical Laboratory for the 
precision apparatus for alternating-current measurements. 
These have to be of the deflecting type, and to enable readings 
to be made to an accuracy of one or two parts in ten thousand 
it 18 necessary to have a scale length of some 20 ft. or more, 
the instrument being at about 10 ft. from the centre of the scale. 

Of the instruments in use the two most important are a 
Kelvin electrostatic voltmeter of the single quadrant type, 
and a specially designed quadrant electrometer used as a 
standard wattmeter. 

The other instrument is specially designed with sufficient 
air friction to bring it to rest in the most suitable time. 

There are two methods used for measuring the angular 
deflection of such instruments: the first is to observe (in a 
telescope) the apparent motion of a scale reflected from a 
plane mirror fixed to the moving part of the instrument. For 
small angular displacements and special research this method is 
valuable, as the telescope partakes of the nature of a microscope 
and a very finely divided scale may be used with advantage. 

One of its drawbacks is that only one person can make 
observations at a time ; and for routine work, often involving 
observation for several hours a day, the strain renders the 
method quite impracticable. In such cases a concave mirror is 
employed and a real image of an artificial source of light is 
projected on to a translucent or opaque white scale, on which 
suitable marks are drawn. А Nernst lamp and a condensing 
lens with a fine vertical wire in front of it form a suitable 
source of light, producing on the scale a circular bright spot 
with a fine line across the vertical diameter. 

This Paper deals with the shape of the scale required in 
order to have the vertical wire always sharply in focus, while 
the concave mirror rotates about a vertical axis. 

If the angular deflection be only a few degrees a straight 
scale is commonly used ; but it becomes unsatisfactory if the 
deflection is considerable. Neither does a circular scale with 
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the mirror at the centre sufficiently approximate to the proper 
curve for instruments reading by a reflected ray of light 
whose working deflection may reach 120°. 

From the diagrams given it will be seen that the scale has 
to continually approach the mirror as the angle of incidence 
increases, and that for deflections of 90° from the incident 
ray the distance may be reduced to one-half. 

Nomenclature.— 

u—distance from object to mirror. 

t, —distance from mirror to scale when the angle of incidence 
in а horizontal plane is zero. Тһе angle in a vertical plane is 
assumed to be zero. In practice it should be kept as small as 
convenient ; v, is measured along the axis of symmetry of the 
curve and intersects the scale at its “ centre." 

ve—distance from mirror to scale when the reflected beam 
makes an angle 0 with the incident beam. The angle of 


incidence=5. 


m=magnification=—* 
a=radius of curvature of the mirror. 


2 
0 


а сов = 
2 


equation of the concave mirror. 

For any permanent installation this is worth while, drawing 
out the curve full size and bending the scale to it. The scale 
varies somewhat in shape, according to the relative values of 
и, ty and a. 

For ordinary purposes, however, a circle may be drawn - 
which will agree sufficiently accurately with the proper curve. 
The radius of this circle may be taken as the perpendicular 
to the axis of symmetry from the point where the curve is 
parallel to that axis, the centre of the circle being on the axis 
of symmetry at a distance from the intersection of the scale 
and the axis equal to the above radius. 

For about 60° on each side of the axis of symmetry a circle 
so drawn will lie within or without the true curve according as 
the magnification is less or greater than about 1-37. When, 
however, the curve is parallel to the axis of symmetry at the 
point where 0—60?, the coincidence between the circle so 
drawn and the true curve is exceedingly close. In this case 


Then pi which,when 0—0, reduces to the ordinary 
0 
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the perpendicular to the axis of symmetry, from the point 
where the curve is parallel to that axis, is exactly equal to the 
distance from the foot of the perpendicular to the point where 
the axis of symmetry cuts the scale at right angles. We thus 
have the circle touching the true curve at 0—0, and also at two 


Magnification Y 3660 
и. 1000 


Lie 
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points on each side, where 0—60? ; and intermediately the two 
curves do not diverge from one another by two parts in a 
thousand. 

Throughout the Paper the distance v,, between the scale 


` 
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(0=0) and the mirror, has been taken as 1,000. In this special 
case u, the distance between source and mirror is 1,0004/ 3—1 
=732-05 and а--1,000х% (3— ү/5)=845-298. 


The magnification CEN, ыга 1-36603. 
и 2(3—4/3) 
Fig. 1 gives the curve for this case, and the agreement with 


Magnific-tion - 1 
и, «и.а · WOO 

p- 62'-1' 

ЮОО- adyp-6507. 
ту sinp- 662-3 
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а circle drawn as described is во near that it is quite impossible 
to distinguish between them for about 70? on each side of the 
axis of symmetry, except when drawn on a very large scale. 
Two other circles have been drawn instead, one longer by 
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1 рег cent. of v, and the other shorter by the same amount, to 
show how close the coincidence is. It is therefore desirable 
to choose, if convenient, the values for v,, и and a in the ratio of 
1,000, 732 and 845, as described above, using & radius of 
634 for the curvature of the scale. 

The values of many of the quantities given in the table at 
the end are carried to à much higher accuracy than is necessary, 
as the numbers may be used for interpolating ; and as many of 
them have been arrived at by successive approximation, it 
may be useful to have them on record. 

The point on the curve, where the tangent is parallel to the 
axis of symmetry, is given by the equation 


E Р. = 
= 008 р. сов 5,—3 сов р 1. 


The solution of this leads to a cubic equation, and is best 
solved by successive approximation. Angles are given for p 
for various values of the magnification. 

From the equation it will be seen that if the source is at an 
infinite distance 3 сов p—1-zero, which gives a value for 
cos p of 4 and p=70° 31-7” as the largest possible angle, and the 
area enclosed by the curve is then а maximum. 

Fig. 2 is the curve for unit magnification when the distances 
of the source and image and the radius of curvature of mirror 
are all equal. The circles with radii, differing from v, sin p by 
1 per cent. of v,, are drawn as in the previous figure. 

Fig. 3 shows the semi-curves for two magnifications between 
which practical cases will most likely fall. In the upper half 
is shown the curve for m=3 and the lower or m=0-5. The 
corresponding circles are also shown. 

As the mirrors commonly used are small compared with their 
distance from the source and image, the “ depth of focus ” is 
considerable, and it will generally be found quite sufficient to 
use a circular scale of radius v, sin p which will be satisfactory 
over about 70° on each side of the axis of symmetry. The 
difference between v, sin p and 1,000—v, cos p will give an 
indication of the divergence of the circle from the true curve. 
If a less angle than 70° on each side of the axis of symmetry be 
sufficient a slightly different circle will fit the curve somewhat 
better. 

It is generally essential to completely enclose instruments to 
avoid entrance of dust and disturbance by air currents. Some 
transparent window must therefore be provided, and for mode- 
rate deflections plane parallel glass will probably be found most 
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satisfactory. For large deflections a curved window is 
necessarv and mica is the most convenient material. 

This should be split into as thin a sheet as possible (thin 
paper seems to be the best tool to use) and it should not be 
bent to a small radius. If the material is thick or the curva- 
ture sharp the definition will be seriously impaired. In any 
case curvature will cause the mica to act as a lens, and modify 
appreciably the focal length of the system as calculated from 


Nagrfication - 3 
g. - ЮОО 
и «375-3 
а “5090 
р 224-526 
1000 „Фф 588-6 
Up suy : 545-4 


Magnification О-5 
и,» ЮОО u • 2000 а *1535. 
р.65-48 6. 
1000-1, cusp - 681: 5 

tp Snp = 709: O. 


Fic. 3. 


the mirror alone, especially when the latter has a radius of 
curvature of 5 or 10 ft. The focal length of the combination 
should, therefore, be determined and used in any calculations. 

The following table gives the distances from the mirror to the 
scale for everv 10° of deflection of the reflected beam from its 
original direction. The values for various magnifications (m) 
are given which will probably cover most of the cases occurring 
in practice. It will be seen that though to obtain a large length 
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ш. 0 | 05 | LO 136003 | 20 25 | 30 | 
" 1000 |1000 | 1000 1000 ^'1000 |1000: [1000 1000 1000 - 
и o |2000 1000 | 732-05." 625 | 5555 | 500 400 3333 
а | 2000 | 1333-3 | 1000 ' 845.30 769-2 | 714-3 | 606-0 | 571-4 | 300-0 
0 | Ug Ug | Ug | tg vg | 7% | ve | v9 ve 
0 1000-0 ; 1000-0 | 1000-0 | 1000-0 : 1000-0 | 1000-0 | 1000-0 1000-0 ! 1000-0 ` 
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50 900-3 | 865-8 | 828-6 | 805.3 | 7881 7755 | 7632 . 7343 707-5 | 
60 8660. 811-7 | 7643 | 7321 | 713-1 | 698-2 | 6830 648-8 , 617-7 | 
70 8192. 751-2 | 693-7 656-0 | 635-3 | 6180 | 60L3 5641 331-0 
80 766-0 | 685:8 ' 620-8 580:5 557-4 | 5390 | 5219 4833 450-1 
90 7071 617-0 | 547.2 5050 4815 4630 | 4459 4082 376-4 
100 642.8 | 545-4 | 4737 432-0 | 409-0 30-2 | 3749 3396 310-3 
110 5073-6 | 472.3’ 4020 362-4. 3420 3245 | 3096 277.6 элі 
120 5000. 4000 | 333-3, 2971 2778 | 263-2 2500 222.2 им! 
130 422-6 | 327.9 , 268-0 | 236.3 | 220-0 207-2 | 196-2 1730 1247 
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50 258-8 1888! 1486 | 128.6 | 118-4 ^ 110-9 | 1043 90-7 ЖЕСЕ 
160 173-6 19390) 950' 316’ 748. 7001 655 566 49:9 
| DURER, = тоссо ш ы ыы гг oa 
p 70231-77 65248-57 69211-67 60200 58244-87 57245-27 06249-27 54544-07 327526 
vp $165 7772 7487 732] 7997 7155 | 7088 6941 osL-6 
vy sin p 760-8 , 709-0 6623 6340 — 6178 — 605-2 | 503:3 26660 543-4 
1000—v,cosp| 7278 | 681-5 | 6507 — 634-0.. 625-4 618-2 ' 612.2 5991 сыз 


of scale a magnification of two or three times may be desirable, 
it would generally be preferable to lengthen the radius of 
curvature of the mirror, as the scale will then not approach the 
instrument so much. 

Values are also given for о, sin p, this being half the breadth 
of the curve ; and this length may often be used as the radius 
of a circular curve sufficiently accurate for many purposes. 


DISCUSSION. 


Dr. SCHUSTER said that the Paper was of considerable interest to all who 
had to measure. 

Mr. S. D. CHALMERS called attention to the fact that coma of the system 
might be even more important than the choice of best focus for the system, 
and therefore it was most desirable to pay attention to this in selecting the 
magnification ; for unit magnification the coma was practically nil, and it 
might, therefore, be desirable to give up something with regard to the proper 
curvature for the purpose of eliminating this coma error which might cause a 
displacement of the line image. 

Dr. JoHN MILNE (Edinburgh) asked how the reductions of the observations 
were performed. 

Mr. RAYNER replied that the question was what the actual deflections 
meant. For their measurements of alternating currents within 1] part in 
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10,000, the scale divisions were originally fixed by means of continuous 
currents, and the scale had only the significance of a temporary standard. 

Mr. А. P. TROTTER said that he had found a difficulty in using curved 
scales. 1n à Paper communicated to the Physical Society on February 21, 
1890 (see The Electrician, XXIV., 428), һе had described how, with any 
reflecting instrument іп which the deflections were not proportional to the 
quantities to be measured, a uniformly divided scale could be bent so that 
it gave direct readings. Such a scale was rather difficult to set up, and if the 
relative position of the seale and the instrument were altered, it was difficult 
to readjust it. Mr. Ravner got over half the difficulty by graduating the 
келіс empirically. This having been done, it was important not to disturb 
the apparatus, or else to take precautions that the exact position should be 
reproduced, 
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